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Frontispiece. 


This manual supersedes so much of TM 11-490, 10 August 1944, as pertains to alternating-current electricity. 


CHAPTER 1 
ALTERNATING CURRENT 


1. Alternating Current and Direct Current 


a. Alternating current is an electric current 
which moves first in one direction for a fixed 
period of time and then in the opposite direc- 
tion for the same period of time. Unlike direct 
current (A of fig. 1), which reaches some value, 
or magnitude, in a short time and then remains 
at that magnitude as long as the circuit is com- 
pleted, alternating current is constantly chang- 
ing in magnitude. From a zero value, alternat- 
ing current builds up to a maximum in a 
positive direction, and then falls off to zero 
value again (the condition of no current flow) 
before building up to-a maximum in the oppo- 
site or negative direction and then finally re- 
turning again to zero (B of fig. 1). For this 
reason, alternating current is defined as a cur- 
rent which is constantly changing in magnitude 
(either building up or falling off) and periodi- 
cally (at set intervals of time) changing direc- 
tion. 


b. Although direct current was the first type 
of current to be widely used and the first whose 
characteristics were understood, it is limited in 
the number and kind of its applications to power 
machinery and to electronic circuits, and is 
used today only in special circumstances. The 
characteristics of alternating current, on the 
other hand, were not clearly understood until 
toward the end of the last century, and there- 
fore, its efficient use as a source of power is 
a more recent development. In fact, there are 
today older sections of American cities, such 
as Greenwich Village in New York City, still 
supplied with direct current because these sec- 
tions were originally electrified before the use 
of alternating current machinery had become 
widespread. Direct current must continue to be 
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Figure 1. Graph of a direct current, A, and an alternat- 
ing current, B. 


supplied to these areas until all their electrical 
apparatus and machines have been changed or 
converted to the use of alternating current. 


c. As indicated above, the first electric power 
machinery was designed for use on direct cur- 
rent, which at that time seemed simpler to han- 
dle than alternating current. It was soon evi- 
dent, however, that the use of direct current, 
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although simpler, had certain disadvantages 
which were not characteristic of the use of 
alternating current. Following is a listing of the 
most important of these disadvantages: 


(1) Direct current cannot be transmitted 
over long distances without a consid- 
erable loss of power. The total resis- 
tance of the wires from the point of 
origin to the point of use would con- 
sume most of the power as heat before 
it arrived at its destination. Alternat- 
ing-current power, on the other hand, 
may be sent across country without 
appreciable loss as low current at high 
voltage on the now familiar high-ten- 
sion wires; these voltages are trans- 
formed at the place of use into suitable 
current and voltage for consumption 
in factory or home. 

(2) Direct-current power cannot be radiat- 
ed from an antenna. The whole art of 
radio communication as we know it 
today depends in large measure on the 
capability of alternating current to 
radiate its energy into space from an 
antenna and to project itself for long 
distances across the surface of the 
earth. 


d. Accordingly, alternating current gradually 
became recognized as a more suitable and ver- 
satile source of power than direct current, par- 
ticularly since alternating current has the over- 
all advantage of being converted with relative 
ease to direct current. On the other hand, the 
conversion of de (direct current) to ac (alter- 
nating current), though possible, is often 
neither convenient nor easy. This does not mean 
that dc is outmoded or useless; there are many 
situations in which direct current is the proper 
if not the only source of power, particularly in 
mobile installations such as the automobile and 
the airplane in which the initial source of power 
is the d-c storage battery. 


2. Electromagnetic Induction 


a. The first type of electric current generally 
used was direct current from wet cells and bat- 
teries. In 1819, Hans Christian Oersted, a Dan- 
ish physicist, was experimenting with de and 
accidentally discovered that a wire carrying an 
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electric current affected a compass needle and 
was, therefore, itself a kind of magnet. This was 
called an electromagnet to distinguish it from 
a natural or artificial magnet. In either case, 
the magnetic lines of force, or the magnetic 
field about a wire or coil carrying a current is 
the same as that about a natural magnet. Oer- 
sted’s discovery meant that electricity and 
magnetism were closely related, since one 
could be used to produce the other. However, 
it was not until 1831, 12 years later, that 
Michael Faraday in England and Joseph Henry 
in America were able to prove the converse— 
namely, that a magnet could be made to pro- 
duce an electric current. 


GALVANOMETER 


STRONG PERMANENT 
U-SHAPED MAGNET 


. DIRECTION 


a AI TM66I~-114 


Figure 2. Inducing an emf. 


b. Faraday, in his now classic experiment, 
connected a sensitive galvanometer across a coil 
and found that when a magnet was thrust into 
the coil a current flowed in the coil, and that 
when the magnet was withdrawn a current 
flowed in the opposite direction. Current flow, 
however, resulted only during the time the mag- 
net was moving—that is, when the lines of force 
about the magnet cut the wires of the coil. The 
opposite condition was also found to be true, 
that if the magnet was held stationary and the 
coil moved, current flowed during the time of 
moving. Thus, an alternating current had been 
produced. Figure 2 illustrates this principle in 
terms of a single conductor and a horseshoe 
magnet. 


3. Magnitude of Induced Emf 


a. MOVEMENT. It has been found that the 
faster the movement of a magnet toward a wire, 
or vice versa, the greater the emf (electromo- 
tive force) or voltage produced, and also, the 


AGO 1736A 4 


stronger the magnetic field the greater the volt- 
age. From these observations it can be conclud- 
ed that the measure of the emf produced depends 
directly on the number of magnetic lines cut by 
the wire of the coil in a given unit of time. 


Thus, to increase emf it is necessary either to . 


move the magnet faster or to increase the num- 
ber of lines present by means of a stronger mag- 
net. This may be stated generally: The emf in- 
duced in a moving conductor is proportional to 
the number of magnetic lines of flux cut by 
the conductor per second. To express the elec- 
tromotive force in volts, a practical unit, rather 
than in units of the cgs (centimeter-gram-sec- 
ond) electromagnetic system, it is necessary to 
multiply the number of flux lines by the factor 
10-8, resulting in the following formula: 

Induced emf (in volts) — flux lines cut per 
second * 10. 


is equal to the area in cm? times the 
number of lines per square cm— 
1 cm? & 10° lines — 10° lines. 
ems 
Thus, 10° lines are cut by the conductor 
in 1 second. 
(2) The voltage e induced in the conductor 
is therefore: 
e = 10° lines & 10-8 — 10 volts. 
sec 
c. ROTATION. It is mechanically awkward to 
produce an alternating emf by moving a magnet 
first into a coil and then out again, or by moving 
the coil back and forth about a stationary mag- 
net. But a simple generator of alternating cur- 
rent may be set up by rotating a single turn coil 
within a stationary magnetic field. Thus, con- 
tinuous uniform movement is possible, and the 
direction of the induced emf reverses as the coil 


CONDUCTOR 


AREA SWEPT OUT 
IN ONE SECOND 


TM 681-16 


Figure 3. Conductor moving vertically down through a magnetic field. 


b. EXAMPLE No. 1: Assume that the poles of 
the magnet shown in figure 3 produce a flux den- 
sity of 10° lines per square cm (centimeter) or 
10° lines/ecm?. Also, assume that the conductor 
is 1 cm in length and is moving vertically down- 
ward at a velocity of 1 cm/second. The voltage 
induced in the conductor may be found as fol- 
lows: A 

(1) The area swept out at right angles to 
the flux lines by the conductor in 1 
second is equal to the length of the 
conductor in cm times the distance of 
travel in cm, or 1 cm?. This area is 
shown shaded in figure 3. The number 

oh of flux lines passing through this area 
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turns, since as the conductor moves down 
through the field a voltage is induced in one 
direction, and induced in the other direction as 
it moves up through the field. However, before 
considering the method for determining the 
direction of this induced emf, the effect on the 
magnitude of the induced emf because of the 
rotation of the coil must be considered. The 
following example will illustrate that the mov- 
ing conductor will cut fewer flux lines when 
moving at an angle to the flux lines than when 
the conductor moves directly downward or up- 
ward across the field of the magnet. 

d. EXAMPLE No. 2. The same conductor used 
in example No. 1 is moved with the same veloc- 
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Figure 4. Conductor moving through a magnetic field at an angle to the flux lines. 


ity of 1 cm per second but in a direction making 
an angle of 30° with the flux lines (A of fig. 4). 
The emf induced in the conductor may be found 
in the following manner: The area swept out 
by the conductor in 1 second is shown by the 
shaded lines in the figure. This area is equal to 
the length of the conductor times the distance 
of travel, or 1 square cm. The flux lines passing 
through this area are the lines cut by the con- 
ductor in 1 second. It is apparent from A of fig- 
ure 4 that the number of flux lines cut by the 
conductor are fewer than the number of flux 
lines cut by the same conductor moving the 
same distance vertically downward (fig. 3). 
The maximum number of lines are cut when the 
conductor moves vertically downward. Now, 
to find the voltage induced in the conductor 
moving at a 30-degree angle from the flux lines, 
it is necessary to find the number of flux lines 
cut by the conductor in 1 second. This can be 
done in the following manner: 


(1) Construct the right triangle ACD as 
shown in B of figure 4. The hypotenuse 
of this triangle, AC, is known to be 1 
cm, representing the distance traveled 
by the conductor. Also, the angle of 30° 


is known. Thus, by trigonometry, we 
can find side AD: 
Sin 30° — AD 
ACY 
From the table of trigonometric func- 
tions or from the curve in appen is 
it is found that: 


Sin 30° —.5 
Therefore: 5 —=— AD ‘ 
AG 


Substituting the known value of 1 cm 
for the side, AC: 

5 — AD 

tom 
Cross-multiplying : 
es) ye lem = AD. 
Transposing : 
AD =.5< 11cm. 

Therefore: AD = .5cm. 


(2) Construct rectangle ABED by making 


BE parallel to, and equal in length to, 
AD, and DE parallel to, and opposite, 
AB (B of fig. 4). We then have a rec- 
tangle 1 cm long and .5 em wide. The 
area of this rectangle is 1 cm times .5 
cm or .5 cm?. 


AGO 1736A 


(3) Examination of B of figure 4 reveals 
that every flux line that enters face 
ABFC must leave face ABED. There- 
fore the number of flux lines cut by the 
conductor is exactly the same as the 
number of flux lines passing through 
area ABED (.5 square cm). 


(4) The number of flux lines passing 
through area ABED is equal to the 
area in cm? times the number of lines 
per square cm, or: 

.56 cm? < 10° lines 

‘S cm? 

= .5 < 10° lines 

— 5 < 108 lines. 
The voltage induced in the conductor 
ish 

5 < 108 lines * 10-8 — 5 volts 

where: 10—° is the multiplying factor 
used to convert the induced emf to 
volts. 
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é€. VARIATION. From the preceding, it is seen 
that the voltage induced in a conductor moving 
vertically downward across the flux lines is 
greater than the voltage induced in the same 
conductor moving at an angle of 30° to the 
flux lines. Further, the emf induced in a con- 
ductor moved parallel to the magnetic field is 
zero. From figure 5 it is evident that if the 
conductor moves parallel to the magnetic field, 
the area swept out perpendicular to the field 
is zero (the total area swept out is parallel to 
the field). This means that the conductor cuts 
no lines of force and, therefore, the induced 
emf is zero. 


oe) wee 


f. FORMULA. A general formula, which re- 
duces the effects described in the paragraphs 
above to a readily usable form, may now be stat- 
ed. This formula gives the magnitude of the 
emf induced in any conductor of length 1, mov- 
ing with a velocity v, in such a direction as to 
make an angle @ with the flux lines. The flux 
density of the magnetic field through which the 
conductor moves has the value B, which is the 
number of lines of force per square centimeter. 
Figure 6 illustrates these quantities. 

C= BOGE SME xX 10% 

é = induced emf in volts 

B =— flux density in lines per cm? 

l= length of the conductor in em 

v = velocity of the conductor in-cm 

sec 

§@— angle of movement of the conduc- 
tor with relation to the lines. 
(The value of sin @ for any an- 
gle may be obtained from the 
table of trigonometric func- 
tions or from the graph in fig- 
ure 246, app. II.) 


g. SUMMARY. The following conclusions may 
be drawn concerning the magnitude of the emf 
induced in a conductor rotating in a magnetic 
field: 


(1) The emf induced in a conductor is at a 
maximum when the conductor cuts the 
magnetic lines of flux at right angles 
(sin 90° — 1). 

(2) The induced emf is zero when the con- 
ductor moves parallel to the magnetic 

» + © field (sin 0° = 0). nat 


moet e? e o¢.. fs 


where: 


AREA SWEPT OUT 


CONDUCTOR eceeie 


Figure 5. Conductor moving through, and parallel to, a magnetic field. 


AGO 1736A 


ome aut e 


TM 681-19 


Figure 6. Conductor moving through a magnetic field. 


(3) If the conductor is moving in a direc- 


tion neither at right angles nor par- 
allel to the field, the emf induced in it 
will depend on the sine of the angle 
that the line of movement (called the 
velocity vector) of the conductor 
makes with the magnetic lines of flux. 
Figure 8 shows this angle for eight 
positions during a single rotation. 


turn the velocity vector through the 
smallest angle toward the vector rep- 
resenting the direction of the flux 
lines, called the B-vector or flux dens- — 
ity vector. Then, the direction in which 
the axis of a right-hand screw would 
move is the direction of the induced 
emf. This is known as the right-hand 
serew rule. 


(4) Increasing either the magnetic flux 
density, the length of the conductor, or 
the velocity of the conductor relative 
to the field will result in an increase in 
the induced emf. 


4. Direction of an Induced Emf 


a. The direction of the emf induced in a 


LEGEND: 
)VEMENT INTO PLANE OF PAPER 


nidd fi of , Fight hand are jveEMENT OUT OF PLANE OF PAPER 
held at right ‘eaeaee to one anther, the TM 681-20 
thumb pointing in the direction of the ) 
motion of the conductor and the forefin- 
ger poimting in the direction of the 
magnetic field, then the middle finger 
points in the direction of the induced 
emf; that ig, toward the positive termi- 
nal. This is known as "Fleming's Right- 
Hand Rule" If the directions given above 
are applied to the left hand rather than 
the right, the middle finger points in 
the direction ot the current instead of 
the induced emf. It is then known as the 
left hand generator rule. Refer to TM— 
11-661, Electrical Fundamentals, D.C. 
for the description or this rule. 


tion of induced emf in a conductor. 


ion of the induced emf in con- 
d conductor No. 2 (fig. 7) may 
xample of the right-hand screw 
indicates movement out of the 
oss + indicates movement into 
e curved arrows show the V- 
irned into the B-vector through 
ssible angle. For conductor No. 
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1 the right-hand screw would be turned counter- 
clockwise and therefore move out of the paper. 
The same reasoning may be applied to conductor 
No. 2: The right-hand screw would be turned 
clockwise and therefore move into the paper. 
The dotted arrows show the polarity of the 
induced emf in each conductor. 


LEGEND: 
@ MOVEMENT OUT OF PAPER 
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field is necessary. In the present case, 
the north and south poles of a perma- 
nent magnet are used. 

(2) The coil must be rotated through the 
magnetic field. 

(3) A coil is composed of two coil sides in 
which emf’s are induced. 
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Figure 8. Conductor rotating in a magnetic field. 


c. The direction of the induced emf in the 
cross section of the conductor in figure 8 may be 
verified for each of the indicated positions of 
the conductor. The velocity and flux density 
vectors are drawn at each position. The curved 
arrows show the V-vector turned into the B- 
vector. Notice that on the right-hand side (un- 
der a south pole) the induced emf’s are all into 
the plane of the paper; on the left-hand side 
(under a north pole) the induced emf’s are all 
out of the plane of the paper. In positions 1 and 
5, the conductor is travelling rallel to the. 
field and the generated emf is zero; therefore, 
no direction is indicated. These observations 
will be used in the next paragraph in explaining 
the operation of a simple a-c generator. 


5. Operation of a Simple Two-pole A-c 
Generator 


a. CHARACTERISTICS. The fundamental gen- 
eration of an induced voltage and current in a 
conductor, with its direction and magnitude in- 
cluded, has been explained above. A simple a-c 
generator making use of these principles is 
shown in figure 9. However, certain features of 
this generator are basic to the design of all a-c 
generators, and accordingly are listed below: 

(1) Some means of providing a magnetic 
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(4) A coil of more than one turn presents 
a coil side of more than one conductor. 
The total emf induced in a coil side is 
equal to the emf induced in one conduc- 
tor multiplied by the number of con- 
ductors. 

(5) At any instant, the emf induced in one 

coil side is equal and opposite in direc- 

tion to that induced in the other coil 
side. The two emf’s appear in series 
between the collector rings because of 

the back connection. ~ , a 


(6) Each coil side is connected to a metallic 
collector ring. 


(7) A brush is continually in contact with 
each collector ring. The brushes serve 
to conduct the induced current in the 
coil to the load. 


b. THE CYCLE. The voltage produced by this 
generator is an alternating voltage. One com- 
plete revolution of the coil will produce 1 cycle 
of voltage—that is, a voltage which builds up 
from zero to a maximum, falls off to zero, 
builds up again in the opposite direction to a 
maximum, and falls off to zero to complete the 
cycle. Such a cycle of alternating current or 
voltage usually is represented as a sine curve 
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Figure 6. Conductor moving through a magnetic field. 


the velocity vector through the 
ist angle toward the vector rep- 
ing the direction of the flux 
called the B-vector or flux dens- © 
tor. Then, the direction in which 
is of a right-hand screw would 
is the direction of the induced 
his is known as the right-hand 
rule. 
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to the circle of rotation) and a vector vector being turned into the B-vector through 

in the direction of the flux lines. Now, the smallest possible angle. For conductor No. 
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1 the right-hand screw would be turned counter- 
clockwise and therefore move out of the paper. 
The same reasoning may be applied to conductor 
No. 2: The right-hand screw would be turned 
clockwise and therefore move into the paper. 
The dotted arrows show the polarity of the 
induced emf in each conductor. 
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field is necessary. In the present case, 
the north and south poles of a perma- 
nent magnet are used. 

(2) The coil must be rotated through the 
magnetic field. 

(3) A coil is composed of two coil sides in 
which emf’s are induced. 
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Figure 8. Conductor rotating in a magnetic field. 


c. The direction of the induced emf in the 
cross section of the conductor in figure 8 may be 
verified for each of the indicated positions of 
the conductor. The velocity and flux density 
vectors are drawn at each position. The curved 
arrows show the V-vector turned into the B- 
vector. Notice that on the right-hand side (un- 
der a south pole) the induced emf’s are all into 
the plane of the paper; on the left-hand side 
(under a north pole) the induced emf’s are all 
out of the plane of the paper. In positions 1 and 


5, the conductor is travelling parallel. to the — 


field and the generated emf is zero; therefore, 
no direction is indicated. These observations 
will be used in the next paragraph in explaining 
the operation of a simple a-c generator. 


5. Operation of a Simple Two-pole A-c 
Generator 


a. CHARACTERISTICS. The fundamental gen- 
eration of an induced voltage and current in a 
conductor, with its direction and magnitude in- 
cluded, has been explained above. A simple a-c 
generator making use of these principles is 
shown in figure 9. However, certain features of 
this generator are basic to the design of all a-c 
generators, and accordingly are listed below: 

(1) Some means of providing a magnetic 
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(4) A coil of more than one turn presents 
a coil side of more than one conductor. 
The total emf induced in a coil side is 
equal to the emf induced in one conduc- 
tor multiplied by the number of con- 
ductors. 

(5) At any instant, the emf induced in one 

coil side is equal and opposite in direc- 

tion to that induced in the other coil 
side. The two emf’s appear in series 
between the collector rings because of 
the back connection. ~ ; © 


(6) Each coil side is connected to a metallic 
collector ring. 


we a 


(7) A brush is continually in contact with 
each collector ring. The brushes serve 
to conduct the induced current in the 
coil to the load. 


b. THE CYCLE. The voltage produced by this 
generator is an alternating voltage. One com- 
plete revolution of the coil will produce 1 cycle 
of voltage—that is, a voltage which builds up 
from zero to a maximum, falls off to zero, 
builds up again in the opposite direction to a 
maximum, and falls off to zero to complete the 
cycle. Such a cycle of alternating current or 
voltage usually is represented as a sine curve 
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Figure 9. Simple a-c generator. 


(see section III, appendix I). Figure 10 shows 
the method by which the rise and fall of the volt- 
age in the simple two-pole generator is plotted 
against time and generates the sine curve. Since 
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the emf generated in a coil is twice the emf in- 
duced in one coil side, it is only necessary to 
investigate how the emf of one coil side changes 
with time. 
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Figure 10. Generation of a sine-wave emf. 
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c. SINE-CURVE GENERATION. Figure 10 shows 
a coil side in eight positions, spaced 45° around 
the axis of rotation. The rotation of the coil is 
counterclockwise, and the heavy arrows show 
the velocity of the conductor at each position. 
In each position the angle of rotation will de- 
termine the number of lines of force cut by the 
conductor, since at 0°, 180°, and 360° no lines 
will be cut, and at 90° and 270°, a maximum 
number will be cut. It should be noted that the 
number of lines cut is not proportional to the 
angle itself but to the sine of the angle (par. 3) ; 


and since the emf induced in the coil is propor- 


tional to the number of lines of force cut by the 
conductor, the emf induced at each position will, 
therefore, be proportional to the sine of the 
angle of rotation of the conductor. At positions 
1 and 5, the conductor is moving parallel to the 
lines of force and the induced emf is zero. This 
corresponds to 0° and 180° on the time axis of 
the sine curve. At positions 3 and 7, the conduc- 
tor cuts the flux lines at right angles and the 
emf is a maximum. This corresponds to 90° 
and 270° on the sine curve. The horizontal or 
X-axis of the sine curve represents time, and 1 
complete cycle represents the period of rotation 
of the coil. Therefore, the time axis may be 
divided directly into mechanical degrees of rota- 
tion. A quarter turn of the conductor is one- 
quarter of the time of 1 cycle and therefore is 
marked as 90° rather than actually in fractions 
of seconds of time. The vertical or Y-axis is a 
measure of the sine of the angle of rotation of 
the conductor, and since this sine is proportional 
to the emf, it may be divided directly into units 
of voltage or current. 


d. THE HALF-CYCLE. The part of the sine 
curve above the horizontal axis is called the 
positive half-cycle or alternation, and the part 
below the line is called the negative half-cycle 
or alternation. This use of the terms positive 
and negative refers to the direction of the in- 
duced emf in reference to a fixed position, the 
negative voltage being in the opposite direction 
from the positive and occurring in time 1 half- 
_eycle later. It will be remembered that the 
direction of the induced emf at each position 
of the coil side was obtained by application of 
the right-hand screw rule. Thus, whether the 
first half-cycle of the sine curve of figure 10 is 
positive or negative depends on whether the 
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generator is rotated counterclockwise or clock- 
wise. 


eé. SUMMARY. The following conclusions may 
be drawn concerning the operation of a simple 
two-pole a-c generator: 


(1) The emf in a coil as it rotates is an 
alternating emf that varies as the sine 
of the angle of rotation. This emf is 
called a sine wave of voltage. 


(2) The emf is a maximum when each coil 
side is under the center of a pole. 


(3) The emf is zero when each coil side is 
in the space between poles (interpolar 
spaces 1 and 5 of fig. 10). 

(4) The polarity of the induced emf in 
the coil side under the north pole is 
opposite to that induced in the coil side 
under the south pole. These emf’s add 
together to make the emf of the gener- 
ator twice that of either coil side. 

(5) When the coil has completed 1 mechan- 
ical revolution, the induced emf has 
completed 1 electrical cycle. 


6. Operation of a Four-pole Generator 


a. As noted above, 1 mechanical revolution of 
the coil of a simple two-pole generator equals 1 
electrical cycle. If the coil rotates once each 
second, the frequency of the alternating emf is 
1 cycle per second. Ten revolutions of the coil 
each second would produce a frequency of 10 
cycles per second. Frequency then is defined as 
the number of cycles per second. In 10 revolu- 
tions, the coil goes through 10 times 360 or 3,600 
mechanical degrees each second (1 revolution is 
equal to 360 mechanical degrees). And for every 
revolution of the coil, the emf goes through 10 
cycles (10 times 360°) or 3,600 electrical de- 
grees. It may be seen then that for a two-pole 
machine, 1 mechanical degree is always equal to 
1 electrical degree. 


b. This last statement must be modified when 
applied to a four-pole a-c generator. Since the 
induced emf is a maximum under the center 
of a pole and is zero in the interpolar spaces, 
we can readily find the emf generated in a con- 
ductor rotating in a magnetic field produced 
by four poles. The distribution of the flux lines 
is clearly shown in figure 11. In position 1 the 
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Figure 11. Four-pole a-c generator. 


conductor is in the interpolar space and its emf 
is zero. In position 2, 45 mechanical degrees 
later, the conductor is under the center of the 
north pole and its emf is a maximum. The in- 
duced emf has gone through 90 electrical de- 
grees (from zero to a maximum) when the con- 
ductor has rotated only 45 mechanical degrees. 
In other words, 90 electrical degrees equals 45 
mechanical degrees, or 1 mechanical degree is 
equal to 2 electrical degrees. In 1 mechanical 
revolution, the induced emf has gone through 2 
electrical cycles. For example, assume that we 
have a four-pole machine and the number of 
revolutions per second is 10. The frequency of 
the generated emf may be found as follows. For 
every revolution, 2 electrical cycles are per- 
formed. Every second, the machine makes 10 
revolutions and therefore every second the emf 
goes through 10 times 2 or 20 cycles. The fre- 
quency, then, is 20 cycles per second. 


7. Frequency of Multipolar A-c Genera- 
tors 


a. By an analysis similar to that used in de- 
termining the frequency of a four-pole machine, 
it may be shown that for a six-pole generator 1 
mechanical degree is equal to 8 electrical de- 
grees, and that for an eight-pole generator, 1 
mechanical degree is equal to 4 electrical de- 
grees. Thus, to convert mechanical degrees to 
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electrical degrees, mechanical degrees must be 
multiplied by one-half the number of poles. 
Stated as a formula: 

1 mechanical degree = E electrical degrees. 


Since 1 mechanical revolution equals 360 me- 
chanical degrees, it is equal to P/2 times 360 
electrical degrees. And since 360 electrical de- 
grees equals 1 electrical cycle, the induced emf 
will go through P/2 cycles in one revolution. 
b. The number of revolutions of a generator 
is usually given as rpm (revolutions per min- 
ute). If a coil makes N revolutions per minute, 
it makes N/60 revolutions per second. There- 
fore, the number of cycles per second of an in- 
duced emf equals N/60 times P/2. Since the 
number of cycles per second is, by definition, the 
frequency of the generator, then— 
f=PxN=P®™ N cycles per second 
2x 60 120 
where: /f — frequency of generated voltage 
. P — number of poles 
N = revolutions per minute 


8. Instantaneous and Peak Value of Volt- 
age 

The instantaneous value of a sine wave of 

voltage is the value of the emf generated at 

any instant of time. Note that all instantaneous 

values of either alternating current or voltage 
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Figure 12. Average value of sine-wave voltage. 


are generally indicated by small letters, where- 
as all average, effective, and maximum values 
are indicated by capital letters. Figure 12 illus- 
trates this notation. A 0°, the instantaneous 
value e of the emf is 0. Between 0° and 90° the 
value of e is increasing from 0 to the maximum 
value. At 90° the value of e is a maximum and 
is equal to the peak voltage—that is, to FE’ (max- 
imum), written H,,,. Between 90° and 180° the 
value of e is decreasing from peak voltage to 0. 
In the next half-cycle, e increases and decreases 
in the same manner but in the opposite direc- 
tion. Thus, the instantaneous voltage varies 
constantly during 1 complete cycle of 360 elec- 
trical degrees. Peak voltage E,, may be defined, 
therefore, as the point of maximum instantane- 
ous voltage. Peak voltage may be either the 
negative peak voltage or the positive peak volt- 
age. For a pure sine wave of voltage, the posi- 
tive peak is equal to the negative peak. 


9. Average Value of Voltage or Current 


The average value of a complete cycle of sine 
wave voltage or current is zero, since the nega- 
tive loop is equal and opposite to the positive 
loop (fig. 12). However, the term average value 
when applied to an alternating current or volt- 
age is restricted to the average value of one 
loop, either the positive or negative. The posi- 
tive loop of the sine wave is identical to the 
negative loop, and therefore, the area under 
each is the same. The average value of a sine 
function is defined as the area under one loop 
divided by the base of the loop. The base of one 
loop is 180° or x radians in length. But in order 
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to find the area of such an irregular surface as 
a sine loop, the figure must be broken down into 
a series of small rectangles whose arcs may be 
easily determined. The sum of all these small 
areas will then be the area of the loop (see 
illustration in negative loop of figure 12). In 
this manner, it is found that the area of one 
loop of a sine curve is 2 L,,, where L’,, is the 
maximum value of the voltage; or the area is 
equal to 2 /,,, where I,, is the maximum value of 
the current. The average value may then be de- 
fined by the following formula: 
Average value of voltage = 

2 E, (area of loop) = E, = .637 & E,. 

x (length of base) 7 

zZ 


Average value of current = 
21, (area of loop) = Ey, = .637 X In. 
az (length of base) om 
sy 


10. Effective or Rms Value of Voltage or 
Current 


a. INSTANT POWER. In the study of direct 
current it was shown that the power dissipated 
as heat in a resistance R is equal to the square 
of the current multiplied by the resistance, or to 
I?R. But when an alternating current flows 
through a resistance, the power dissipated does 
not remain constant over a full cycle, since the 
instantaneous current changes constantly with 
relation to time. However, the power absorbed 
by the resistor at any instant is equal to the 
square of the instantaneous current 7 multiplied 
by the resistance, or to 7?R. At this point it should 
be noted that 2? is always positive, even though 
i might be a negative value, since the square of 
a negative number is always positive and great- 
er than zero. 
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Figure 13. Effective or rms value of sine-wave current. 


b. EQUIVALENT POWER. Therefore, over a 
given period of time, such as 1 half-cycle, a cer- 
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tain amount of energy is delivered to the re- 
sistance in the form of heat. But it may be de- 
termined that a certain value of direct current 
flowing through the same resistance for the 
same amount of time produces the same heat 
dissipation as the alternating current. The value 
of this direct current is called the equivalent 
heating value or the effective value of the alter- 
nating current. The effective current is defined 
as the area of one loop of the 7? graph divided 
by z, or as the square root of the average value 
of 7? over one loop, known as the root mean 
square or rms. For this reason, the effective 
value is often called the rms value. Figure 13 
shows the curve of 7?; as mentioned above, all 
the loops are positive. To find this effective or 
rms value of current, it is necessary to proceed 
in a manner similar to that used in determin- 
ing the average value. The effective current 
then may be shown to be equal to the maximum 
current J,, divided by the square root of 2, and 
in like manner the effective voltage to be equal 
to the peak voltage E,,, divided by the square 
root of 2. The effective value may then be ex- 
pressed in the following formulas: 


Rms value of current = 1, =In =.707 In. 
\/2 1.414 

Rms value of voltage — E,, — E,, — .707 E,,. 
\/2 1.414 


Note. The value of the current or voltage indicated 
by the usual a-c ammeter or voltmeter is the effective 
value, that is, the root-mean-square value. 

c. EXAMPLE No. 1. The voltage measured at 
a household electric outlet is 117 volts. This is 
the effective or rms value of the voltage. What is 
the peak voltage, the average voltage? 

By ins = 117 volts 

Erms = En X -T07 

117 — E,, « .707 

E,,=117 

.707 

E,, = 165.5 volts approx — peak voltage. 
Also: E,, = Em « .637 

Ege = 165.5 & .637 

E,, = 105.44 volts — average voltage. 

d. EXAMPLE No. 2. An electric toaster uses 
an alternating current of 4 amperes. This is the 
rms current. What is the maximum current, 
the average current? 
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I-ms = 4 amperes 
Tens = In * -707 
4—I,, < .707 
In = 4 
107 
IL, = 5.65 amperes — maximum current. 
Also: Ig, In X .637 
Ij, = 5.65 X .637 
I, — 3.59 amperes — average current. 
€. CONVERSION FORMULAS. In the examples 
given above, it will have been noticed that the 
peak voltage and the maximum current in an 
electric circuit are considerably in excess of 
what is generally the voltage or current given 
by the rms value. For this reason, circuits must 
be designed to withstand these values, even 
though they are instantaneous values and pres- 
ent only twice each cycle. The following list of 
formulas, therefore, summarizes the findings 
in the paragraphs above and provides a useful 
means of converting one value to the other. The 
relationships among these values are also shown 
graphically in figure 14. 
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Figure 14. Relationship of maximum, rms, and average 
voltages. 


11. Phase Difference: Angle of Lead or 
Lag 


a. TIME, As explained in the discussion of 
the generation of a sine wave, the time of a cycle 
of alternating current or voltage is usually ex- 
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pressed in electrical degrees. Thus 90° is said 
to be one-fourth of a cycle and represents an 
amount of time dependent on the frequency of 
the voltage, or the number of cycles per second. 
If the voltage considered is the usual 60-cycle 
ac used in the home, 1 cycle is completed in one- 
sixtieth of a second. Then 90° or one-fourth 
cycle represents actually one-fourth of one- 
sixtieth of a second—that is, one-fourth times 
one-sixtieth or one-two hundred and fortieth of 
a second. The phase of this voltage is also 90°, 
or one-two hundred and fortieth of a second. 
Phase then is defined as the difference in time 
between any point on a cycle and the beginning 
of that cycle. The beginning of a cycle gener- 
ally is taken to be the point at which the cycle 
passes through zero moving in a positive direc- 
tion. Such a consideration of phase, although 
seldom used in reference to a single voltage, is 
of immediate practical importance when two ac 
voltages or currents are present in the same 
circuit. It is necessary then to determine the 
position of one with relation to the other at 
any given instant in time. 
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Figure 15. Two sine-wave voltages in phase. 
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Figure 16. Two sine-wave voltages 90° out of phase. 


b. LEAD AND LAG. Thus, if two 60-cycle a-c 
generators are put in operation at the same time 
and connected to the same circuit, the two vary- 
ing voltages rise and fall and reverse direction 
at the same time. These voltages are said to be 
in phase (fig. 15). If one generator is started 
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one-two hundred and fortieth of a second after 
the other, the two voltages do not rise and fall 
together but are separated by a definite period 
of time which may be expressed in degrees as a 
fraction of a cycle. The voltages from the two 
generators are then said to be out of phase; and 
the first is said to lead the second, or the second 
is said to lag the first, by the number of degrees 
expressing this time difference, that is, by 90°. 
In figure 16, this condition is illustrated as volt- 
age é lags voltage e,, since the starting point of 
é2 is 90° to the right of e,;. Over the time inter- 
val 180° to 270°, es is positive and e; is negative. 
Note that the X-axis, or time axis, moves from 
left to right, and therefore, any point to the 
right of any other point is later in time or lags 
the other. Figure 17 shows two voltages 180° 
out of phase. Both voltages go through their 
zero points and maximum points at the same 
time, but e; is in the opposite direction from 
é,—that is, they are always of opposite sign: 
When e; is negative, é2 is positive. If these two 
voltages are of equal value, or amplitude, and 
present in the same circuit, the resultant voltage 
is zero, since the voltages cancel completely. 


~ However, if the two voltages are in phase, as 


discussed above and shown in figure 15, the re- 
sultant voltage is the sum of the two voltages. 
For out-of-phase relationships less than 180°, 
the resultant voltage is the vector sum of the two 
voltages (see appendix I). 
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Figure 17. Two sine-wave voltages, 180° out of phase. 


c. PHASE DIFFERENCE. It should also be care- 
fully noted that when the time difference in 
starting the two previously mentioned 60-cycle 
generators is one-sixtieth of a second, or 1 cycle, 
the voltages remain in phase. But a time dif- 
ference of one and a quarter cycles, for instance, 
is expressed as the fractional part of 1 cycle, or 
90-degree phase difference. From this it follows 
that if the time difference is any whole number 
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multiple of 1 cycle, the voltages are in phase, and 
that in any other case, the time difference is 
expressed simply as the fractional part of a sin- 
gle cycle. In addition, phase difference is usually 
expressed in degrees from 0° to 180° because 
any angle greater than 180°—for instance 210° 
lead by the first generator—may be expressed in 
terms of the second generator as a 150-degree 
lag. 
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Figure 18. Phasing of a-c generators. 


d. EXAMPLE No. 1. These points may now be 
expressed generally and illustrated by figure 18. 
Two a-c generators are put in operation at dif- 
ferent times. Generator No. 2 is started t sec- 
onds later than generator No. 1. Both machines 
deliver sine-wave voltages at the same frequen- 
cy. In figure 18, A is a graph of the voltage of 
generator No. 1, B is a graph of the voltage of 
generator No. 2, and C is a graph of the voltages 
of generators No. 1 and No. 2 plotted on the 
same time base. Note that voltage e. does not 
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begin until a definite time interval (t, seconds) 
has elapsed since the beginning of voltage e,. 
Thus, if t, equals 1 millisecond, and voltage e; 
has the value of 1 volt after 2 milliseconds, then 
voltage e. will attain the same value after 
2+ 1 or 3 milliseconds. Figure 18, then, illus- 
trates the following important points: 

(1) The zero points of e; and e. are sepa- 
rated by t, seconds and the maximum 
points are separated by t, seconds. 

(2) Voltage e, goes through its zero value 
t, seconds before és. 

(3) The graph of es can be reproduced by 
shifting that of e, to the right ¢, sec- 
onds. 

€é. PHASE ANGLE. The time lag of e (ft, 
seconds) may be converted to a lag in electrical 
degrees by the following equation: 
Electrical degrees = t, (seconds) « frequency 


<S60%. 
For example, if two 60-cycle a-c generators are 


started 1 millisecond apart, the phase shift in 
seconds is equal to 10—*. Then the phase shift in 
electrical degrees is equal to 10—* times 60 times 
360° or 21.6°. The second generator to start is 
then said to lag the first by 21.6° (fig. 19). 
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Figure 19. Two sine-wave voltages, 1-millisecond phase 
difference. 


f. EXAMPLE No. 2. If three generators are 
started at different times, each generator leads 
or lags the other two generators by a specified 
time. Figure 20 illustrates this condition. Gen- 
erator No. 1 is started first, generator No. 2 
next, and generator No. 3 last. Then voltage es 
lags e€,; és; lags e,; and also lags es. From the 
graph— 

ts. —=t 
For example, three 60-cycle a-c generators are 
put into operation. Generator No. 2 is started 2 
milliseconds after generator No. 1, and genera- 
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tor No. 3 is started 1 millisecond after genera- 
tor No. 2. Using the formula described in the 
preceding paragraph, these time differences 
may be converted to equivalent electrical de- 
grees of phase difference. 
t, = 2 milliseconds — 2 « 10—* seconds 
ts,2 = 1 millisecond = 1 & 10—* seconds 
tz = t, + ts. = 2+1—3 X 10 seconds. 
Generator 2 lags generator 1 by 2 Kk 10-3 X 
60 « 860° — 43.2°. 
Generator 3 lags generator 2 by 1 « 10-3 x 
60 « 860° — 21.6°. 
Generator 3 lags generator 1 by 3 * 10-3 X 
60 x 360° — 64.8°. 


es 


t3,2 
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Figure 20. Three sine-wave voltages, phase difference. 


12. Summary 


a. Direct current was the first type of current 
widely used, but it is limited in its applications. 
The principal disadvantages of de are: 

(1) De cannot be transmitted over long dis- 
tances without considerable loss of 
power. 

(2) D-c power cannot be radiated from an 
antenna. 


b. In 1819, H. C. Oersted discovered by acci- 
dent that a conductor carrying a current pos- 
sessed the properties of a magnet. This type of 
magnet is known as an electromagnet. 


c. In 1831, Michael Faraday and Joseph 
Henry working independently discovered that a 
magnet thrust into a coil caused a current to 
flow in the coil, and that removing the magnet 
caused the current to flow in the opposite direc- 
tion. 

d. The magnitude of the electromotive force 
induced in a conductor by a magnet is propor- 
tional to the number of magnetic flux lines cut 
per second. 
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Emf (volts) = flux lines cut per second « 10-8. 

e. A conductor moving parallel to the flux 
lines cuts no flux lines per second. A conductor 
moving at right angles to the flux lines cuts 
a maximum number of lines per second. A con- 
ductor moving at any angle to the flux lines 
cuts a number of flux lines proportional to the 
sine of the angle. Expressed formally: Any con- 
ductor of length l, velocity v, moving at an an- 
gle 6 to the flux density B has an emf in volts in- 
duced in it as indicated: 

e (volts) =BxXIlxvxsiné x 10-8. 

f. The direction of the emf induced in a con- 
ductor is the direction in which the axis of a 
right-hand screw would move when turned with 
the velocity vector as it moves through the 
smallest angle toward the flux density vector. 
This is known as the right-hand screw rule. 

g. Alternating current is a current which in 
a certain fixed period of time first moves in one 
direction, then reverses and moves in the oppo- 
site direction. Therefore, alternating current is 
defined as a current which is constantly chang- 
ing in magnitude and periodically changing 
direction. 

h. The simple two-pole generator: 

(1) The total emf induced in a coil side 
is equal to the emf induced in one con- 
ductor multiplied by the number of 
conductors. 

(2) The emf induced in one coil side is 
equal and opposite in direction to that 
induced in the other coil side. 

(3) These emf’s of the two coil sides add 
together in series to make the emf of 
the generator twice that of either coil 
side. 

(4) The emf induced in the coil as it ro- 
tates is an alternating emf that varies 
as the sine of the angle of rotation. 
This emf is called a sine wave of volt- 
age. 

(5) The emf is at a maximum when each 
coil side is under the center of a pole. 

(6) The emf is zero when each coil side is 
in the interpolar spaces. 

(7) When the coil has completed 1 mechan- 
ical revolution, the induced emf has 
completed 1 electrical cycle. 

1. The frequency of an alternating current is 
defined as the number of electrical cycles per 
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second. The frequency of a simple two-pole 
generator is the number of mechanical revo- 
lutions per second. One mechanical degree is 
equal to P/2 electrical degrees (where P is 
equal to the number of poles). Therefore, the 
frequency of a multipolar generator is equal to 
P/2 times N/60 (where N is the number of 
revolutions per minute). Expressed formally: 
f=Px<N. 
120 

j. The instantaneous value of a sine wave of 
voltage is the value of the emf generated at 
any instant in time. Peak voltage, E’',, is the 
point of maximum instantaneous voltage. The 
average value of a sine wave of voltage is the 
average of the instantaneous values over one 
loop, and is equal to the area of the loop divided 
by the length of the base, or to 2H,,/z. The 
effective or rms value of a sine current is the 
value of the direct current producing the same 
amount of heat through the same resistance 
during the same period of time. It is equal to 


[OS 
k. Conversion formulas for maximum, effec- 
tive, and average values of ac follow: 
(1) Ey, = Erms X 1.414 
(2) Bin ies, Kw x7 
2 


(3) Ea — En 
1.414 
(4) Eyms = Em X .707 
(5) Erne = Eos X 1.11 
(6) iy; a En 
ee 
es 
(7) Ear = En X .637 
(8) Ear = Enns X 9 

l. Phase is the difference in time between any 
point on a cycle and the beginning of that cycle. 
Phase difference is the difference in time be- 
tween any two cycles—that is, between the time 
of the passing of one cycle through a given 
point as compared with the time of the pass- 
ing of the second cycle through the same point. 
Phase difference is usually expressed in elec- 
trical degrees. 

m. If the phase difference between two cycles 
is zero, they are said to be in phase. If the phase 
difference is one quarter-cycle, the two cycles 
are said to be out of phase by 90° . The first 
cycle may be said to lead the second, or the 
second cycle may be said to lag the first by 90°. 
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Two cycles which pass through their zero points 
and maximum points at the same time but in 
different directions are 180° out of phase. Phase 
difference is expressed in degrees from 0° to 
180°; an angle of lead, for instance, greater 
than 180° may be expressed as an angle of lag 
less than 180°. 


13. Review Questions 


a. What is alternating current? How does 
it differ from direct current? 

b. What are the principal disadvantages of 
the use of direct current? 

c. What major discovery in electricity is 
credited to Oersted? To Faraday and Henry? 

d. What factors determine the magnitude of 
an induced emf? 

e. What is the formula for calculating the 
magnitude in volts of an emf induced in a con- 
ductor moving at an angle to the flux lines? 

f. What is the effect on the magnitude of the 
emf when the angle of rotation is 90°? 0°? 
AD oA? 

g. How is the direction of an induced emf 
determined? 

h. List the physical characteristics of a 
simple two-pole generator. 

1. List the electrical characteristics of a 
simple two-pole generator. 

j. Why is the sine curve the characteristic 
curve of an alternating current? 

k. How is the frequency of an a-c generator 
determined ? 

l. Define the instantaneous, peak, maximum, 


effective, and average values of an alternating ~ 


current or voltage. 

m. Give the conversion formulas for each of 
the foregoing. 

n. Why is a household circuit designed to 
withstand higher voltages than the 117 volts 
listed at the outlet? 

o. What is the relationship between time and 
phase? 

p. What is meant by the term lead? By lag? 

q. What is meant by the terms: in phase? 
90° out of phase? 180° out of phase? 

vr. What is the phase angle? 

s. How is a phase angle greater than 180° 
expressed ? 

t. How is a phase angle determined in 
degrees? 
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CHAPTER 2 
INDUCTANCE 
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14. Inductance 


a. Inductance is that property of an electrical 
circuit which tends to prevent a change of 
current. 

b. In the analysis of de and d-c circuits pre- 
viously considered, any opposition to the flow 
of current was termed resistance and indicated 
by the symbol R. The current in such a typical 
d-c circuit may be compared to an object in 
motion, such as an automobile, which is re- 
tarded only by the friction or resistance of the 
surface on which it moves. If, however, a d-c 
circuit is broken suddenly, by opening a switch 
for instance, a considerable spark jumps across 
the contacts of the switch as it opens. It may 
be said then that opening a d-c circuit is like 
suddenly stopping an object in motion. But 
from Newton’s first law of motion, it is known 
that an object in motion tends to remain in 
motion, and that a considerable force must be 
exerted to bring it to a stop. In the case of a 
speeding automobile stopped suddenly by a 
stone wail, this inertia or momentum which 
tends to keep the car moving will smash the 
car and dissipate itself as heat. In the case of 
a d-e circuit suddenly opened, particularly one 
carrying heavy current, the inertia or momen- 
tum of the current meeting the very high re- 
sistance of the open circuit produces a high 
voltage and dissipates itself as heat in a fat 
blue spark (fig. 21). 

c. Furthermore, Newton’s first law of motion 
states that an object at rest tends to remain at 
rest unless acted on by an external force. For 
example, an automobile must exert considerable 
power in order to start; after reaching speed, 
the only power necessary to keep it moving 
is the power used to overcome friction. In like 
manner, an electric current cannot be started 
instantaneously; there is a delay in time be- 
tween the application of the voltage and the 
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Figure 21. Effect of electrical inertia 


rise of the current to its maximum amount. This 
effect of inertia in a d-c circuit generally is not 
noticed, since the starting delay is slight, and 
except in circuits carrying large amounts of 
current the spark resulting from stopping the 
current, or opening the circuit, is not dangerous. 
It should be noted, however, that in d-c circuits 
carrying heavy power, provision must be made 
to open the circuit by gradually increasing re- 
sistance until current reaches a safe value. 


d. In an a-e circuit, however, this effect of 
electrical inertia, or inductance, is ever present, 
since by definition an alternating current is 
one constantly changing in magnitude and 
periodically changing direction. Thus, if the 
current in a circuit is increasing, the inductance 
of the circuit is defined as that property of the 
circuit which tends to prevent the increase; if 
the current is decreasing, the inductance of the 
circuit tends to prevent the decrease. The 
greater the inductance of the circuit, the 
greater the opposition to a change in current. 


15. Counter or Back Electromotive Force 


a. In a-c circuits there is ever present an op- 
position to the flow of current other than the 
d-c resistance of the circuit. This additional 
opposition is caused by a counter or back elec- 
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tromotive force, so named to distinguish it from 
the applied voltage, which is the original force 
tending to set up a current flow. Back emf or 
counter emf is analogous to the force which 
opposes a change in motion of a mass. Stated 
generally, it may be said that the velocity of a 
mass cannot be changed instantaneously, 
Whether that mass be an automobile, an elec- 
tron, or an electrostatic charge. 


b. In-an electric circuit, the cemf (counter 
electromotive force) is an induced emf or volt- 
age. This voltage is induced in conductors of 
the circuit not by means of an external mag- 
netic field, as in the case of the simple two-pole 
generator, but by means of the magnetic field 
already surrounding any conductor carrying a 
current. Any change in current changes the 
intensity of this magnetic field, and the result- 
ant emf induced, the counter emf, is a self in- 
duced voltage. Thus, the property of a circuit 
which produces such an emf is called self-in- 
ductance. Actually, all elements in a circuit, in- 
cluding connecting wires, show some self in- 
ductance, but for all practical purposes only 
those elements designed to make use of this 
property to advantage are known as induct- 
ances or inductors. Moreover, it may be said 
that counter emf is present in any a-c circuit, 
but its effect is negligible in a circuit of moder- 
ate power, such as an electric lamp, which uses 
almost pure resistance as a load. But the effect 
of counter emf is considerable in circuits (even 
of very low power) which use an inductance as 
part of the load, such as the primary of the 
power transformer in an ordinary radio 
receiver. 

a 


16. Generation of Counter Emf, Lenz’ Law 


a. It will be remembered that in the case of 
the simple generator, motion either of the con- 
ductor or of the magnet was necessary to an 
induced emf. In self inductance, the equivalent 
of motion, that is—a change in flux density of 
the magnetic lines of force about a conductor, 
is caused by the rise or fall of the current, since, 
as was seen in the study of electromagnetism, 
the intensity of a magnetic field about a con- 
ductor is directly proportional to the current 
through the conductor. The force setting up 
the flux lines is equal to 0.47 NI. Since .47 is a 
constant, the factor NI is called the ampere 
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turns. Any change in current changes the fac- 
tor NI or ampere turns and, accordingly, the 
flux density. Thus, self inductance is present 
constantly in an a-c circuit because current 
is constantly changing, but it is present in a 
d-c circuit only at the moments of closing or 
opening the circuit. 


b. That the emf self-induced in a conductor 
carrying current is a counter emf was deduced 
by H.F.E. Lenz from the principle of the con- 
servation of energy. If the emf self-induced 
was not a counter emf, then an increase of cur- 
rent would aid the applied voltage, and this 
increase in applied voltage would in turn tend to 
increase the current. This process would con- 
tinue, of course, until current reached an in- 
finite amount, a condition not possible in the 
physical universe. Lenz’ Law states: An in- 
duced emf always has such a direction as to 
oppose the action that produces it. Thus, when 
a current flowing through a circuit is varying 
in magnitude, it produces a varying magnetic 
field which sets up an induced emf that opposes 
the current change producing it. Or, it may 
be said that when the current in a circuit is 
increasing, the induced emf opposes the ap- 
plied voltage and tends to keep the current from 
increasing ; and when the current is decreasing, 
the induced emf aids the line voltage and tends 
to keep the current from decreasing. 


c. The effect of counter emf may be observed 
experimentally in that an alternating current 
through an inductor is opposed by a force much 
greater than its simple d-c resistance. For ex- 
ample, the d-c resistance of the primary of an 
ordinary power transformer used in a typical 
radio receiver is approximately 5 ohms. As in 
figure 22, this primary is connected directly to 
the 110-volt, a-c outlet in the home. From 
Ohm’s Law: 

I—E = 110 
RES 
I — 22 amperes. 


Thus, the current is calculated to be 22 amperes, 
but when actually measured the current is found 
to be approximately 1 ampere. It may be seen 
that some opposition other than the 5-ohm re- 
sistance is present in an a-c circuit. This op- 
position is the counter emf. If by mistake such 
a radio set is connected to a 110-volt, d-c line, 
the current through the primary of the trans- 
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former is 22 amperes, and the transformer 
burns up. Hence, Ohm’s Law as stated for d-c 
circuits must be modified, as will be shown later 
in this chapter, to include this effect of elec- 
trical inertia present in a-c circuits. 


POWER 
TRANSFORMER 
uO VOLTS PRIMARY 
60 CYCLES OHMS SECONDARY 
AC D-C RESISTANCE 
AMMETER ts m2 


(READS | AMPERE) 


Figure 22. Effect of cemf on current flow. 


17. Magnitude of a Counter Emf 


a. The magnitude of a counter emf depends 
upon the same factors that govern any induced 
emf. In the analysis of an induced emf 
considered in the previous chapter, it was 
shown that the magnitude of the emf induced 
in a conductor of unit length depended on the 
number of flux lines cut per second. This prin- 
ciple may be restated as Faraday’s Law of elec- 
tromagnetic induction: The emf induced in any 
circuit is dependent upon the rate of change of 
the flux linking the circuit. Since there is no 
physical movement of the conductor or of the 
lines of force in self inductance, the rate of 
change of the flux density is equivalent to move- 
ment. But, as was shown above and in the 
study of electromagnetism in TM 11-661, the 
flux density about a conductor is directly pro- 
portional to the current in the conductor. There- 
fore, the magnitude of self-induced emf depends 
directly upon the rate of change of the current 
in the circuit. Thus, a rapidly changing current 
induces a greater counter emf than a slowly 
changing current. But for any ac the rate of 


change of current depends on the number of 
cycles per second, or the frequency. The counter 
emf then depends directly upon frequency. 

b. The total magnitude of an induced emf 
depends also on the length of the conductor, 
since in the simple generator the length of the 
conductor and the number of conductors in a 
coil side, determine the total emf induced. Thus, 
a long conductor has greater counter emf in- 
duced, or has more self inductance, than a 
short one. If, however, a long conductor is 
wound on itself in the form of a coil, its self 
inductance is increased because of the increase 
in total flux density. Such a coil, or inductance, 
is a solenoid, and, as was shown in the study of 
electromagnetism, the flux density about it may 
also be increased by the addition of a core ma- 
terial of high permeability, such as soft iron. 
Figure 23 illustrates this type of inductance. 

c. The magnitude of a counter emf, then, is 
determined by the following formula: 

cemf —= —.47N*%zAx di. 
l dt 
Since the physical characteristics of the sole- 
noid, called the geometry of the coil, are all 
contained in the factor .4r7N*uA, this expres- 
I 
sion may be isolated and given the name induct- 
ance and assigned the symbol L. Then: 
L=— .42N*%A . 
l 
Substituting L for this factor: 
cemf ——Ldi. 
dt 
The minus sign means that the voltage de- 
veloped is a counter voltage and opposes the 
force producing it. Also, it should be noted 
that the separation of the physical character- 
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Figure 23. Inductance wound on iron core. 


AGO 1736A 


19 


istics (inductance) from the rate of change of 
the current is done for convenience and is analo- 
gous to the separation usually made in the more 
familiar equation of the inertia of masses. The 
counter force, or reaction, is equal to the mass 
multiplied by the rate of change of velocity: 
F——wmdv. 
dt 

Hence, inductance may be said to be analogous 
to mass, which is that property in nature which 
tends to oppose a change of velocity, and may be 
defined finally as that property of an electrical 
circuit which tends to prevent a change of 
current. 


18. Measurement of Inductance: the 
Henry 


a. The unit of measurement of inductance is 
the henry, named after Joseph Henry, the co- 
discoverer with Faraday of the principle of 
electromagnetic induction. A henry is defined 
as the inductance of a circuit in which a current 
change of 1 ampere per second causes a counter 
emf of 1 volt. Since the henry is defined in 
terms of practical units, the factor 10—* must be 
used if the cemf is to be read in volts and the 
rate of change of the current in amperes per 
second. Then: 

= 4-N7,A x 10—S (henrys) 


f 


where: L = self inductance of solenoid in 
henrys 
N — number of turns of coil 
u—= permeability of core in electro- 
magnetic units 
A — cross-sectional area of core in cm? 
1 — mean length of core in cm. 
b. This formula reveals the following im- 
portant relationships: 

(1) The inductance of a coil is propor- 
tional to the square of the number of 
turns. 

(2) The inductance of a coil increases di- 
rectly as the permeability of the ma- 
terial making up the core increases. 

(3) The inductance of a coil increases di- 
rectly as the cross-sectional area of 
the core increases. 


(4) The inductance of a coil decreases as 
its length increases. In figure 24, A 
shows two coils of a fixed number of 
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turns with different cross-sectional 
areas. The larger coil has a greater 
total flux, or less reluctance, and there- 
fore greater inductance. B shows two 
coils of a fixed number of turns and 
the same cross-sectional area, but of 
different lengths. The longer coil has 
less total flux, or greater reluctance, 
and therefore, less inductance. ; 


4 TURNS 


4 TURNS 


ry, | bee HBP 


CROSS-SECTIONAL 
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Figure 24. Variation of inductance with size of solenoid. 
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c. It should also be noted that for ferro-mag- 
netic (iron-core) inductances, the permeability, 
u, Of the core material is not a constant, but 
depends on the magnitude of the magnetizing 
current. In a-c circuits, the current is con- 
stantly changing in magnitude and periodically 
in direction, and accordingly, an error is in- 
troduced in calculations of the magnitude of 
the inductance. In A of figure 25 the relation- 
ship between the flux density B and the field 
intensity H is shown in the form of a graph 
known as a hysteresis loop. But the ratio B/H 
is the definition of permeability. Therefore, it 
may be seen from this graph that the value of 
» Varies as the ratio of B to H varies for dif- 
ferent points on the loop. For a fuller explana- 
tion of the hysteresis loop and the relationships 
among B, H, and pn, see TM 11-661. In B of 
figure 25 a permeability curve for cast steel is 
shown. Permeability for this material increases 
to a maximum value at approximately 7,000 
lines per square centimeter and then falls off 
as the fiux density increases. This variation of 
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p» invalidates calculations of inductance based 
on the formula given previously, and should be 
noted for reference in the discussions of trans- 
formers in chapter 6. 
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Figure 25. Variation of u for iron-core materials. 


19. Measurement of Counter Emf: Volt- 
age 
a. The formula derived previously for the 
magnitude of a cemf was found to be: 
cemf ——l di. 
dt 
An examination of this formula reveals that 
the greater the inductance, or the faster the 
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rate of change of the current, the greater is 
the cemf induced in the circuit. For example, a 
coil of 1-henry inductance has a current of 1 
ampere flowing through it. If this current 
changes to 2 amperes in 1 second, the cemf 
will be: 
cemf — —1 « (2—1) = —1 volt. 
fi 
If the current change remains the same but 
the coil used has an inductance of 10 henrys, 
then: 
cemf ——10 « (2—1) = —10 volts. 
1 
If the inductance remains, as in the first in- 
stance, at 1 henry, and the current change from 
1 ampere to 2 amperes takes place in one-tenth 
of a second, then: 
cemf = —1 « (2—1) = —10 volts. 
1/10 

b. From these examples it may be seen that 
a high value of opposition to the flow of current 
may be obtained either by increasing the in- 
ductance or the speed of the change of current 
in a circuit, or both. Thus, low frequency a-c 
circuits, because of the slow speed of change 
of the current, generally employ high values of 
inductance (iron cores) to obtain a high cemf. 
High-frequency a-c circuits, because of the 
great speed of the change of the current, often 
may generate sufficient cemf with small air 
core inductances. The following table illustrates 
the rise in cemf as the rate of change of the 
current increases: 


L / A i | At cemf 


henrys amperes seconds in volts 
1 1 1 / | 
1 1 1/2 2 
1 1 1/4 —4 
1 1 1/10 —10 
1 1 1/20 —20 
1 1 1/50 —d0 
A 1 1/100 —100 
1 1 | 1/500 —500 
1 1 | 1/1,000 —1,000 
1 1 | 1/1,000,000 —1,000,000 


where: / 7 (called deltaz) — change in current 
A t (called delta ¢) — time required for 
change in current. 


c. From the table, it is apparent that if a 
change of 1 ampere were to take place in- 
stantaneously, that is, if A t — 0, the induced 
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voltage e would become infinitely large. This 
would violate Kirchhoff’s first law, which states 
that at any instant the applied voltage in a 
circuit must equal the sum of the voltage drops 
around the circuit. Certainly, if A t = 0, the 
voltage drop across the inductance would be 
greater than any applied voltage could be. And 
by extension, it may be seen that at any instant, 
no matter how fast the change of current or 
how great the value of inductance, the induced 
voltage cannot be greater than the applied volt- 
age. On the other hand, if there were no change 
of current, that is, if A t were equal to infinity, 
the circuit would be a d-c circuit, and e would 
be zero. 


20. Inductive Reactance 


a. In the discussion above, the opposition 
offered to a specific change of current by an in- 
ductance was measured at any given instant in 
terms of counter emf, the voltage bucking the 
applied voltage. In d-c circuits, however, any 
opposition to current flow was termed resist- 
ance and measured in ohms. In a-c circuits, 
therefore, it is convenient to measure inductive 
opposition in ohms rather than in counter emf 
or in volts. This type of a-c opposition is called 
inductive reactance and is assigned the symbol 
X, to distinguish it from a d-c resistance. 


b. From the preceding table listing the mag- 
nitude of induced voltages, and from the exam- 
ples given above, it will be seen that inductive 
reactance will depend directly upon the size 
of the inductance and upon the rate of change 
of the current. In an a-c circuit, the rate of 
change of the current is governed by the angu- 
lar velocity of the applied voltage, and this 
velocity is measured in radians. Since each 
cycle is 27 radians, the angular velocity of any 
sine wave is equal to this factor multiplied by 
the frequency (par. 24, app. 1). Therefore, the 
inductive reactance of any circuit is equal to the 
inductance multipled by the angular velocity 
2rf, or: 


X,—27fL 
where: X,; — inductive reactance in ohms 
2 r = 6.28 


f = frequency in cycles per second 
L = inductance in henrys. 


c. From this formula it may be seen that the 
higher the frequency, or the greater the in- 


pape 


ductance, the greater the inductive’ reactance. 
A of figure 26 is a graph of X, plotted against 
frequency, and B is a graph of X, plotted 
against inductance. The graphs are similar and 
illustrate that inductive reactance increases di- 
rectly, or linearly, with frequency and induct- 
ance: the greater the frequency for any L, or 
the greater the inductance for any f, the greater 
the inductive reactance of the circuit. 


XL 
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XL =2 TfL 
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Figure 26. Variation of inductive reactance. 


d. At the high frequencies used in radio com- 
munications, even small amounts of inductance 
may offer very great inductive reactance. C of 
figure 26 is a graph of current in an inductive 
circuit plotted against frequency. It may be 
said, then, that at high frequencies an induct- 
ance tends to act as an open circuit, since very 
little current flows in the circuit; and at low 
frequencies, an inductance tends to act as a 
simple conductor—a short circuit—since high 
current flows. Thus, inductances designed for 
use at low frequencies are generally large iron- 
core inductances. They are measured in full 
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units of henrys. Those used at high frequencies 
are generally small air-core inductances, which 
are measured in millihenrys (1/1,000 of a 
henry) or in microhenrys (1/1,000,000 of a 
henry). 


e. For example, the opposition offered by a 
20-henry inductance to a 110-volt, 60-cycle a-c 
source may be determined by use of the formula 
for inductive reactance: 

X,=—27fL 
Xz, = 6.28 X 60 X 20 
X, = 7,536 ohms. 
The current in this a-c circuit is— 
I = E = 110 
Xz, 7,536 
I = .014ampere. 
If the frequency of this same circuit is increased 
to 400 cps (cycles per second), the inductive 
reactance is increased: 
Xz, = 6.28 « 400 «20 
X, = 50,240 ohms. 
Current fallsto: J—= 110 = .0021 ampere. 
50,240 

f. Ina transmitter operating on 5 megacycles 
(5 million cycles per second), a small inductance 
of 2.5 millihenrys (.0025 henry) is used to keep 
substantially all alternating currents out of 
a certain part of the transmitter while at the 
» same time allowing the passage of de. This type 
of inductance is called a choke since inductive 
reactance at that frequency is quite high and ef- 
fectively chokes off the a-c currents. Thus: 

X,=2rfL 
=D oo el Ore) xX (2D. 10-4) 
X, = 78,500 ohms at 5 megacycles. 


21. Voltage and Current Across an Induc- 
tance: Phase Shift 


a. Inductive reactance, as has been shown, 
not only limits the current flowing in an a-c 
circuit but also tends to retard the building-up 
and the falling-off of current. In A of figure 27, 
a sine wave of voltage is applied to a pure in- 
ductance. The current in the circuit also fol- 
lows the form of the sine wave; but it is neces- 
sary to determine precisely the delay in time 
between the application of the maximum volt- 
age and the moment the current reaches maxi- 
mum value—that is, the phase shift between 
the voltage and current. By Kirchhoff’s first 
law it is known that the algebraic sum of the 
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voltage drops about any closed circuit is equal to 
zero. Thus: 
e (applied) + cemf = 0 


e — —cemf. 
Since: cemf — —L di 
dt 
e——(—Ldi ) 
oe 
Therefore: e—+Ldi. 
dt 


This expression reveals that di/dt, the rate of 
change of current, is positive when the applied 
voltage is positive. Thus, when di/dt is positive, 
or greater than zero, é€ is positive; when di/dt is 
negative, or less than zero, e is negative; and 
when di/dt is equal to zero, é is equal to zero. 


e 

SINE 
VOLTAGE 
GENERATOR 
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Figure 27. Current and voltage in an inductive a-e 
circuit. 


b. B of figure 27 illustrates the voltage and 
current sine curves for this circuit. Ata time 
corresponding to point a, the voltage e is posi- 
tive, di/dt is positive, and therefore, the cur- 
rent is increasing with time. At point b, the 
voltage is negative, di/dt is less than zero, and 
current is decreasing with time. For some value 
of time, then, between points a and b, di/dt is 
equal to zero; that is, in going from a positive 
to a negative value, di/dt must go through zero. 
Thus, at point A (180° on the time axis), the 
curve for current must flatten out (neither 
increasing nor decreasing) as it passes through 
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its maximum value. In like manner, the rest 
of the current curve in B may be drawn. It 
may be seen, then, that current is zero when 
the applied voltage is maximum, or maximum 
when the applied voltage is zero. Consequently, 
the current is said to lag the applied voltage by 
one-quarter cycle or by 90°. 

c. A further investigation of this phase shift 
across an inductance will show the relationships 
among the induced voltage, or cemf, the current, 
and the applied voltage. From Lenz’ Law and the 
analysis in the previous chapter of the genera- 
tion, magnitude, and direction of the induced 
voltage, it is known that the cemf is, by defini- 
tion, a voltage opposite in phase to the applied 
voltage, or 180° out of phase with the applied 
voltage. In figure 28, A illustrates this condi- 
tion graphically. Thus, when the applied volt- 
age is zero, there is no opposition, and when 
the applied voltage is maximum, there is a 
maximum opposition, an induced voltage in the 
opposite direction. 

d. An examination of the sine wave of cur- 
rent through the inductance will show its phase 
relationship to the induced voltage. In B, it 
will be seen that the rate of change of the cur- 
rent is greatest (either negative or positive) 
as the current passes through zero—that is, 
the slope of the curve at this point is steepest. 
This means that if a small time interval were 
isolated at this point, as in C, it would show a 
relatively large amount of current change. 
Therefore, the induced voltage or cemf is great- 
est at the point at which the current passes 
through zero. In like manner, a further exam- 
ination of the curve of the current, in B, will 
show that the rate of change of current is 
least at the point at which the current reaches 
a maximum value; that is, the slope of the curve 
is, at that point, least steep. A small time inter- 
val isolated at that point would show a rela- 
tively small amount of current change, or no 
current change, as in C. Therefore, the counter 
emf would be least, or zero. The same condi- 
tions exist for the other half-cycle. 


e. The sine wave of induced voltage then is 
maximum when current through the inductor is 
zero, and zero when the current is maximum. 
Moreover, as the current passes through zero 
moving in a positive direction, the slope of its 
curve is positive, and. therefore, the induced 
voltage is a negative maximum, since the in- 
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Figure 28. Phase shift in an inductive a-e circuit. 


duced voltage is always in such a direction as 
to oppose the action producing it (the change in 
current). From the point of view of phase, 
then, the current is said to lead the induced 
voltage by 90°. However, since the induced 
voltage is, by definition, 180° out of phase with 
the applied voltage, the current goes through. 
zero moving in either a positive or a negative 
direction one-quarter cycle or 90° after the 
applied voltage. The current then is said to 
lag the applied voltage by 90°. Figure 29 illus- 
trates these three relationships in graph form. 
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Figure 29. Voltage, current, and cemf in an inductive 
a-c circuit. 


22. Voltage and Current in an L-R Cir- 
cuit: Phase Angle 


a. In any resistive circuit without inductance 
(L equal to zero), the voltage and current are 
said to be in phase. But it should be noted that 
in no circuit is the value of the inductance ever 
actually zero, since, by definition, it would then 
be possible to change the value of the current 
instantaneously. However, for all practical 
purposes, those circuits which do not contain 
inductors, or appreciable amounts of induct- 
ance, can be considered as pure resistive cir- 
cuits. The time lag of the current in such a 
circuit is so small as to be negligible. Figure 30 
shows this circuit and illustrates graphically 
the in-phase relationship of a sine wave of volt- 
age and current across a resistance. From the 
graph, it may be seen that the current and the 
voltage are alternating in polarity at the same 
frequency. Current rises as the applied voltage 
rises and is maximum when the applied voltage 
is maximum; current falls off as the voltage 
falls and is zero when the voltage is zero. The 
magnitude of the current may be determined by 
Ohm’s Law for maximum, effective, or average 
value, since the frequency of the current change 
has no effect on the in-phase relationship. Thus: 
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b. In any circuit containing both inductance 
and resistance, there is a 90° phase shift of volt- 
age and current across the inductance alone, 
and no phase shift across the resistance. But it 
must be emphasized that in any series circuit, 
current is everywhere the same. Since current 
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Figure 30. Current and voltage in a resistive a-c circuit. 


is the line of reference for both the inductance 
and the resistance, it may be seen that the volt- 
age developed across the resistance (by the cur- 
rent through it) will be 90° out of phase with 
the voltage across the inductance. A of figure 
31 shows an L-R circuit, and B the relationships 
among the current, the voltage across the in- 
ductance, and the voltage across the resistance. 
Thus, it may be seen that the presence of re- 
sistance in an inductive circuit results in two 
separate voltage drops 90° out of phase with 
each other. The resultant voltage of these two 
voltages is the voltage drop in the whole circuit 
and is, by Kirchhoff’s Law, equal to the applied 
voltage. The amount of phase shift of the cur- 
rent in such a circuit is measured, not with rela- 
tion to the voltage across the inductance alone 
(always 90°), but with relation to the resultant 
voltage, which is the applied voltage. 


c. The resultant voltage and the phase angle 
(generally ascribed the symbol 6) of any L-R 
circuit may be determined by means of vectors. 
(A complete discussion of vectors may be found 
in sec. IV, app. I.) In A of figure 32, the voltage 
across the resistance is laid off on the horizontal 
vector, and the voltage across the inductance on 
the vertical vector. Since these two voltages 
are 90° out of phase, the angle between them 
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Figure 31. Current and voltages in a series L-R circuit. 


is aright angle. By drawing in a parallelogram 
based on these two sides, the resultant vector 
E is seen to be the hypotenuse of a right tri- 
angle. Then, by the theorem of Pythagoras, 
the square on the hypotenuse is equal to the 
sum of the squares on the other two sides, or: 

EP — Ee +E? 

KE =—\/E,?+ E;?. 

d. From the previous discussion, it is known 
that the current in the circuit is in phase with 
the voltage across the resistance; therefore, the 
position of the current with relation to the ap- 
plied voltage is the same as the vector Hp, the 
voltage across the resistance. The phase angle 
6 then is the angle that the applied voltage 
vector EH makes with the vector Er, as shown 
in A of figure 32. The angle @ may be measured 
in terms of any of its trigonometric functions, 
depending on the values known. If the voltage 
across the resistance is large with relation to 
that across the inductance, the resultant vector 
will approach the horizontal and the phase angle 
will be small; and in like manner, if the voltage 
across the resistance is small, the resultant 
vector will approach the vertical and the phase 
angle will approach 90°. Hence,.the presence 
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Figure 32. Applied voltage and current in an L-R 
circuit. 
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of resistance in an inductive circuit causes cur- 
rent to lag the applied voltage by some angle 
less than 90°. B of figure 32 illustrates in graph 
form the relative positions of voltage and cur- 
rent and the phase angle @. 


23. Inductive Reactance and Resistance: 
Impedance 


a. In any circuit containing both inductance 
and resistance, the total opposition offered by 
the circuit is not the simple arithmetical sum of 
the inductive reactance X, and the resistance R. 
The inductive reactance must be added to the 
resistance in such a manner as to take into ac- 
count the 90° phase difference between the two 
voltages in the circuit. This total opposition is 
termed impedance and assigned the symbol Z. 
Since the voltage across the inductance is de- 
termined by the inductive reactance and the 


current through the inductance, then: 
Ez = IX; . 
AGO a 


The voltage across the resistance is determined 
by the resistance and the current through it: 
Er;—ZJR . 
Then the resultant voltage of these two, or the 
applied voltage, is determined by the current 
and the total opposition of the circuit: 
E=I1Z. 
But as BES Ly shown: 
BK e=\/E,? + E;? 


or BE —\/(IR)?-+ (1X)? . 
Then: | INA boll © tee aD. Grad) 
Yen Xe 


Z=v/R? + X;? 
Thus, the impedance of an L-R cireutt is equal 
to the square root of the sum of the squares of 
the resistance and the inductive reactance. 


b. The same result may be obtained more 
readily by means of vectors. The voltage across 
the resistance Ez is equal to JR, and the voltage 
across the inductance E,; to IX,. Since each 
vector represents a product of which current is 
a conimon factor, the vectors may be laid off 
proportional to R and X; and separated by. 90°. 
Figure 33 shows these vectors. The resultant 
vector Z is the hypotenuse of a right triangle 
and represents the impedance of the circuit. 
Then: 

Z =\/R? + X72. 
It will be seen also that the angle @ is the phase 
angle because the direction of the impedance 
vector is actually the same as that of the applied 
voltage vector. This angle is generally deter- 
mined in terms of its tangent, X,/R, or in terms 
of its cosine, R/Z. 

c. From the vector diagram of figure 33, it 
may be seen that if the resistance is large with 
relation to the inductive reactance, the circuit 
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Figure 33. Impedance of an L-R circuit. 
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tends to act as a pure resistive circuit, the phase 
angle approaches 0°, and the impedance ap- 
proches FR. If the inductive reactance is large 
with relation to the resistance, the circuit acts 
as a pure inductive circuit, the phase angle ap- 
proaches 90°, and the impedance approaches 
X,. For practical purposes, then, the impedance 
of the circuit may be taken to be substantially 
equal to the larger quantity, if the ratio of the 
reactance to the resistance, or of the resistance 
to the reactance, is 10 to 1 or greater. 

d. The current in an a-c circuit containing 
inductance and resistance may be determined by 
substituting the impedance Z for the resistance 
R used in the formula applied to d-e circuits. 
Thus: 

—FE 


E 
and Z 
These formulas are called Ohm’s Law for a-c 
circuits and they apply to solutions for maxi- 


mum, effective, or average values but not to any 
instantaneous value. Therefore: 


Lae a Eines 
Z 

i ay Lisi 

Wis 

ie — Fay ° 

ee 


e. For example: a 110-volt 60-cycle a-c line 
is connected across an‘ inductance of 5 henrys 
and a resistance of 1,000 ohms in series. The 
inductive reactance alone is: 
X,=—27rfL=—6.28« 605 
X, = 1,884 ohms 

and as given: — 1,000 ohms . 

Then the total impedance Z of the circuit is: 


Z=\ R?4+ Xi? 
Z =v/ (1000)? + (1884)? 
Z = \/1,000,000 + 3,547,256 
Z = \/4,547,256 
Z= 2,132 ohms. 
The effective or rms current in this circuit is: 
I = EF = 1110/2132 
OA 
I — .051 ampere. 
The phase angle 6 of the lag of the current be- 
hind the applied voltage is: 
Cos 6 = R = 1000/2132 — .4695 
vA 
6— 62°. 
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f. The following conclusions may now be 
drawn relative to the characteristics of a series 
L-R circuit: 

(1) The current through the inductance 
lags the voltage across it by 90°. 

(2) The current through the resistance is 
always in phase with the voltage 
across it. 

(83) The voltage across the inductance and 
the voltage across the resistance are 
90° out of phase (E; leading Ep). 

(4) The resultant voltage across both in- 
ductance and resistance is equal to the 
square root of the sum of the squares 
of Ep and E;. 

(5) The resultant voltage is equal to the 
applied voltage EH (Kirchhoff’s Law). 

(6) The current in the circuit lags the ap- 
plied voltage by the angle 6, called the 
phase angle, which is determined by 
geometric construction ((10) below). 

Tané—E, , Cosdé=—Ep. 
Ex aoe 

(7) The opposition offered by the induc- 
tance, X,;, 1S measured in ohms and 
called inductive reactance. It is deter- 
mined by the size of the inductance and 
the angular velocity of the applied 
voltage. 

X,p—2rfL. 

(8) The opposition offered by the resis- 
tance, R, is the same as the resistance 
in a d-c circuit. 

(9) The total opposition offered by the 
circuit, Z, is measured in ohms and is 
the resultant of the goemetric addition 
of X; and R. 

Z—=\/R? 4X7? . 

(10) The phase angle 6 may also be deter- 
mined in terms of R, X;, and Z ((6) 
above). 

Tané—X,;, Cos@=R. 
Res C4 

(11) The total current in the circuit is found 
by Ohm’s Law re-stated for a-c cir- 
cuits: 

I=E 
vAe 
where J and F# are either maximum, 
effective, or average values. 
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24. Parallel L-R Circuits 


a. A of figure 34 shows an inductance L and 
a resistance R connected in parallel across an 
a-c source. In a circuit of this type it will be 
seen that, by Kirchhoff’s Law for parallel cir- 
cuits, the voltage across the inductance is equal 
to the voltage across the resistance, and that this 
voltage is the same as the applied voltage. 
Therefore, all voltages in this circuit, being the 
same voltage, are in phase with each other. 
However, the current through the inductance 
lags the applied voltage by 90°, and the current 
through the resistance is in phase with the ap- 
plied voltage (B of fig. 34). Then the current in 
the inductance lags the current in the resistance 
by 90°. The resultant current, or line current, 
is the vector sum of these two currents. 
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Figure 24. Voltage and currents in a parallel L-R 
circuit. 


b. In figure 35, the current through the resis- 
tance Ip is laid off on the horizontal vector, and 
the current through the inductance I, on the 
vertical vector. The I, vector is laid off in the 
negative direction because this current lags the 
current in the resistance, which is taken as the 
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reference vector, since it is in phase with the 
applied voltage and represents also the direction 
of the applied voltage. Now, as in any parallel 
circuit, the current in the resistance is equal to 
the voltage divided by the resistance: 

Ir=E. 

R 

The current in the inductance is equal to the 
voltage divided by the X,, the inductive react- 
ance: 

IL=E. 
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Figure 35. Total current and voltage in a parallel 
L-R circuit. 


c. The resultant vector I, represents the 
total current in the circuit, and the angle this 
vector makes with the horizontal is the phase 
angle 6. Therefore, the angle 6 is the angle the 
line current makes with relation to the applied 
voltage, since, as shown above, the direction of 
the applied voltage is the same as that of the 
vector Ip. By convention, vectors are rotated in 
a counter-clockwise direction; since the Ip vec- 
tor follows the EF vector, the line current is said 
to lag the applied voltage by the angle 6. The 
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tangent of this angle is then I;,/Ir. But I; is 
equal to E/X, and Iz is equal to H/R. By substi- 
tution and cancellation: 


Tang—R 
Xz, 

Cos¢@=—Z . 
oh 


The magnitude of the line-current vector I>, 
must always be greater than either I, or I, be- 
cause it is the hypotenuse of a right triangle. 
Then: Ip=VI,?4+ I:? . 
Thus, it may be seen that, as in d-c circuits, 
total current in a parallel L-R circuit is always 
greater than the current in either branch; and, 
by extension, the impedance of the circuit is less 
than the opposition of either branch. By Ohm’s 
Law:Z—E . 
I 

desi ne eden of a parallel L-R circuit 
may also be obtained by the use of a formula 
similar to that used for resistances in parallel. 
It will be remembered that the total resistance 
of two resistances in parallel is equal to their 
product divided by their sum: 


Rr=—R,xXR.. 

R,+ Rez 

Then, by analogy: Z7—=Rx< X,. 
RXX, 


But, as has been shown previously, the addition 
of two vector quantities (R + X,) may not be 
made directly; therefore: 
Z = RX, 
a/ RFX? 
e. For example: If the values used previously 
for the series L-R circuit are transferred to the 
parallel L-R circuit of figure 34, then as before: 


R = 1,000 ohms 
X,, = 1,884 ohms 


Z= RX, — 1,884,000 
VR? + Xi? 2,132 
; Z = 884 ohms. 
The line current Ip = E _ 110 
Z 884 


I, = .122 ampere. 
The line current lags the applied voltage by the 


angle 6: 


f. The following comparisons may now be 
made between series and parallel L-R circuits: 
(1) The tangent of the phase angle of the 
series circuit 6, is the reciprocal of the 
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tangent of the phase angle of the par- 
allel circuit 6,. 


Tané,= 1 = 1=X, 
Tan® R FR 
Xy 


(2) If the values of inductance and resist- 
ance for the two circuits are the same, 
the two angles are complimentary: 

6, + 4, = 90°. 

(3) The greater the resistance added to a 
series circuit, the more resistive the 
circuit becomes; 6, approaches 0°. 

(4) The greater the resistance added 
across a parallel circuit, the more in- 
ductive the circuit becomes; 6, ap- 
proaches 90°. 


25. Time Constant of L-R Circuit 


a. The property of inductance, as has been 
shown, introduces a delay in time between the 
applied voltage and the current produced by 
this voltage in any circuit in which a change of 
current occurs. In a-c sine-wave circuits, the 
current is a sine wave also, following the ap- 
plied voltage by the phase angle 6. In such a cir- 
cuit, @ depends on the ratio X,;/R—that is, on 
the frequency, inductance, and resistance of the 
circuit. In d-c circuits (or circuits using pulses 
of dc), however, the time lag resulting from the 
starting and stopping of the voltage does not 
depend on the frequency, since frequency is 
zero, but on the inductance and the resistance of 
the circuit. 


b. Thus, when a dc is applied to a pure resist- 
ance, the current is said to rise immediately to 
its E/R or maximum value. But if an inductance 
is added to the circuit, the current is held back 
by the counter emf and does not rise to its E/R 
value immediately. A of figure 36 shows the 
graph of the rise of current in a d-c circuit con- 
taining’resistance and inductance. This curve is 
an exponential curve; that is, the current rises 
rapidly at first and then gradually tapers off to 
its maximum value, thus describing the charac- 
teristic curve shown. An analysis of this curve 
reveals that in regular units of time, the current 
rises in decreasing amounts. Thus, in the first 
unit of time, current rises to 63.2 percent of its 
final value; and in the second unit to 63.2 per- 
cent of the 36.8 percent remaining (86.4 percent 
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of maximum) ; and in like manner for each suc- 
ceeding unit of time. Theoretically, in such a 
progression, the current would never reach a 
maximum because there would always be a re- 
mainder, but for practical purposes current is 
considered at a maximum after five units of 
time. 


c. Conversely, the current in a d-c inductive 
circuit cannot fall immediately to zero, as it 
would in a pure resistive circuit from which the 
voltage was removed. B of figure 36 shows the 
graph of the fall of the current. This curve is 
the same as that described for current rise, but 
is turned inside out. That is, current falls rapid- 
ly at first and then tapers gradually to a mini- 
mum. In the first unit of time, it falls 63.2 
percent from its maximum E/R value, or to 
36.8 percent of its maximum value; in the next 
unit of time, it falls an additional 63.2 percent 
of the remainder. This process continues, as 
described above, until, after five units of time, 
the current is considered to be at zero. 


d. This recurring 63.2 percent of the maxi- 
mum rise or fall of current in a fixed unit of 
time is called the time constant of a circuit. The 
more inductance in a circuit, the longer the unit 
of time required to reach this initial 63.2 per- 
cent of the E/R value; and the more resistance 
in a circuit, the shorter the time required to 
reach this value, since the greater the resistance 
of an L-R circuit, the less the effect of induct- 
ance. Therefore, it may be said that the time 
constant is equal to inductance divided by re- 
sistance, or: 

t (time constant) —=L . 
R 
If Z is in henrys and R in ohms, then ¢ is in 
seconds and is the time required for the current 
to reach 63.2 percent of its d-c E/R value. 


e. For example, if 100 volts de is applied to 
an L-R circuit containing a 20-henry inductance 
and a 10-ohm resistance, the E/R value of the 
current is 10 amperes. The time constant is 
L/R, 20/10 or 2 seconds. Therefore, it will re- 
quire 2 seconds for the current to reach 6.32 
amperes, and an additional 8 seconds before it 
reaches approximately its maximum of 10 am- 
peres. If the resistance is lowered, the time con- 
stant is increased. In a circuit of 20-henry 
inductance and 4-ohm resistance, the time con- 
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Figure 36. Time Constant in L-R circuit. 


stant is 5 seconds. However, it must be re- 
membered that since resistance is lowered, the 
maximum current in the circuit is now 25 am- 
peres. At the end of the first 5 seconds, the 
current will have reached a value of 63.2 per- 
cent of 25, or 15.8 amperes; and 20 more seconds 
will elapse before the maximum of 25 amperes 
is reached. Since the amount of current in the 
circuit is determined by the resistance alone, it 
is necessary to vary the time constant by vary- 
ing the inductance, if it is desired to keep maxi- 
mum current at a certain fixed value. Thus, in 
the original example, if resistance is kept at 10 
ohms, current remains at 10 amperes, and the 
time constant of 2 seconds may be increased to 
4 seconds by doubling the inductance (L equal 
to 40 henrys). Then: 
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t— L— 40 
PR tO 

t = 4 seconds. 
If the applied voltage is removed from this cir- 
cuit, then at the end of 4 seconds current is 3.68 
amperes, and at the end of 20 seconds it is 
almost zero. 

f. In the examples above, the circuit values 
and the time constant were made deliberately 
large for purposes of explanation, but it should 
be understood that in high-frequency transmit- 
ting and receiving circuits, the time constant 
may be measured in milliseconds or even in 
microseconds. Small inductances and high re- 
sistances are generally used in such cases. Even 
though these circuits are primarily a-c circuits, 
the time constant determines the level of the de 
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in those circuits containing both ac and de. In 
addition, it is often necessary to use waveforms 
other than sine waves in a-c circuits. These 
complex waveforms are shaped in various ways. 
A of figure 37 shows a current sawtooth wave- 
form which was shaped by first applying a d-c 
voltage to an L-R circuit and then removing the 
voltage. In B of figure 37, the voltage has not 
been removed until after the current reached a 
maximum and remained there for a given time, 
resulting in the flat-top form shown. 


TIME ——> 


SAWTOOTH WAVE A 


TL 


TIME — 
FLAT-TOP WAVE 
TM 681-196 


Figure 37. Complex waveforms based on time constant. 


26. Mutual Inductance 


a. If two inductances are placed physically 
near each other, the effect of a varying magnetic 
field caused by a changing current in the first 
coil induces not only a counter emf in that coil, 
as has been shown, but also an induced emf in 
the second coil. The emf induced in the second 
coil is opposite in direction to the applied 
voltage, since it is caused by the same forces 
setting up the counter emf in the first coil. In 
addition, the changing current in the second 
coil (caused by the emf induced in it) sets up an 
induced emf in the first coil. The two coils are 
then said to be inductively coupled, and this 
effect of both coils acting one upon the other is 
called mutual inductance. The symbol of mutual 
inductance is M, and it is measured in henrys, 
the unit of self-inductance. 


b. The amount of mutual inductance present 


in a circuit depends on the amount of inductance 
in each coil and the coupling between them. The 
amount of coupling depends on the physical 
position of one coil with relation to the other 
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and on the magnetic permeability of the ma- 
terial between them. If all of the flux lines set 
up by one coil link the other coil, the coupling 
between them is said to be unity, and the mutual 
inductance is expressed by the following for- 
mula: 
M = \/ly1y . 

If the coupling is less than unity, its extent is 
expressed by a coefficient of coupling K, which 
is the ratio of the mutual inductance present 
compared with the maximum obtainable—that 
is, when coupling is unity (K equal to 1). 


c. Figure 38 shows the mutual coupling of 
two inductances with the flux linkages indicated 
by the symbol 9. All of the flux lines set up by 
coil 1 do not cut the turns of coil 2 because the 
high reluctance of the magnetic circuit causes 
most of the flux lines to follow paths which do 
not link coil 2. Under these conditions, mutual 
inductance is expressed by the following for- 
mula: 

M—K>/lLiL, 
where: M — mutual inductance in henrys 
K = coefficient of coupling (expressed 
as a decimal factor) 
L, = self inductance in henrys of coil 1 
L, = self inductance in henrys of coil 2. 


\ 
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TM 681-197 
Figure 38. Mutual inductance. 


d. The total inductance of a circuit contain- 
ing more than one inductance connected in 
series is calculated in the same manner as that 
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used for resistors in series. The total inductance 
is the sum of the separate inductances: 
Lr = L,+L1,4+ L3...+ L, . 

This formula, however, holds true only for cir- 
cuits in which the inductances are shielded from 
each other, or so situated physically with rela- 
tion to each other that no mutual inductance 
exists between them. If, on the other hand, two 
inductors are connected in series and so ar- 
ranged that the flux lines link each other, the 
resultant total inductance must include the 
mutual inductance present. Then: 

Lr =L,+ L, + 2M. 
The plus-or-minus sign must be used in this 
general expression because the coils may be so 
placed that the induced voltages either aid or 
oppose each other, increasing or decreasing total 
inductance. In figure 39, A shows the two in- 
ductances connected in series aiding, for which 
the formula is: 

Lr; =L,4+ L,+ 2M. 
B shows the same inductances connected in 
series opposing. Hence: 

L; = L,+ L,— 2M. 
If the coils are so arranged that one can be 
rotated relative to the other, changing the co- 
efficient of coupling K, the total inductance in 
the circuit can be varied. This is the principle of 
the variocoupler, or variometer, illustrated and 
explained in greater detail in TM 11-661. 


27. Inductances in Parallel 


a. The total inductance of a circuit contain- 
ing more than one inductance connected in 
parallel is calculated in the same manner as that 
used for resistors in parallel. The total induct- 
ance is the reciprocal of the sum of the recipro- 
cals of the individual inductances (provided the 
coils are shielded from each other, M equal to 
zero). Then: 

1 
peeps Pye: 
Piet lag lige 9 Lg 


If the coils are of equal inductance, total induct- 
ance may be obtained immediately by dividing 
the inductance of one coil by the number of 
inductances in the circuit. Thus, four 1-henry 
inductors total one-fourth henry when con- 
nected in parallel. 


b. For any two inductances, the simplified 
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Figure 39. Inductances in series. 


formula used with resistances may also be em- 
ployed: 

Ley = L,X Le. 
I,+L, 
As noted above, these formulas hold true only 
when the coils are shielded from each other. 
Any mutual inductance existing between in- 
ductances in parallel tends to reduce the total 
inductance. Thus, there can be no gain in total 
inductance and hence little practical use for un- 
shielded inductances in parallel. 


28. Types of Inductors 


a. A-C RESISTANCE. 

(1) As described in TM 11-661, direct 
current distributes itself uniformly 
throughout the cross-sectional area of 
a conductor. Hence the d-c or ohmic 
resistance of the wire is directly pro- 
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portional to the specific resistance and 
the length, and inversely proportional 
to the cross-sectional area. However, 
alternating currents flowing in a con- 
ductor meet additional resistance (as 
distinct from the reactance) because 
of eddy currents and skin effect. Be- 
cause alternating currents induce 
voltages in conductors, small currents, 
called eddy currents, result. Since 
these currents represent a loss of 
power, they are effectively an added 
resistance in the circuit. In particular, 
the iron core of a low-frequency in- 
ductor, being a conductor, shows a 
high eddy current loss. For this reason, 
iron cores are generally made up of 
thin strips of iron or steel packed to- 
gether to form a laminated core. Such 
a laminated core reduces the eddy cur- 
rent loss. 

(2) The voltage induced at the center of a 
conductor repels the flow of electrons 
outward to the surface of the con- 
ductor. Hence, skin effect is the name 
given to the tendency of alternating 
currents to show a greater density of 
current flow at the surface of a con- 
ductor than at its center. In any given 
conductor, this tendency of the current 
to concentrate at the surface reduces 
the effective cross-sectional area and 
raises the resistance of the conductor. 
Both skin effect and eddy currents be- 
come more pronounced the higher the 
frequency of the applied ac, and skin 
effect increases at a greater rate for 


large conductors than for small con- . 


ductors. Thus, a number of small con- 
ductors each insulated from the other 
and stranded into a cable is a common 
type of a-c conductor. Because copper 
tubing is not a conductor throughout 
its cross-sectional area, it also tends to 
decrease skin effect and is widely used 
in high-frequency transmitting cir- 
cuits. The total a-c resistance, then, of 
an inductor includes the ohmic or d-c 
resistance of the wire, eddy current 
loss, and skin effect. 

b. IRON-CORE INDUCTORS. In the general an- 
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alysis of inductance earlier in this chapter, two 
types of inductors were listed: the iron-core 
inductor for low-frequency work and the air- 
core inductor for high-frequency work. How- 
ever, various other factors besides frequency 
enter into the design and construction of in- 
ductors, and numerous subtypes have been de- 
veloped. Thus, iron-core inductances, generally 
called chokes because of the high reactance they 
offer to power-line frequencies, are rated ac- 
cording to the current and voltage they are 
designed to withstand. In the photograph of 
figure 40, the large pitch-encased inductor fitted 
with porcelain feedthrough insulators is an 8.5- 
henry power choke for filter work on 60-cycle 
ac and designed to pass as much as .5 ampere of 
current up to 5,000 volts. The other chokes 
shown are designed to pass smaller amounts of 
current (100 to 300 milliamperes) at lesser 
voltage, and are designed for the power-supply 
units of heavy-duty transmitting and receiving 
equipment. 


c. AIR-CORE INDUCTORS. In the photograph of 
figure 41, an assortment of air-core inductors is 
shown. The largest unit is a low-inductance coil 
of silver-plated 3-inch copper tubing designed 
for high-frequency work. Tubing instead of 
solid wire is used because at the higher fre- 
quencies skin effect becomes more pronounced. 
Tubing is also lighter and less expensive than 
solid wire of the same cross-sectional area. The 
small amounts of inductance in the larger units 
in the photograph indicate their use in higher- 
frequency circuits. The section-wound inductors 
are common types of radio-frequency chokes in 
values from 2 millihenrys to 5 millihenrys. This 
type of construction lessens the distributed 
capacitance of the coil. (For a detailed analysis 
of this effect see par. 45.) The compactly wound 
inductor in the lower right-hand side of the 
photograph is a radio-frequency choke of 100- 
millihenry inductance designed for lower-fre- 
quency work. 


29. Summary 


a. The velocity of a mass cannot be changed 
instantaneously, whether that mass be an auto- 
mobile, an electron, or an electrostatic charge. 
In electrical circuits, this law results in the 
effect of electrical inertia. 
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Figure 40. Assortment of iron-core chokes. 
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Figure 41. Assortment of air-core chokes. 
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b. Electrical inertia prevents the instantane- 
ous rise or fall of any electric current. The rise 
or fall of current is delayed a definite time in- 
terval after the rise or fall of the voltage 
causing the current. This delay results from the 
presence in the circuit of an induced voltage 
which opposes the applied voltage. The induced 
voltage is called a counter or back emf. 


c. Counter emf is a result of the changing 
intensity of the magnetic field about any con- 
ductor carrying current. If current changes, the 
intensity of the magnetic field about the con- 
ductor changes and produces a counter emf in 
the conductor carrying the current. This is an 
example of Faraday’s Law, which states that 
the emf induced in any circuit is dependent on 
the rate of change of the flux linking the circut. 


d. Counter emf is determined as a counter or 
back emf by Lenz’ Law, which states that an 
induced emf always has such a direction as to 
oppose the action that produces it. 


e. The magnitude of a counter emf depends 
upon the same factors that govern any induced 
emf—that is, upon the rate of change of the 
flux density, which in turn depends upon the 
rate of change of the current in the circuit. 
Also, initial flux density may be increased, and 
therefore, the magnitude of the counter emf, by 
winding the conductor as a coil on a core of 
high permeability. 


f. Thus, the magnitude of a counter emf is 
expressed in the following formula: 
cemf = —.47 N2yA Ms dis. 
l dt 
g. In the formula above, the static charac- 
teristics, or geometry of the coil, are isolated, 
given the name inductance, and assigned the 
symbol L. 


L= 4ArN*yA . 
l 
h. The formula for counter emf may then be 
written: 
cemf —=—Ld. 
dt. 
This formula, which represents the effect of 
electrical inertia, is similar to the formula for 
the inertia of masses: 
F——mdv. 
dt 
i. Inductance L is similar to mass m and is 
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defined as that property of an electrical circuit 
which tends to prevent a change of current. 


j. The unit of measurement of inductance is 
the henry. A henry is defined as the inductance 
of a circuit in which a current change of 1 
ampere per second causes a counter emf of 1 
volt. To express L in henrys: 

L= 427 N7nA X 10-5. 
l 

k. The following generalizations may be made 
about inductance: 

(1) The inductance of a coil is proportional 
to the square of the number of turns. 

(2) The inductance of a coil increases 
directly as the permeability of the 
material making up the core increases. 

(3) The inductance of a coil increases di- 
rectly as the cross-sectional area of 
the core increases. 

(4) The inductance of a coil decreases as 
its length increases. 


l. The permeability » of iron-core inductances 
is not a constant, but depends on the magnitude 
of the magnetizing current. The hysteresis loop 
represents the variation of » for changing 
values of B and H. 


m. The formula cemf — —L di/dt reveals 
that the greater the inductance, or the faster 
the rate of change of the current, the greater 
the cemf induced in the circuit. 


n. By reducing cemf to units of opposition, 


’ the opposition offered by an inductance to a sine 


wave of voltage is measured in ohms, called zn- 
ductive reactance, and assigned the symbol X;. 
It is proportional to the angular velocity 2 z f 
and the inductance L. 
X,—27fL. 

Thus, the higher the frequency, or the greater 
the inductance, the greater the inductive re- 
actance. 


‘o. The current through a pure inductance 
lags the applied voltage by 90°. This is the 
phase shift of current and voltage, generally 
indicated by the angle 6. The current through a 
pure inductance leads the cemf produced by 
90°. Thus, the applied voltage and the cemf are 
180° out of phase. 


o. The current through a pure resistance is 
in phase with the voltage across it. 
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q. In a series L-R circuit, current is every- 
where the same, and so the voltage across the 
inductance is 90° out of phase with the voltage 
across the resistance. The resultant voltage of 
these two voltages is equal to the applied 
voltage. Thus: 

EK =\/E;,?+ H;? . 

r. The total opposition offered to current flow 
by a series L-R circuit is termed impedance, 
given the symbol Z, and measured in ohms. The 
impedance Z is equal to the square root of the 
sum of the squares of the resistance R and the 
inductive reactance X,. 


Z=VJR?4+X?. 

s. The direction of the impedance vector is 
the same as that of the applied voltage, and the 
direction of the resistance vector is the same as 
that of the current. Therefore, the current in a 
series L-R circuit lags the applied voltage by 
the angle 6, the angle the Z-vector makes with 
the R-vector. 


Tan §@— X, 
Sees 
Cosé=F. 
mz 
t. Ohm’s Law for a-c circuits is as follows: 
I=E., 
As 
where J and H# are maximum, effective, or 
average values. ° 


u. Ina parallel L-R circuit, voltage is every- 
where the same, and so the current through the 
inductance is 90° out of phase with the current 
through the resistance. The resultant current is 
the line current I>. 

Ip = vV/I1p?+ 12? . 
Since the total current is greater than the cur- 
rent in either branch, the impedance of a 
parallel L-R circuit is less than the opposition 
of either branch: 
Z=E. 
pli, 
Also, the angle that the total-current vector 
makes with the resistance-current vector is the 
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phase angle of the circuit. Therefore, the total 
current lags the applied voltage by the angle 0. 


Tané—R 
X, 

Cosd¢=Z. 
R 


v. Also, by analogy with parallel resistances, 
the impedance is: 

Zrp= RX, 
VR + X17? 

w. The time required for the rise or fall of 
current in a d-c L-R circuit is a function of the 
inductance and resistance in the circuit. Current 
rises to 63.2 percent of its maximum value, and 
falls 63.2 percent from its maximum value, in 
the first unit of time. In each succeeding unit of 
time, there is an additional 63.2 percent rise or 
fall of the remainder. This regularity of per- 
centage increase or decline is called the time 
constant of a circuit. 

t=—=L 
R 
where t¢ is the time constant in seconds, ZL is in 
henrys, and RF is in ohms. 

x. When two coils are placed physically close 
to one another in such a manner that the flux 
lines set. up by one coil link the other coil, 
mutual inductance exists between them. The 
symbol of mutual inductance is M, and it is 
measured in henrys. 

M=—v/I,X Lz. 
If all of the flux lines from coil 1 do not link coil 
2, the extent of the coupling between the coils 
is expressed by the coefficient K. Then: 
M= K/L, XT. . 
y. The total inductance of inductances in 
series is equal to the sum of the inductances. 
Lr = L,4+ Le+ Lg... +In. 
If mutual coupling exists between the induct- 
ances, then: 
Lr = £,+ L.+ 2M. 

z. The total inductance of inductances in 
parallel is equal to the reciprocal of the sum of 
the reciprocals of the individual inductances. 

1 
L;=1 1 1 ve 
LE, + L, + Lg...+ Ly 
Or, as in the form made familiar by calculations 
involving two parallel resistances: 
Lr=L, Xe. 
L, + Lp 


37 


aa. Eddy currents are the small currents set 
up by the induced voltage in any conductor 
carrying alternating currents. 

ab. Skin effect is the name given to the 
tendency of alternating currents to concentrate 
at the surface of a conductor. 


ac. The a-c resistance of an inductor includes 
the ohmic or d-c resistance of the wire, the eddy 
current loss, and the resistance due to skin 
effect. 

ad. Iron-core inductors are used for low- 
frequency work and air-core inductors for high- 
frequency work. 


30. Review Questions 
a. What is electrical inertia? Counter emf? 
b. How is a counter emf produced? 
c. State: (1) Faraday’s Law; (2) Lenz’ Law. 


d. What does the magnitude of a counter emf 
depend on? 


e. Give the formula for determining cemf in 
volts. 


f. Define inductance; a henry. 
g. Give the formula for inductance in henrys. 


h. Explain how inductance varies with the 
number of turns, the permeability of the core, 
the cross-sectional area of the core, and the 
length of the coil. 


1. What is a hysteresis loop? 


j. Explain how counter emf varies with in- 
ductance and the rate of change of current. 


k. What is inductive reactance? Give its 
formula. 


l. How does inductive reactance vary with 
frequency? With inductance? 


m. What is the phase shift of current and 
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voltage across a resistance? Across an induct- 
ance? 

n. Inaseries L-R circuit, how are the voltage 
drops across the inductance and resistance 
added? 

o. What is impedance? Give its formula for a 
series L-R circuit. 

». Why is the resistance vector taken as the 
reference vector? 

q. What trigonometric functions are oenerall 
ly used to determine the phase angle 6? 

r. In a parallel L-R circuit, how are the 
branch currents added? 

s. How is the impedance of a parallel L-R 
circuit determined? 

t. Give three formulas for impedance of a 
parallel L-R circuit. 

u. How is the phase angle of a parallel L-R 
circuit determined? 

v. State Ohm’s Law for a-c circuits. 

w. What is the time constant of an L-R cir- 
cuit? Give the formula for the time constant. 

x. How many units of time are needed for 
current to reach its practical maximum H/R 
value? 

y. What 
formula. 

z. What is the coefficient of coupling between 
inductances? 


is mutual inductance? Give its 


aa. Give the formulas for inductances in 
series; in parallel. 


ab. What is skin effect? What are eddy cur- 


rents? 


- ac. What is a-e resistance of a conductor or 
a coil? 

ad. What is a choke coil? How do low-fre- 
quency chokes differ from high frequency 
chokes? 
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31. Capacitance 


a. Capacitance is that property of an electric 
circuit which tends to oppose a change in 
voltage. ' 


b. In the previous chapter, the inertia of an 
electric circuit was analyzed in terms of the 
property of inductance and its reactive effect. 
This inductive inertia is very much like the 
inertia manifested by rigid bodies in mechanical 
systems and may be contrasted to the inertia 
manifested by elastic bodies. Consequently, a 
force applied directly to a rigid mass meets 
immediate opposition or reaction, but a force 
applied to an elastic body, such as a steel spring, 
meets little or no opposition in the first moments 
of application and then an increasing opposition 
as the elastic or spring is compressed or ex- 
tended. Thus, it may be seen that the inertia of 
an elastic body produces an effect opposite to 
that of a rigid body and complementary to it. 
Furthermore, if an elastic material, such as a 
rubber band, is stretched and then fixed in po- 
sition, or if a steel spring is compressed and 
fixed in position, the work done in stretching or 
compressing is stored indefinitely in the elastic 
and is returned when the rubber band or the 
steel spring is released. 


c. The counterpart of these mechanical ef- 
fects characteristic of elastic bodies manifests 
itself in electrical circuits as the property of 
capacitance, which produces an effect opposite 
to that of inductance and complementary to it. 
Thus, if a voltage is applied to an inductance, 
opposition is immediate, and there is a delay in 
current rise through it; but if a voltage is ap- 
plied to a circuit containing capacitance, cur- 
rent flows at a maximum almost instantaneously 
and then gradually falls to zero as opposition to 
it builds up. Furthermore, if the applied voltage 
is removed, the current caused by the capaci- 
tance of the circuit is stored indefinitely in that 
circuit and may be used at some later time. 
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These effects of capacitance appear particularly 
in a capacitor, or condenser, which, physically, 
is any two conductors separated by an insulat- 
ing material (fig. 42); but capacitance, like 
inductance, is ever-present in all types of elec- 
trical circuits. Random or stray capacitive and 
inductive effects may be observed in any circuit, 
just as the most rigid bodies may be said to be 
elastic to some extent, and the most elastic 
bodies display some rigidity. 


CONDUCTOR 


“INSULATING MATERIAL 


CONDUCTOR TM 681-43 


Figure 42. Cross section of basic capacitor. 


d. An examination of capacitance in a d-c 
circuit, in which its effects are noticeably 
present only at the moments of opening or 
closing the circuit, reveals the basic storage 
action of a capacitor and its delayed reaction to 
an applied voltage. In A of figure 43, a simple 
capacitor is shown in series with a battery and 
a switch. The switch is open and the capacitor 
uncharged—that is, no difference in potential 
exists between the plates. At the moment of 
closing the switch, shown in B, plate G is at zero 
potential with relation to plate H, and both 
plates are at different potentials from the termi- 
nals of the battery. Therefore, the free electrons 
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on plate G are attracted to the positive terminal 
of the battery, and those on plate H are repelled 
by the negative terminal of the battery. Then, 
since in a series circuit current is everywhere 
the same, the number of electrons flowing out of 
plate G equals the number flowing into plate H. 
Thus, plate G is positive because of a deficiency 
of electrons and plate H negative because of an 
excess of electrons. The capacitor is said to be 
fully charged when the difference in potential 
existing across the plates of the capacitor equals 
the battery voltage. In C, the switch is open, and 
the capacitor remains charged, since there is no 
possible way in which the electrons on plate H 
can reach plate G. Thus, the capacitor stores the 
energy received from the battery and holds it 
until needed. If a conductor is placed across the 
plates of the capacitor, the electrons will flow 
from plate H to plate G, returning the capacitor 
to its original neutral uncharged condition. — 
e. Capacitance then is seen to be a kind of 
electrical inertia opposite in effect to inductance 


NO CHARGE ON PLATES 


and similar to the property of elasticity in me- 
chanical systems. Elasticity is defined as that 
property in nature which tends to oppose a 
change in force. In like manner, since a capaci- 
tor offers no immediate opposition or reaction 
to an applied voltage (current flows), and offers 
a maximum reaction when the applied voltage 
is removed (capacitor charged), a capacitor 
may be said to offer always a delayed reaction 
to voltage. Capacitance then may be defined as 
that property of an electric circuit which tends 
to oppose a change in voltage. 


32. Measure of Storage Action: the Farad 


a. In the analysis above of the basic storage 
action of a capacitor, it will be seen that the 
number of electrons entering and leaving the 
plates depends on the free electrons available 
and on the force applied—that is, on the physi- 
cal size of the plates and on the difference in 
potential between the battery terminals. If the 
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Figure 48. Storage action of capacitor. 
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applied voltage is high, the forces of attraction 
and repulsion are great, and the charge de- 
posited on the plate of the capacitor is also 
great. Thus, experimentally it was discovered 
that for a given capacitor the ratio between the 
amount of this charge and the voltage causing 
it is always a constant. Also, since the electro- 
static charge on one plate of a capacitor is equal 
and opposite to the charge on the other plate, 
the charge on one plate may be taken as the 
amount of this charge, which is designated as 
@. Therefore, the ratio of the charge Q to the 
voltage FE’ is taken to be a measure of capacitor 
action, which is called capacity and labeled C. 
Thus: 
C=O" 
. i 

b. The unit of measurement of capacity C is 
the farad, named in honor of Michael Faraday, 
whose contribution to the theory of electromag- 
netic induction has already been described. A 
farad then is defined as the capacity of a capaci- 
tor on one plate of which a charge of 1 coulomb 
(6.24 times 1018 electrons) is deposited by a dif- 
ference in potential of 1 volt. This unit of 
measurement, however, is too large for practical 
circuits, and so the pf (microfarad), or one mil- 
lionth of a farad (10-* farads), is generally 
used. In radio communication circuits, even the 
microfarad unit often proves too large, and so 
the pyf (micromicrofarad), or one millionth of 
a millionth of a farad (10— farads), is used. 

c. For example, a capacitor connected across 
a 10-volt battery shows a charge on one plate of 
one-thousandth of a coulomb. Then: 

C = Q = .001 — .0001 or 100 & 10—* farad. 
ee aL. 

C — 100 microfarads. 
If the battery is increased to 100 volts, the 
charge increases to one-hundredth of a coulomb, 
and the capacity remains the same. Thus: 

C = .01 = .0001 farad — 100 pf. 
100 

Since capacity for a given capacitor is a con- 
stant, the magnitude of the charge may be com- 
puted when the voltage is increased to 1,000 
volts. Thus: 

Q = CH = .0001 * 1,000 — .1 coulomb. 
Again, since capacity for a given capacitor is a 
constant, the voltage across the capacitor may 
be computed if the charge is doubled. Thus: 
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33. The Parallel Plate Capacitor 


a. In the experimental determination of the 
formula for capacity, the charge on two con- 
centric spheres in a vacuum was measured and 
compared to the voltage difference between the 
spheres. Since, however, this shape of capacitor 
is impractical, the parallel-plate capacitor, or 
some variation of it, is generally used (fig. 44). 
The plates of this capacitor are conceived to be 
sections of the surfaces of the two spheres of 
infinite radius, since the surface of a sphere of 
infinite radius is a plane. Then, the charge Q on 
one plate is seen to be a part of the total charge 
on the sphere of infinite radius, a part propor- 
tional to the physical size of the plate. Also, the 
distance between the plates is proportional to 
the difference in potential between them, since 
the closer the plates are one to another the less 
is the force necessary to set up a given charge; 
and the greater the distance between the plates, 
the greater the force necessary to maintain that 
charge. Thus, if the distance between the plates 
is zero (plates touching), the voltage E is zero; 
and if the distance were infinite, the voltage 
would be infinite. Therefore, for a parallel- 
plate capacitor of linear dimensions which are 
large in comparison with the distance between 
the plates, the formula C — Q may be written: 

Tn 
C=—A 
ad 
where A is the area of one plate, and d the dis- 
tance between the plates. However, in order to 
use this formula for values of capacity in 
microfarads and linear dimensions in centi- 
meters, a conversion factor of 8.84 times 10-8 
must be used to bring all quantities under the 
same system of units. Then: 
C= 8.84 104A 


d 
where: A = the area of one plate in square cen- 
timeters 
d — the distance between the plates in 
centimeters 


C = the capacitance in microfarads. 
The same formula for values in inches and 


square inches becomes: 
C = 22.45 x 10-8 A. 
d 
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given set of dimensions. 
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c. The difference between the dielectric con- 
stant for air and for a vacuum is very small 
(air being 1.00059), and therefore for practical 
purposes, air may be taken to be 1, the same as 
a vacuum. Following are some typical values of 
kK, for the more common solid dielectrics: 
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Material K (dielectric constant) 


Air 1.0 
Resin 2.5 
Asbestos paper Dell 
Hard rubber 2.8 
Dry paper 3.5 
Tsolantite 3.5 
Common glass 4.2 
Quartz 4.5 
Mica 4.5—7.5 
Porcelain 5.5 
Flint glass 7.0 
Crown glass 7-9 


r example, a parallel-plate air capacitor has 
tes 10 times 6 centimeters in dimensions and 
entimeter apart. The capacity is: 
— 8.84«10°KA —8.84 «10% x 1 60 
d a 
C — 8.84 « 6 x 10-* = 53 x 10-8 

C = .000053 pf = 53 ppf. 
sheet of mica is placed between the plates, 
apacity is increased. Since K for mica is 
oximately 6, then: 

C=6X 53 = 318 paf. 
arallel-plate capacitor of .02 pf uses paper 
nch thick, the dimensions of the plates 
be computed. Since: 


C = 22.45 x 10 8$K A 


d 
en: A—Cd x 108 = .02x .01 x 108 
22.45 K 29 AR 3.0 me 
A —2 10* = 248.4 square inches, 
78.60 


: plates are square, the dimension on a side 
ual to the square root of 248.4, or 15.8 
S. 


For larger capacities, the form of the 

\parallel-plate capacitor is altered so that 
a series of plates and sheets of dielectrical ma- 
terial may be stacked or piled one upon the 
other for greater compactness of construction. 
Figure 45 shows such a capacitor pile. Each 
group of alternate plates, which are connected, 
forms a plate of the capacitor, and both sur- 
faces of the internal plates are used in calcula- 
tions of total area. 
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Figure 45. Multiple-plate capacitor. 


34. Breakdown Voltage 


a. From the preceding, it will be seen that 
the capacity of a capacitor varies directly with 
the dielectric constant of the insulating material 
used. Therefore, for given dimensions and a 
given voltage, a capacitor using mica has 6 
times the capacity of one using air. The charge 
for a given voltage is increased, since: 

Q =—CE. 
The use of various dielectrics introduces an 
additional important consideration in the prac- 
tical use of capacitors. Since the voltage appear- 
ing across the plates of a capacitor is often 
quite high, particularly in high-power com- 
munication circuits, the problem of breakdown 
or arcing over from one plate to the other arises. 
If the dielectric breaks down. and becomes a 
conductor, the capacitor is useless, since it no 
longer can hold a charge and is said to be short- 
circuited. The voltage required to break down 
the dielectric varies with the material used and 
with its thickness. Thus, a great voltage would 
be required to break down a near perfect vacu- 
um, but a parallel-plate capacitor using as a 
dielectric air one-thousandth of an inch thick 
breaks down at 80 volts. If the air space is 
widened to one-hundredth of an inch, the break- 
down voltage increases, in proportion, to 800 
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volts; but as noted from the formulas above, the 
capacity has been lessened, since d, the distance 
between the plates, has increased. Other dielec- 
tric materials, however, not only increase ca- 
pacity for given dimensions, but also increase 
the voltage necessary to cause a breakdown. 
Thus, mica one-thousandth of an inch thick 
withstands 2,000 volts before breaking down, 
compared to 80 volts for air, and increases 
capacity 6 times over the capacitor using air. 


b. Following is a table of common dielectric 
substances and their approximate breakdown 
voltages per one-thousandth of an inch of thick- 
ness. It should be noted, however, that no neces- 
sary relationship exists between the dielectric 
constant and the dielectric strength, or break- 
down voltage. 


: { Dielectric strength 
Dielectric K (Volts per .001 inch) 
Air fet 80 
Fiber 6.5, 50 
Bakelite 6 500 
Glass 4,2 200 
Mica 6.0 2000 
Castor oil aL 380 
Paper 
(1) beeswaxed Soh Tes 1800 
(2) paraffined PG 1200 
Porcelain 5.5 750 
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C=8.84 x 10-8 k a 
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Figure 44. Parallel-plate capacitor. 


b. The formulas above hold for a parallel- 
plate capacitor in a vacuum, that is, with noth- 
ing between the plates. The introduction of 
some insulating substance between the plates 
intensifies the electrostatic field, and hence a 
greater charge is held on the plates for the same 
difference in potential. Thus, by proper selec- 
tion of this insulating material, known as the 
dielectric, capacitance may be increased, since 
the ratio of Q@ to H# is increased. Various ma- 
terials have been tested experimentally to de- 
termine the ratio of this increase compared to 
a vacuum, which is taken as 1. This ratio is 
called the dielectric constant, K, of the material 
and is a factor independent of area or thickness, 
since in any single case it is a comparison with 
a vacuum of the same dimensions. The formulas 
above then become: 

C = 8.84 « 10-8 KA 
d 
and: C = 22.45 « 10-8 KA 
d 
where K is the dielectric constant. This formula 
reveals that the greater the dielectric constant 
K, the greater will be the capacitance for a 
given set of dimensions. 


c. The difference between the dielectric con- 
stant for air and for a vacuum is very small 
(air being 1.00059), and therefore for practical 
purposes, air may be taken to be 1, the same as 
a vacuum. Following are some typical values of 
K, for the more common solid dielectrics: 
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Material K (dielectric constant) 


Air 1.0 


Resin Pay 
Asbestos paper 2% 
Hard rubber 2.8 
Dry paper 3.5 
Isolantite eo 
Common giass 4.2 
Quartz 4.5 
Mica 4.5—7.5 
Porcelain 59553) 
Flint glass 7.0 
Crown glass 7-9 


For example, a parallel-plate air capacitor has 
plates 10 times 6 centimeters in dimensions and 
.1 centimeter apart. The capacity is: 
C — 8.84 x 10 *K A = 8.84 x 10-* x 1 x 60 
d uh 
C—884x« 6x 10-*§ = 53 x 10-8 
C = .000058 pf = 53 ppf. 
If a sheet of mica is placed between the plates, 
the capacity is increased. Since K for mica is 
approximately 6, then: 
C=6 X 538 =.318 pof. 
If a parallel-plate capacitor of .02 nf uses paper 
.01 inch thick, the dimensions of the plates 
may be computed. Since: 
C = 22.45 x 10 °K A 
d 


Then: A—Cd x 108 = .02 .01 x 108 
22.45 K 22.45 X 3.5 © 
A =—2 10? = 248.4 square inches. 
78.60 


If the plates are square, the dimension on a side 
is equal to the square root of 248.4, or 15.8 
inches. 


d. For larger capacities, the form of the 
basic parallel-plate capacitor is altered so that 
a series of plates and sheets of dielectrical ma- 
terial may be stacked or piled one upon the 
other for greater compactness of construction. 
Figure 45 shows such a capacitor pile. Each 
group of alternate plates, which are connected, 
forms a plate of the capacitor, and both sur- 
faces of the internal plates are used in calcula- 
tions of total area. 
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Figure 45. Multiple-plate capacitor. 


34. Breakdown Voltage 


a. From the preceding, it will be seen that 
the capacity of a capacitor varies directly with 
the dielectric constant of the insulating material 
used. Therefore, for given dimensions and a 
given voltage, a capacitor using mica has 6 
times the capacity of one using air. The charge 
for a given voltage is increased, since: 

Q — CE. 
The use of various dielectrics introduces an 
additional important consideration in the prac- 
tical use of capacitors. Since the voltage appear- 
ing across the plates of a capacitor is often 
quite high, particularly in high-power com- 
munication circuits, the problem of breakdown 
or arcing over from one plate to the other arises. 
If the dielectric breaks down. and becomes a 
conductor, the capacitor is useless, since it no 
longer can hold a charge and is said to be short- 
circuited. The voltage required to break down 
the dielectric varies with the material used and 
with its thickness. Thus, a great voltage would 
be required to break down a near perfect vacu- 
um, but a parallel-plate capacitor using as a 
dielectric air one-thousandth of an inch thick 
breaks down at 80 volts. If the air space is 
widened to one-hundredth of an inch, the break- 
down voltage increases, in proportion, to 800 
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volts; but as noted from the formulas above, the 
capacity has been lessened, since d, the distance 
between the plates, has increased. Other dielec- 
tric materials, however, not only increase ca- 
pacity for given dimensions, but also increase 
the voltage necessary to cause a breakdown. 
Thus, mica one-thousandth of an inch thick 
withstands 2,000 volts before breaking down, 
compared to 80 volts for air, and increases 
capacity 6 times over the capacitor using air. 


b. Following is a table of common dielectric 
substances and their approximate breakdown 
voltages per one-thousandth of an inch of thick- 
ness. It should be noted, however, that no neces- 
sary relationship exists between the dielectric 
constant and the dielectric strength, or break- 
down voltage. 


: j Dielectric strength 
Dielectric K (Volts per .001 inch) 
Air f | 80 
Fiber 6.5 50 
Bakelite 6 500 
Glass 4,2 200 
Mica 6.0 2000 
Castor oil 4.7 380 
Paper 
(1) beeswaxed ol hy 1800 
(2) paraffined 2.9 | 1200 


Porcelain BD) onl 750 
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c. Thus, the dielectric strength of a capacitor 
is an important factor, in the practical construc- 
tion of capacitors. Commercial capacitors, 
therefore, are marked to indicate capacity and 
working voltage. By working voltage is meant 
the limit of safe rms voltage that may be ap- 
plied continuously across the capacitor. The 
capacitor will withstand higher surge voltages, 
that is, voltages present for a short time. It 
should be remembered also that a capacitor 
marked for a given working voltage, for in- 
stance .5 »f at 600 volts, actually is designed to 
withstand the peak voltage present in every a-c 
cycle, or 600 times 1.414 — 848.4 volts. In addi- 
tion, a considerable margin of safety has been 
allowed by the manufacturer. 


35. Generation of Conductance 


a. In the paragraphs above, the storage 
action of a simple capacitor was described by 
noting its behavior in a d-e circuit. The reactive 
effect of the capacitor and its similarity to the 
inertia of elastic bodies may now be considered. 
It was noted that, although current flows at a 
maximum almost instantaneously when a ca- 
pacitor is connected across a d-c source, this 
current flow soon falls to zero as the capacitor 
becomes fully charged. A capacitor, then, unlike 
an inductance, may be said to be an open circuit, 
that is, to offer infinite resistance to a d-c source. 
Counter or back emf is immediately present at 
a maximum to voltage applied across an induct- 
ance, but counter emf appears across a capaci- 
tor at maximum after it has become charged. 
A of figure 46 shows by the direction of its 
arrows the current flow as the capacitor 
charges. If the battery is then reversed, as in 
B, and the switch closed, as in C, the current 
flow is at a maximum in the opposite direction, 
since the counter voltage developed across the 
capacitor as it charged now aids the battery 
voltage to send current in the opposite direction. 
In like manner, the compression in a spring 
would aid its own extension if the force com- 
pressing it were reversed. 

b. This effect of the delay in the building up of 
the counter voltage is of great importance in a-c 
circuits, since ac, like the reversed battery above, 
is periodically changing direction. Thus, a capaci- 
tor, which offers a path of infinite resistance to 
de, is found to offer a conducting path to an ac, 
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Figure 46. Charge and recharge of a capacitor. 


current flowing with relative ease first in one 
direction and then in the other. For example, the 
d-g resistance of a 2-microfarad wax paper 
capacitor is very high (millions of ohms), yet 
this same capacitor placed across a 400-cycle 
a-c source shows an appreciable current flow. 
Figure 47 illustrates this circuit; the voltage 
applied is 200 volts. Judged by its high d-c re- 
sistance, the current through the capacitor 
should be practically zero; the ammeter, how- 
ever, reads 1 ampere. It is evident, then, that 
the capacitor represents a conducting path to 
an a-c source. It should be noted, however, that » 
although a-c energy finds the capacitor a con- 
ducting path, the electrons in the circuit do not 
pass across the capacitor from one plate to 
another. But, since an alternating current is 
defined as one periodically changing direction, 
a capacitor effectively passes such a current. 
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Figure 47. A-c current flow in a capacitive circuit. 


c. From the observations above, it will be 
seen that a capacitor, which offers infinite op- 
position to de, offers less opposition to ac. In 
the circuit of figure 47, the applied voltage is 
200 and the current is 1 ampere. Therefore, by 
Ohm’s Law, the ‘doposition offered by the ca- 
pacitor is only 200 ohms. This opposition is the 
effect produced by counter emf, the voltage 
periodically built up across the capacitor. By 
voltage across the capacitor is meant the voltage 
drop across the capacitor, which is generated by 
the building-up of the charge on the plates of 
the capacitor and is a voltage always equal and 
opposite in direction to the applied voltage, a 
counter emf. As with inductance, the counter 
emf of a capacitor must be understood to be a 
voltage generated by the voltage applied across 
the reactive element; the effect of this generated 
voltage is not to cancel the applied voltage 
(since it is caused by the applied voltage) but 
to offer an opposition to current flow and there- 
by produce a voltage drop. AS with inductance, 
the magnitude of this counter voltage at any 
instant determines the opposition to current 
flow. 


36. Coulomb’s Law 

a. In the study of electrostatic charges in 
TM 11-661, it was shown that the actual physi- 
cal force between two charges separated by a 
’ distance d depended on the magnitude of the 
charges and the square of the distance between 
them. Thus: 

|g teen 4 E 
qd? 

This is the expression for Coulomb’s Law of 
force between charges, and it indicates that the 
greater the charges, and the smaller the dis- 
tance between them, the greater the force be- 
tween them. For the special case of a parallel- 
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plate capacitor, Coulomb’s Law takes the pre- 
viously described form: 

KE=Q. 

6% 

As above, this formula indicates that the greater 
the charge, and the smaller the capacity, the 
greater the voltage across the capacitor. For 
any given capacitor, then, it will be seen that 
the voltage across the capacitor is directly de- 
pendent on the magnitude of the charge Q. In 
an a-c circuit, however, the charge Q on the 
capacitor is constantly changing in magnitude, 
and hence the voltage across the capacitor, 
which varies directly with the charge, is con- 
stantly changing in magnitude. This variation 
of charge, or flow of charge, is current, which, 
as defined in TM 11-661, is the time rate of 
change of charge. Hence: 

I—Q. 

Ae 
where: Q = the charge on one plate of the ca- 
pacitor in coulombs 
t —the time in seconds required to 
build up that charge 
I = the current in amperes. 

6: Thus, if .2 of a coulomb of electrons is 
deposited in 1 second on the negative plate of a 
capacitor, the current in the circuit is .2 of an 
ampere. As above, the magnitude of the voltage 
depends on the magnitude of the charge, but it 
should be noted that the magnitude of the cur- 
rent depends on the rate of change of the 
charge. However, since Q is equal to CE, the 
expression above may be written: 

I=CE . 
te 
Since the physical factors expressing the mag- 
nitude of the charge are contained under the 
capacitance, then C may be isolated and the rate 
of change of the charge expressed in terms of 
the rate of change of voltage. Then: 
I=—CE . 
ee 
Thus, the magnitude of the current through a 
capacitor is greater for a rapidly changing 
voltage (t is small) than for a slowly changing 
voltage (t is large). Therefore: 
I —Cde 
dt 
de — the change in voltage, in volts 
dt — the change in time, in seconds 


where: 
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C =the capacitance in farads 

J =thecurrent in amperes. 
The formula above reveals that the greater the 
capacity, or the faster the rate of change of the 
voltage, the greater the current in the circuit. 
Also, the farad may now be redefined as fol- 
lows: A farad is the capacitance of a circuit in 
which a voltage change of 1 volt per second 
causes a current flow of 1 ampere. 


37. Measurement of Capacitor Current 


a. A high current through a capacitor may 
be obtained either by increasing the capacitance 
or the speed of the change of the voltage across 
it, or both. For example a 1-microfarad capaci- 
tor has 1,000 volts across the plates. If this 
voltage changes to 2,000 volts in 1 second, the 
current will be: 

I—Cde=—1<<10-* x 2000—1000 

dt i 

I = 1000 « 10-* = .001 — 1 milliampere. 

If the change of voltage remains the same, but 
the capacitor unit is changed to 10 microfarads, 
then: 


I — .010 — 10 milliamperes. 
If the capacitance remains, as in the first in- 
stance, at 1 microfarad, and the change of 
charge takes place in 1/10 of a second, then: 
IT — .010 — 10 milliamperes. 

b. From the examples above, it may be seen 
that high frequency a-c circuits, because of the 
great speed of change of the voltage, pass suf- 
ficient current with small values of capacitance; 
low frequency a-c circuits, because of the slow 
speed of change of the voltage, generally employ 
large values of capacitance in order to pass suf- 
ficient current. The following table illustrates, 
for a given capacitor, and a fixed change in 
voltage, the rise in current as the rate of change 
of voltage increases: 


Cc A é@ t Ji 
microfarads | volts milliseconds milliamperes 

1 100 100 1 
i 100 50 2 
t: 100 25 4 
5) 100 10 10 
a! 100 5 20 
1 100 1 100 
1 100 LZ, 200 
1 100 1/5 500 
1 100 1/8 800 
1 100 1/10 1,000 
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where: / e (deltae) amount of change in 
voltage. 

A t (deltat) —amount of time re- 

quired for change in 
voltage. 


c. From the table it is apparent that if a 
change of voltage were to take place instantane- 
ously, that is, if /\ t were equal to 0, the current 
in the circuit would become infinitely large, an 
impossible condition. If no change of voltage 
were to take place, that is, if A t were equal to 
infinity, the circuit is a d-c circuit and the cur- 
rent would be zero. For any a-c voltage, how- 
ever, the rate of change depends on the number 
of cycles per second, or frequency. An increase 
in frequency means that electrons must be taken 
from one plate and deposited on the other at a 
faster rate; then, since current is the rate at 
which charges are deposited, an increase in fre- 
quency brings about an increase in current. 
The current through a given capacitor, then, is 
directly proportional to frequency, and there- 
fore the opposition offered by a capacitor is 
inversely proportional to frequency. Thus, a 
capacitor reveals characteristics opposite in 
effect to an inductance: as frequency increases, 
an inductance generates a greater and greater 
counter emf, whereas a capacitor under the 
same circumstances becomes increasingly a 
conductor. Figure 48 illustrates this contrast in 
graph form. Furthermore, the formula J = C 
de may be transposed to the form: C = / dt . 
dt de 


Then it will be more readily apparent that the 
larger the capacitance, C, of a given capacitor 
the smaller the change in voltage, de. Therefore, 
capacitance is defined as that property of an 
electric circuit which tends to oppose a change 
in voltage. 


d. Some characteristics of the property of 
capacitance may now be summarized: 


(1) A capacitor stores electrical energy 
and offers a delayed reaction to a 
change in voltage. 


(2) The ratio between the charge on a ¢ca- 
pacitor and the voltage causing it is a 
constant, called capacity: 

C=Q. 
E 
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Figure 48. Variation of current or voltage with 
frequency. 


(3) Different dielectrics show varying 
ratios of electrostatic permittivity as 
compared to air. 

(4) Different dielectrics show varying 
breakdown resistance to high voltages. 

(5) A capacitor is a conducting path to 
alternating current. 

(6) The current through a capacitor is de- 
termined by its capacity and the rate 
of change of voltage across it: 

I—Cde. 
dt 

(7) A capacitor produces an effect opposite 
to that of an inductance, opposition to 
ac decreasing with frequency. 


38. Capacitive Reactance 

a. In the discussion above, the conductance 
of a capacitor at any instant was realized in 
terms of the current flowing in the circuit at 
that instant. The unit of measure of conduct- 
ance, however, is the mho and its symbol is G. 
In TM 11-661, it was shown that the word mho 
is the word ohm spelled backwards, and that 
the concept of conductance—that is, the ease 
with which current flows in a circuit—is the in- 
verse of the concept of resistance, the opposition 
to current flow. Thus, conductance is the re- 
ciprocal of resistance and resistance is the 
reciprocal of conductance. Then: 
G (mhos) = 1 or R (ohms) = 1 

R (ohms) G (mhos) 
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b. From the preceding table listing the mag- 
nitude of current and from the examples above, 
it is seen that the conductance of a capacitor 
depends directly on the size of the capacitor and 
the rate of change of voltage. In an a-c circuit, 
the rate of change of voltage is governed by the 
angular velocity of the applied voltage, and this 
velocity is measured in radians. Since each cycle 
is 2 + radians, the angular velocity of any sine 
wave is equal to this factor multiplied by the 
frequency. Therefore, the conductance of any 
capacitor is equal to the capacitance in farads 
multiplied by the angular velocity 2 z f, or: 

Go = 27fC (mhos). 

c. Then, since the reaction of an inductance 
to alternating current is measured in ohms, it 
is convenient to measure the reaction of a ca- 
pacitor in ohms also. Therefore, inductive re- 
actance X,, finds its counterpart in capacitive 
reactance, which is given the symbol Xv, and 
measured in ohms. Capacitive reactance, then, 
is equal to the reciprocal of the conductance. 
Thus: 


Xo = u . 
Go 
Substituting 22/fC for Go 
Xe = if ° 
22rfC 
where: 24 == 6.28 
f — frequency in cycles per second 
C -=capacitance in farads 
Xe = capacitive reactance in ohms. 


From this formula, it may be seen that the 
higher the frequency, or the greater the ca- 
pacitance, the less the capacitive reactance. A 
of figure 49 is a graph of X, plotted against fre- 
quency, and B is a graph of X_, plotted against 
capacitance. The graphs are similar and indi- 
cate that capacitive reactance decreases non- 
linearly with frequency or with capacitance: 
the greater the frequency for any C, or the 
greater the capacitance for any f, the less the 
inductive reactance of the circuit. 


d. At the very high frequencies used in radio 
communications, even small stray amounts of 
capacitance offer a path of such low reactance 
to the signal voltage that often a desired signal 
is Short-circuited. At the other extreme, the 
separate d-c circuits are effectively isolated 
from each other by either small or large capaci- 
tors, since either offers a path of maximum 
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figure 49. Variation of capacitive reactance. 


reactance to direct current. C of figure 49, a 
graph of current in a capacitive circuit plotted 
against frequency, illustrates these relation- 
ships. It may be said, then, that at low fre- 
quencies, a capacitor tends to act as an open 
circuit, since current is very low; and at high 
frequencies a capacitor tends to act as a simple 
conductor, or short circuit. Thus, capacitors de- 
signed for use at low frequencies are generally 
large capacitors, which are measured in full 
units of microfarads (one-millionth of a farad). 
Those used at high frequencies are generally 
small capacitors, which are measured in micro- 
microfarads (one-millionth of a microfarad). 

e. For example, the opposition offered by a 
2-microfarad capacitor to a 110-volt, 60-cycle 
a-c source may be determined by use of the 
formula for capacitive reactance: 
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27fC 
Xo = 1 ao 108 
6:28 <x 60 X 2« 10“. 76.28. & 600 
X>¢ = 1333 ohms. 
The current in this a-c circuit is: 


1 = FILO 
Xo L330 
I— _ .0825 ampere. 


If the frequency of this same circuit was in- 
creased to 1,000 cycles per second, the capacitive 
reactance is decreased : 


Xo= 1 
6.28 << 1000 & Zea Oe. 
Xo— 79.7 ohms. 
Current increases to: J — 110 — 1.38 amperes. 
TORT 


f. Ina transmitter operating on 7 megacycles 
(7 million cycles per second), a small capaci- 
tance of 250 pyf (.00025 pf) is used to block 
direct currents out of a certain part of the 
transmitter while at the same time allowing the 
passage of the a-c signal. Such a capacitor is 
called a d-c blocking or a-c coupling capacitor, 
since it offers infinite resistance to the de and 
is a conducting path to the a-c signal. Thus: 

Xco= 1 os 1 

2rfC. 6.28 x TX 10° 250 tae 
Xo = 10° == TO 

6.28 « 8 X 250 6:28 St 
Xo = 91.0 ohms at 7 megacycles. 


39. Current and Voltage across a Capaci- 
tor: Phase Shift 


a. Capacitive reactance, as has been shown, 
not only increases the current flowing in an a-c 
circuit but also tends to retard the building-up 
and the falling-off of voltage. In A of figure 50, 
a sine wave of voltage is applied to a pure ca- 
pacitance. The variation in charge on the plates 
of the capacitor also follows the form of the 
since wave and is in phase with the voltage, 
since for any given capacitor the voltage across 
the capacitor depends directly on the charge (B 
and C). The current in the circuit also follows 
the form of the sine wave, but since a capacitor 
tends to retard voltage change it is necessary to 
determine precisely the delay in time between 
the current flow and the building up of voltage, 
that is, the phase shift between current and 
voltage. 
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Figure 50. Graphs of charge and voltage in capacitive 
circuit. 


b. By definition, current in any circuit is the 
time rate of change of charge. Thus: 


I=Q. 
i 
And current at any instant may be expressed: 
1 =dq 
hee 


where: dq = the change in charge in coulombs 
dt —the change in time (in seconds) 
required for that change 
27 =the average current during that 
time. 
This expression reveals that dq/dt, the rate of 
change of charge, is positive when the current 
is positive. Thus, when dq/dt is positive, or 
greater than zero, 7 is positive; when dq/dt is 
negative, or less than zero, 7 is negative; and 
when dq/dt is equal to zero, 7 is equal to zero. 
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c. In figure 51, A illustrates the sine curves 
of current and variations in charge for the 
circuit of figure 50. At a time corresponding to 
point a, the current 7 is positive, dq/dt is posi- 
tive, and therefore, the charge iS increasing 
with time. At point b, the current is negative, 
dq/dt is negative, or less than zero, and the 
charge is decreasing with time. For some value 
of time, then, between points a and b, dq/dt is 
equal to zero; that is, in going from a positive 
to a negative value, dq/dt must go through zero. 
Thus, at point A (180° on the time axis), the 
curve for charge must flatten out (neither in- 
creasing nor decreasing) as it passes through 
its maximum value. In like manner, the rest of 
the curve for charge may be drawn. It may be 
seen, then, that the charge is zero when the 
current in the circuit is maximum, and maxi- 
mum when the current is zero. Therefore, the 
charge on the plate of a capacitor is said to lag 
the current through it by 90°. Since, however, 
the building-up and falling-off of charge is the 
building-up and falling-off of voltage, the 
voltage across the capacitor is said to lag the 
current through it by 90°, or the current is said 
to lead the voltage by 90° (B of fig. 51). 


d. A further investigation of this phase shift 
across a capacitance will show the relationships 
among the applied voltages, the voltage drop or 
counter emf across the capacitor, and the cur- 
rent. From Kirchhoff’s Law it is known that the 
algebraic sum of the voltages around any closed 
circuit is zero. Therefore, the voltage across the 
capacitor is, by definition, a voltage opposite to 
the applied voltage, or 180° out of phase with 
the applied voltage. A of figure 52 illustrates 
this condition graphically. Thus, when the ap- 
plied voltage is zero there is no opposition, and 
when the applied voltage is maximum, there is 
a maximum opposition, a voltage produced by 
the charge on the capacitor. 

é. The voltage across the capacitor produces 
the current through it, and an examination of 
the sine wave of voltage across the capacitor 
will show its phase relationship to the current 
produced. In B, it will be seen that the rate of 
change of voltage is greatest (either negative 
or positive) as the voltage passes through zero 
(for instance, at 180°) ; that is, the slope of the 
curve at this point is steepest. This means that 
if a small time interval were isolated at this 
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Figure 51. Current, charge, and voltage in a 
capacitive circuit. 


point, as in C, it would show a relatively large 
amount of voltage change. Therefore, the cur- 
rent is greatest at the point at which the voltage 
passes through zero. In like manner, a further 
examination of the curve of counter voltage will 
show that the rate of change is least at the 
point at which the current reaches zero value; 
that is, the slope of the curve is, at that point, 
least steep. A small time interval isolated at 
that point would show a relatively small amount 
of change in voltage, or no change.in voltage, as 
in C. Therefore, the current would be least, or 
zero. The same conditions exist for the other 
‘half-cycle. 


f. The sine wave of current then is a maxi- 
mum when the voltage across the capacitor is 
zero, and zero when the voltage is maximum. 
Moreover, as the counter voltage passes through 
zero moving in a positive direction, the slope of 
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Figure 52. Phase shift in a capacitive circuit. 


its curve is positive, and therefore the current isa 
negative maximum, since by Lenz’ Law the cur- 
rent is in such a direction as to oppose the action 
producing it (the change in voltage). From the 
point of view of phase, then, the counter voltage 
is said to lead the current by 90°. However, 
since the voltage across the capacitor is, by 
definition, 180° out of phase with the applied 
voltage, the applied voltage goes through zero, 
moving in either a positive or a negative direc- 
tion 90° after the current. The current in a 
capacitor then leads the applied voltage by 90°. 
Figure 53 illustrates these relationships in 
graph form. 
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Figure 53. Voltage, current, and cemf in a capacitive 
circuit. 


40. Current and Voltage in an R-C Cir- 
cuit: Phase Angle’ 


a. In any circuit containing capacitance and 
resistance, there is a 90° phase shift of current 
and voltage across the capacitance, and no 
phase shift across the resistance. As noted in 
detail in the discussion of inductance, current 
in a series circuit is everywhere the same and 
is therefore taken as the line of reference for 
both the capacitance and the resistance. Since 
the voltage across the resistance is in phase 
with the current through it, and the voltage 
across the capacitance is 90° out of phase with 
this same current, it will be seen that these two 
voltages are 90° out of phase with each other. 
In figure 54, A shows a series R-C circuit and B 
the relationship between the current and the 
voltages across the elements. The voltage which 
results from the two voltage drops that are 90° 
out of phase is the voltage drop in the whole 
circuit and is, by Kirchhoff’s Law, equal to the 
applied voltage. The phase shift of the current 
in the circuit, measured in respect to the 
applied voltage, is called the phase angle of the 
circuit and assigned, as previously, the symbol 6. 


b. The relationship between the applied 
voltage and the voltage drops, and the phase 
angle, of any series R-C circuit may be deter- 
mined by means of vectors. In A of figure 55, 
the voltage across the resistance is laid off on 
the horizontal vector, and the voltage across the 
capacitance on the vertical vector. Since these 
two voltages are 90° out of phase, the angle be- 
tween them is a right angle. By drawing in a 
parallelogram based on the two sides, the re- 
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Figure 54. Current and voltages in a series R-C circuit. 


sultant vector # is seen to be the hypotenuse of 
a right triangle. Then, by the theorem of Py- 
thagoras, the square of the hypotenuse is equal 
to the sum of the squares of the other two sides, 
or: 

Eh? — Ep? + Ee? 

EVES LES . 

c. Since it is known that the current in the 
circuit is in phase with the voltage across the 
resistance, the direction of the current vector is 
the same as the vector Ep, the voltage across 
the resistance. The phase angle 4 then is the 
angle that the applied voltage HE makes with 
the vector Er, as shown in A. If the voltage 
across the resistance is large in respect to that 
across the capacitance, the resultant vector will 
approach the horizontal and the phase angle 
will be small; and in like manner, if the voltage 
across the resistance is small, the resultant 
vector will approach the vertical, and the phase 
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angle will approach 90°. Hence, the presence of 
resistance in a capacitive circuit causes the cur- 
rent to lead the applied voltage by some angle 
less than 90°. B of figure 55 illustrates in graph 
form the relative positions of current and 
voltage and the phase angle @. 
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Figure 55. Current and applied voltage in an R-C 
circuit. 


41. Capacitive Reactance and Resistance: 
Impedance 


a. As noted previously in the calculation of 
the impedance of an L-R circuit, the total op- 
position offered by a circuit containing both a 
reactive element and a resistance is not the 
simple arithmetical sum of the reactance X 
and the resistance R. The capacitive reactance 
is added to the resistance in such a manner as 
to take into account the 90° phase difference 
between the two voltages in the circuit. Since 
the impedance Z, or total opposition of an R-C 
circuit, is equal to the applied voltage divided by 
the current in the circuit, then: 


a2 


E=I1Z. 
From above: H —,\/E,?+ Ec? . 
(Clg He =/UR)?+ (Xe)? . 


Then: IZ =\/I? (R? + Xe?) 


IZ =1\/R? + X-? 
Z=\/R?4+ Xe? . 
Thus, the impedance of an R-C circuit is equal 


to the square root of the sum of the squares of 
the resistance and the capacitive reactance. 


b. The same result may be obtained more 
readily by means of vectors. The voltage across 
the resistance Er is equal to JR, and the voltage 
across the capacitor H’>, to 1X;¢. Since each vec- 
tor represents a product of which current is a 
common factor, the vectors may be laid off pro- 
portional to R and X¢, which are separated by 
90°. Figure 56 shows these vectors. The re- 
sultant vector Z is the hypotenuse of a right 
triangle and represents the impedance of the 
circuit. Then: 


Z=V/R?+ Xe? . 
It will be seen also that the angle 6 is the phase 
angle because the direction of the impedance 
vector is the same as that of the applied voltage 


vector. This angle is generally determined by its 
tangent, X,/R, or in terms of its cosine, R/Z. 


aie 
TAN 8 = 


m1] 


COS O6=5 
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Figure 56. Impedance of an R-C cireuit. 
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c. From the vector diagram of figure 56, it 
may be seen that if the resistance is large in 
respect to the capacitive reactance, the circuit 
tends to act as a pure resistive circuit, the phase 
angle approaches 0°, and the impedance ap- 
proaches R. If the capacitive reactance is large 
in respect to the resistance, the circuit tends 
to act as a pure capacitive circuit, the phase 
angle approaches 90°, and the impedance ap- 
proaches X,. For practical purposes, then, the 
impedance of the circuit may be taken to be 
substantially equal to the larger value, if the 
ratio of the reactance to the resistance, or of 
the resistance to the reactance, is 10 to 1 or 
greater. 

d. From Ohm’s Law for a-c circuits and from 
' the formulas above, a series R-C circuit may be 
solved for its important values. For example, 
a 110-volt 60-cycle a-c line is connected across 
a 1-»f capacitor and a 1,000-ohm resistor in 
series. The capacitive reactance alone is: 


SG, oo ged 1 a5 
Pini Cuu6. 28 GOLGI Del UT 
= 10S pie eee 
6.28 < 60 376 


Xo = 2,660 ohms. : 
And as given: R =1,000 ohms. 
Then the impedance of the circuit is: 
Z=vV/R?24+ X°? 
Z =v/ (1000)? + (2660)? 
Z = v/1,000,000 + 7,120,000 
Z = \/8,120,000 
Z = 2840 ohms. 
The current in this circuit is: 
I—E= 110 
Vie 7-7 1) 
I = .0386 ampere. 
The phase angle 4 of the lag of the applied volt- 
age behind the current is— 
Cos 6 = R = 1000 = .352 
(Zit *2BA0s 
6 = 69.4°. 

é. The following conclusions may now be 
drawn in respect to the characteristics of a 
series R-C circuit: 

(1) The current through the capacitor 
leads the voltage across it by 90°. 

(2) The voltage across the capacitor and 
the voltage across the resistance are 
90° out of phase (E> lagging Ep). 
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(3) The applied voltage is equal to the 
square root of the sum of the squares 
of Fz and E¢. 

(4) The current in the circuit leads the 
applied voltage by some angle 4, called 
the phase angle: 


Tan 6 = Ec 
Er 
Cosé6=—Ee. 
ai 


(5) The opposition offered by the capa- 
citance (X,~) is measured in ohms and 
called capacitive reactance. It is de- 
termined by the size of the capacitance 
and the angular velocity of the applied 
voltage: 

Xie LL; 

2rfC 

(6) The impedance of the circuit is the re- 
sult of the geometric addition of R 
and X¢: 


i aes Sep 


(7) The phase angle may be determined in 
terms of R, Xo, and Z: 


Tan 6 = Xo 
Re 
Cosé@=R. 
we 


(8) The total current in the circuit is 
found by Ohm’s Law for a-c circuits: 
I=E. 


Z 


42. Parallel R-C Circuits 


a. A of figure 57, shows capacitance C and 
resistance Rk connected in parallel across an a-c 
source. Since this is a parallel circuit, voltage 
is everywhere the same, and all voltages are 
therefore in phase with each other. However, 
the current through the capacitor leads the ap- 
plied voltage by 90°, and the current through 
the resistance is in phase with the applied 
voltage as in B. Thus, the capacitive current 
leads the resistive current by 90°, and the re- 
sultant current, or line current, is the vector 
sum of these two currents. In A of figure 58, 
the current through the resistance /, is laid off 
on the horizontal vector, and the current 


- through the capacitance J, on the vertical vec- 


tor. The I> vector is laid off in the positive 
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direction because this current leads the resist- 
ive current, which is taken as the reference 
vector, since it is in phase with the applied 
voltage and represents the direction of the ap- 
plied voltage. The resultant vector J7 represents 
the total current in the circuit, and the angle 
this vector makes with the horizontal is the 
phase angle 06. 
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Figure 57. Voltage and currents in a parallel R-C 
circuit. 


b. The line current, then, is said to lead the 
applied voltage by the angle 6, since by con- 
ventional rotation the Ip vector follows the Ir 
vector (B of fig. 58). The tangent of this angle 
is Ig/Ip, but as in any parallel circuit: 


Xo 
Irp=E. 
ie 
And: Ir—=E. 
Za 
Then by substitution and cancellation 
Tang—R 
Xo : 
Cosé=Z., 
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The magnitude of the line-current vector Ip 
must always be greater than either Jz or I; be- 
cause it is the hypotenuse of a right triangle. 
Then: 
Ip = VI1n?4+ Ic? . 

Thus, it may be seen that, as in d-c circuits, 
total current in a parallel R-C circuit is always 
greater than the current in either branch, and, 
by extension, the impedance of the circuit is 
less than the opposition of either branch. 
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Figure 58. Total current and voltage in a parallel R-C 
circuit. 


c. The impedance of a parallel R-C circuit 
may also be obtained by the use of a formula 
similar to that used for resistances in parallel. 


Since: Ry = R,; X Re 
R,+ Re 

then: Z=RX< Xo. 
R-+ Xo 


But, as has been shown previously, the addition 
of two vector quantities (R + X¢) may not be 
made directly. Thus: 

Z—=RXo 


VRP EXE 
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a 


d. For example, if the values used previously 
for the series R-C circuit are transferred to the 
parallel R-C circuit in A of figure 57, then as 
before: 

R =+1,000 ohms 
X¢ = 2,660 ohms. 


Then: 
Z= RX¢ — 2,660,000 
\/R? + Xo? 2,840 
Z = 935 ohms. 
The line current is: 
Ir— EH —110 
Ve NEES 


I, = .118 ampere. 


The line current leads the applied voltage by 
the angle 6: 


Cosd—Z— 985 —.935 
R 1,000 
6— 21°. 


e. The following comparisons may now be 
made between series and parallel R-C circuits: 
(1) The phase angles are complementary 
if the values of frequency, capacitance, 
and resistance are the same: 
PaaS ANS | 
(2) The greater the resistance added to 
a Series circuit, the more resistive the 
circuit becomes: 6s approaches 0°. 
(3) The greater the resistance added 
across a parallel circuit, the more ca- 
pacitive the circuit becomes: 6, ap- 
proaches 90°. 


43. Time Constant of R-C Circuit 


a. The property of capacitance, as has been 
shown, introduces a delay in time between the 
circuit current and the appearance of voltage in 
the circuit. In a-c sine-wave circuits, the volt- 
age is a sine wave also, following the current 
by the phase angle 6. In sucha circuit, the phase 
angle depends on the ratio X¢/R, that is, on 
147fCR, the frequency, capacitance, and resist- 
ance of the circuit. In d-c circuits (or circuits 
using pulses of dc), as was shown similarly in 
connection with the analysis of the time con- 
stant of inductive circuits, the time lag result- 
ing from the starting and stopping of the cur- 
rent depends not on frequency, since frequency 
is zero, but on the capacitance and resistance 
of the circuit. 
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b. Thus, when a dc is applied to an L-R cir- 
cuit, the current is held back by the counter emf 
and does not rise immediately to its H/R value. 
However, when a dc is applied to an R-C circuit, 
the current reaches its maximum F/R value 
almost immediately and then gradually falls 
to zero as the counter emf offers greater and 
greater opposition. A of figure 59 shows the 
graph of current rise and fall in a d-c cir- 
cuit containing capacitance and resistance. It 
will be noticed that after the almost instantane- 
ous rise of current to its maximum, the curve 
of falling current is an exponential curve and 
is the characteristic curve of current rise in an 
L-R circuit turned inside out. Thus, the current 
falls rapidly at first and then gradually tapers 
off to its zero value. An analysis of this ex- 
ponential curve reveals that in regular units 
of time, the current falls in decreasing amounts. 
Thus, in the first unit of time, current falls 63.2 
percent from its maximum value, or to 36.8 
percent of its maximum value; and in the second 
unit current falls 63.2 percent of the remaining 
36.8 percent (86.4 percent from maximum) ; 
and in like manner for each succeeding unit of 
time. Theoretically, in such a progression, cur- 
rent would never reach zero value, but for prac- 
tical purposes current is considered to be zero 
and the capacitor fully charged after five 
units of time. 

c. Conversely, if the d-c source is removed 
and the capacitor is allowed to discharge, cur- 
rent flows again almost instantaneously at a 


maximum in the opposite direction and then 


gradually returns to zero. B of figure 59 is the 
graph of the discharge current. This curve is 
the same as that described for the charging 
current but turned upside down. In the first 
unit of time, current returns rapidly 63.2 per- 
cent from its maximum; in the next unit of 
time, it returns an additional 63.2 percent of 
the remainder. This process continues as de- 
scribed above, until, after five units of time, 
current is considered to be zero and the capaci- 
tor discharged. 

d. This recurring 63.2 percent fall from 
maximum rise of current in a fixed unit of time 
is called the time constant of an R-C circuit. 
The more capacitance in a circuit, the longer 
time required to reach 638.2 percent of full 
charge; also, the more resistance in an R-C 
circuit, the longer the time required to reach 
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Figure 59. Time constant in an R-C circuit. 


the full amount of charge and discharge, since 
the R-C circuit tends to act as a resistive circuit 
and hold current to its H/R maximum for a 
longer period. Therefore: 


t (time constant) =Rx«C. 


If C is in microfarads and R in megohms, then 
t is in seconds and is the time required for cur- 
rent to fall 63.2 percent from its H/R maximum. 


e. For example, if 100 volts de is applied to 
an R-C circuit containing a 20-microfarad ca- 
pacitor and a 100,000-ohm resistance, the H/R 
value of the current is 1 milliampere. The time 
constant is: 

t= RC = .1megohm X 20 pf 
t — 2 seconds. 


It will therefore require 2 seconds for current 
to fall to .368 milliampere, and an additional 8 
seconds before it reaches approximately zero. 
If the resistance is decreased to 50,000 ohms, 
the time constant is decreased to 1 second. How- 
ever, it must be remembered that since resist- 
ance is decreased, the maximum current in the 
circuit increases to 2 milliamperes. At the end 
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of 1 second, then, the current will have reached 
a value of 36.8 percent of 2 milliamperes, or 
.736 milliampere; and 4 seconds more will elapse 
before the current reaches zero. If the amount 
of current in the circuit is an important factor, 
it is necessary to vary the time constant by 
varying the amount of capacitance. Thus, in 
the example above, if the resistance is kept at 
100,000 ohms, maximum current remains at 1 
milliampere, and the time constant of 2 seconds 
may be lowered to 1 second by using 10 micro- 
farads of capacitance. Then: 
t—RC=—.1X10=1. 


In discharging this capacitor the current drops 
to .368 milliampere at the end of 1 second, and 
the capacitor becomes fully discharged 4 
seconds later. 


f. In the examples above, the circuit values 
and the time constant were made deliberately 
large for purposes of explanation, but it should 
be understood that in high-frequency trans- 
mitting and receiving circuits, the time con- 
stant is measured in milliseconds or even in 
microseconds. Small capacitors and low re- 
sistance are generally used in such cases. Even 
though these circuits are primarily a-c circuits, 
the time constant determines the level of the 
de in those circuits containing both*ac and de. 
In addition, complex waveforms based on the 
charging and discharging of a capacitor are 
often used. A of figure 60 shows such a pulse 
waveform obtained by placing the waveform of 
discharge next to the waveform of charge. B 
shows the rise and fall of voltage across a ca- 
pacitor. Since voltage rise and fall across a 
capacitor is delayed in a manner similar to 
current rise and fall through an inductance, it 
will be seen that the sawtooth waveform in B is 
the same as the sawtooth waveform of current 
through an inductance. In like manner, since 
voltage across an inductance is immediately 
present and then falls as current reaches a 
maximum, the voltage waveform across an in- 
ductance is the same as the capacitive current 
waveform in A. 


44. Capacitors in Series and Parailel 


a. The total capacitance of a circuit contain- 
ing more than one capacitor connected in series 
is calculated in the same manner as that for 
resistors in parallel. The total capacitance is 
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Figure 60. Complex waveforms based on a time 
constant. 


the reciprocal of the sum of the reciprocal of 


the individual capacitors. Thus: 
Crp = 1 
1+1+41...+1 
Ci Cz C3 GC, 


An examination of this formula reveals that 
other generalizations true of resistors in paral- 
lel may be applied to capacitors in series; the 
total capacitance is less than the capacity of 
the smallest element; if capacitors are of equal 
value, the total capacitance may be obtained 
immediately by dividing the capacity of one by 
the number of capacitors; for any two capaci- 
tors, the simplified formula below may be used: 
Cp—C,X Co. 
Ci +C, 
That two capacitors in series give a total capac- 
ity less than one capacitor is evident from the 
schematized diagram of A of figure 61. It will 
be noted that the addition of another capacitor 
in effect widens the distance between the plates 
while the area of the plates remains the same. 
Thus, total capacity is less, since: 
C=A. 
d 

b. On the other hand, the total capacitance 
of a circuit containing capacitors connected in 
parallel is calculated by the simple addition of 
_ the individual capacities, as with resistance in 
series. 
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Thus Cp =C,+C,.+C3...+ Ch. 

B of figure 61 shows two capacitors connected 
in parallel. It will be noted that the addition 
of the second capacitor in effect increases the 
area of the plates without changing the distance 
between them. Thus, by the formula above, it 
is evident that total capacity increases and is 
always greater than the larger capacity. 
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Figure 61. Capacitors in series and parallel. 


45. Distributed Capacitance 


a. Stray or random capacitance caused by the 
intricate circuit wiring and the physical con- 
struction of components is present everywhere 
throughout a-c circuits. Such stray capacitance 
is called the distributed capacitance of the cir- 
cuit as distinguished from the lwmped capac- 
itance of the capacitor elements as such. Since 
a capacitor is, by definition, any two conductors 
separated by a dielectric, small amounts of 
capacitance exist between connecting wires, be- 
tween components located physically near each 
other, and between different parts of a given 
component. Generally, such distributed capaci- 
tance is undesired, and at low frequencies is such 
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a small amount compared to the lumped capaci- 
tance of the circuit that it may beignored. At high 
frequencies, however, the distributed capac- 
itance may well equal or exceed the estimated 
lumped capacitance of the circuit, and therefore 
must be considered in circuit design. In some 
instances, the distributed capacitance is used 
as the capacitance of the circuit, but for the 
most part, every effort is made to cut down its 
total by careful wiring, positioning of com- 
ponents, and special physical construction of 
certain components. 

b. Since the voltage drop across an induct- 
ance is distributed proportionately along its 
length and therefore exists between turns, turns 
adjacent to each other appear as plates of a 
capacitor. A of figure 62 illustrates this effect 
across an inductance, the dotted line capacitors 
representing the effective distributed capaci- 
tance. It will be noticed that the capacitors as 
shown are effectively in series from one end 
of the inductance to the other, resulting in a 
total capacitance less than the smallest. In 
large, tightly wound inductances, however, the 
turns fall one upon the other in layers in such 
a manner that the small distributed capaci- 
tances are effectively in parallel and the total 
amount is considerable. B of figure 62 shows 
a cross section of such an inductance and the 
accumulated distributed capacitance. 

c. Inductances using a large number of turns 
are often specially constructed to avoid the 
effect of accumulated distributed capacitance. 
A of figure 63 shows a pie-type inductance and 
its distributed capacitance. This design is based 
on the fact that although the distributed capaci- 
tance for any one layer is cumulative, the ca- 
pacitances between layers are effectively in 
series, and thus the total capacitance is less than 
that of one layer. B shows a refinement of this 
constructional technique. Succeeding sections 
are graduated by size, which cuts down the 
accumulated capacitance of the smaller sections 
and effectively inserts a smaller final distributed 
capacitance in the series circuit. Then, since 
the total capacitance is less than the smallest 
capacitor, the total distributed capacitance is 
less than that of the smallest section. 


46. Types of Capacitors 


a, GENERAL. The basic parallel-plate capaci- 
tor described earlier in this chapter is modified 
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Figure 62. Distributed capacitance. 


in a variety of ways to meet the numerous 
requirements of circuits for power supplies and 
communication equipment. The two principal 
classes evolved are the fixed capacitors and the 
variable capacitors; the former are used if a 


‘definite lumped capacitance is needed and the 


latter if different amounts of capacitance must 
be readily available at different times. Fixed 
capacitors are subdivided generally according to 
the nature of the dielectric, variable capacitors 
according to their functions. Thus, fixed types 
include paper, oil, mica, ceramic, and electro- 
lytic capacitors; variable types include tuning, 
trimmer, padder, and neutralizing capacitors. 
The color coding of paper, mica, and ceramic 
capacitors is described in detail in appendix III. 
b. PAPER CAPACITORS. 


(1) The fixed waxed paper capacitor is a 
common component in most communi- 


AGO 1736A 


INDIVIDUAL 
LAYERS 


INSULATING 
ROD 


PIE TYPE INDUCTANCE 


SPECIAL PIE—TYPE INDUCTANCE 


B 


TM 681-211 


Figure 63. Distributed capacitance of pie-type 
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inductances. 


cation equipment and finds its widest 
uses for capacities between .0005 sf 
and 8 uwf. As noted previously, wax 
paper has a dielectric constant of 3.5 
and a relatively high breakdown volt- 
age of 1,200 to 1,800 volts per .001 
inch thickness. In this type of capaci- 
tor, the plates are long flat strips of 
tin foil separated by thin sheets of 
waxed paper and all rolled together 
in a compact cylinder or flat package. 
More than one sheet of paper is used 
as the dielectric so that tiny holes or 
flaws in the paper will not invite 
breakdown. Such capacitors are com- 
monly used in circuits not exceeding 


600 volts. It should be noted also that 
because the plates of the capacitor 
are rolled, one plate will have two ac- 
tive surfaces, and therefore the active 
area of this type of capacitor is twice 
the area of one plate. Figure 64 shows 
the details of the internal construc- 
tion of the paper capacitor and figure 
65 is the photograph of a cutaway sec- 
tion which shows this construction in 
a typical capacitor. The rolled strips 
of tin foil project slightly on either 
side so that the connecting bond may 
be soldered to each turn and not to 
the end of the strip only. Such an 
arrangement prevents the tin foil con- 
ductors from becoming inductances 
(by shunting the turns), since physi- 
cally the capacitor resembles two coils 
wound one within the other. A capaci- 
tor so constructed is called a nonin- 
ductive capacitor. The cylinder or flat 
package is then put into a cardboard 
or metal container and sealed with 
wax or pitch to keep out moisture. 
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Figure 64. Internal construction of a paper capacitor. 


(2) In general, only electrolytic capacitors 


show polarity; all other capacitors 
may be connected across ac or across 
pulsating de without regard to polar- 
ity. However, it will be observed that 
those paper capacitors in cardboard 
containers and designed for use in 
relatively high-frequency a-c circuits 


59 


carry a notation such as negative or 
outside foil for a particular lead, or 
a single black band near one end. This 
notation is to insure that the outside 
foil is connected to ground, since it 
then becomes a shield for the entire 
capacitor; otherwise, the inside foil 
is grounded, and the whole area of 
the outside foil carries the a-c voltage 
and may affect circuits in its immedi- 
ate vicinity...) 1 his notation? is; of 
course, unnecessary for a paper capac- 
itor in a metal container, which itself 
acts as an effective shield. Figure 66 
is a photograph of an assortment of 
paper capacitors, showing types of 
containers, leads, and markings. 

c. OIL CAPACITORS. Capacitors designed for 
high power at medium high voltages (above 
600 volts), as in radio transmitters, are often 
oil capacitors. From the table previously shown 
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Figure 65. Cutaway section of a paper capacitor. 
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of the dielectric strength of various materials, 
it will be noted that the breakdown voltage of 
oil is considerably less than that of paper. How- 
ever, oil-impregnated paper shows a high di- 
electric strength and is used for medium high 
voltages (between 600 and 2,000 volts). When 
such capacitors carry heavy current they tend 
to operate at a lower temperature. Physically, 
oil capacitors resemble paper capacitors and 
must be marked for identification. Some of the 
larger units of figure 66 are oil capacitors. 
It is also of interest that relatively expensive 
paper capacitors designed for medium high 
voltage use are immersed in oil to prevent the 
infiltration of moisture which causes corrosion 
and breakdown. These capacitors are common- 
ly called oz! capacitors; however, oil is the seal- 
ing agent, not the dielectric, and effectively 
preserves the rated capacity and resistance to 
breakdown against salt water and tropical 
climates. Large transmitting capacitors using 
glass as a dielectric are sometimes immersed 
in oil to prevent arcing over (in air) between 
plates and between terminals. 


d. MICA CAPACITORS. Mica capacitors are 
used generally for capacities between 5 micro- 
microfarads and 50,000 micromicrofarads 
(.000005 »f to .05 »wf). These relatively low 
values of capacitors are used for higher-fre- 
quency circuits. Since the dielectric constant 
of mica is more than five or six times that of 
air and its breakdown voltage much higher 
(about 2,000 volts per .001 inch), this relatively 
expensive material is used for high-frequency, 
high-voltage capacitors (up to 7,500 volts) 
which are physically small in size in comparison 
to the same capacity and breakdown voltage of 
a paper capacitor. Figure 67 is a photograph of 
a cutaway section which shows the internal 
construction of a typical mica capacitor. Al- 
ternate layers of tin foil and mica are molded 
together in a bakelite or plastic case, achieving 
compact design and durability. Figure 68 is 
a photograph of an assortment of mica capaci- 
tors, showing types and positioning of leads. 


€. CERAMIC CAPACITORS. Increasing use of 
the higher frequencies, particularly in television 
and UHF equipment, has occasioned the de- 
velopment of the ceramic capacitor. These units 
are generally used for very small capacitances, 
those between .5 of a micromicrofarad and 250 
micromicrofarads (.0000005 pf and .00025 pf). 
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Figure 67. Internal construction of a mica capacitor. 


Usually, a small hollow ceramic cylinder is used 
both as the form of the capacitor and as its di- 
electric. Leads are attached to either end of 
the cylinder, which is coated inside and out 
with silver paint. These silver coatings act 
as the conductor and are separated from each 
other by the dielectric ceramic cylinder. These 
capacitors are quite small physically and ideally 
adapted for VHF and UHF work. Because of 
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their size, shape, and color coding (app. III), 
ceramic capacitors are sometimes mistaken for 
composition resistors, which they resemble. 
Ceramic capacitors also lend themselves for use 
in low-power, very-high-voltage circuits (up to 
30,000 volts). These are extensively used in 
television high-voltage power supply units. The 
cylindrical capacitors of figure 68 are types of 
ceramics. 


61. 


TM-SS8i- 216 


Figure 68. Assortment of mica and ceramic capacitors. 


f. ELECTROLYTIC CAPACITORS. 


62 


(1) In the study of dry-cell batteries in 


TM 11-661, it will be remembered that 


‘one disadvantage of the dry battery 


was that the positive terminal became 
polarized; that is, small bubbles of 
hydrogen formed on the positive ter- 
minal in such a manner as to cut off 
current flow through the battery by 
insulating the terminal from the elec- 
trolyte. Since this film of gas is essen- 
tially an insulating material between 
two conductors, a totally polarized dry 
cell may be considered a capacitor of 
sorts. A similar reaction forms the 
basis for the study of the so-called 
electrolytic capacitor. Thus, if two 
aluminum electrodes are immersed in 
a suitable electrolyte, such as borax 
(sodium tetraborate), and connected 


across a d-c source of power, it is 
found that a thin film of oxide forms 
on the positive terminal, and after a 
few minutes the insulating effect of 
this oxide film cuts off current flow. 
Thus, an electrolytic capacitor has 
been formed. In figure 69, a cross sec- 
tion of a basic electrolytic capacitor is 
shown with the metal container acting 
as the negative terminal. The positive 
electrode is one conductor, the film of 
oxide is the dielectric, and the electro- 
lyte is the other conductor. Hence, the 
name, electrolytic capacitor, is not 
strictly applicable, since the electro- 
lyte serves as a conductor, not the 
dielectric. The second aluminum strip 
acts simply as a connecting terminal 
for the electrolyte, which is always 
the negative terminal. If the dc is re- 
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versed, current flows until an oxide 
film has been formed on the second 
plate. Thus, electrolytic capacitors 
show polarity and are most effective 
in pulsating d-c circuits—that is, cir- 
cuits primarily d-c with an a-c com- 
ponent. Electrolytic capacitors de- 
signed for ac use electrodes with pre- 
viously formed oxide films so that the 
capacitor presents an insulating di- 
electric to both polarities. 


ALUMINUM (POSITIVE PLATE) 
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Figure 69. Basic electrolytic capacitor. 
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The oxide film formed on the positive 
plate of an electrolytic capacitor is 
usually less than a _hundred-thou- 
sandth of an inch (.00001 inch), and 
may withstand as much as 480 to 500 
volts. Since capacity depends upon the 
distance between conductors as well 
as on the area of the conductor, it will 
be seen that an electrolytic capacitor, 
because of the extraordinary thinness 
of the dielectric film, is capable of 
values of capacitance far in excess of 
values available from other types. In 
addition, the breakdown voltage of an 
oxide layer is slightly higher than the 
usual limits of the low-voltage power 
supplies used in communications 
equipment. Thus, electrolytic capaci- 


(3) 


(4) 


ties find wide use in low-voltage (un- 
der 600 volts) power-supply filter cir- 
cuits whose low-frequency pulsating 
d-c voltages require large amounts of 
capacitance for effective production of 
direct current. 


In addition, the breakdown voltage of 
an electrolytic capacitor is determined 
by the forming voltage—that is, the 
d-c voltage originally applied to the 
capacitor to form the dielectric oxide 
film. If this forming voltage is low, 
the film is very thin and the capaci- 
tance very high. For instance, a typi- 
cal capacitor used in the low-voltage 
supply of a television receiver is rated 
at 2,000 microfarads at 20 volts. 
Higher forming voltages produce 
thicker dielectric films and less capac- 
itance (for the same plate area). The 
limit of forming voltage, however, is 
approximately 500 volts, since no fur- 
ther thickening of the oxide film takes 
place. The limit of breakdown voltage 
may be raised to 600 volts, depending 
on the chemical purity of the elec- 
trodes and electrolyte, but these ca- 
pacitors are more expensive and few 
will be encountered rated at this 
voltage. 


Since the principal advantage of elec- 
trolytic capacitors is their large 
amount of capacitance and small size, 
every effort is made to increase the 
area of the positive plate; the nega- 
tive plate, as noted above, is the 
electrolyte. Thus, the positive plate 
may. be a coil of thin aluminum, 
or it may be accordion-pleated, cor- 
rugated, helical, or formed into radial 
fins to increase surface area. The 
whole area may then be etched by an 
electrochemical process, or the plate 
fabricated, that is, sprayed with alum- 
inum. The effective surface area of 
etched and fabricated plates is con- 
siderably increased, since the tiny ir- 
regularities provide more contact sur- 
face for the same physical size. A 


- perforated celluloid or other insulating 


material lines the inside of the con- 
tainer to prevent the positive plate 
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from making contact with the con- 
tainer and short-circuiting the capac- 
itor. A of figure 70 shows the internal 
construction of such a wet electrolytic 
capacitor and B shows the corrugated 
positive plate and can container in 
cross section. 
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Figure 70. Internal construction of a wet electrolytic 
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capacitor. 


(5) The so-called wet electrolytic capaci- 


tors described above present certain 
practical disadvantages. The liquid 
electrolyte requires a ventilation open- 


(6) 


ing in the top of the can for the escape 
of gases. Because of this opening, 
the capacitor may be mounted only in 
a vertical position, and special care 
must be taken not to spill the elec- 
trolyte. Hence, the so-called dry elec- 
trolytic capacitor has been developed. 
In this type of capacitor, the positive 
plate and the negative connecting ter- 
minal are generally flexible sheets of 
aluminum separated by a plate of jelly- 
like electrolyte fixed on a separating 
gauze or paper. The positive plate is 
formed by an electrochemical process 
which covers it with an extremely thin 
film of oxide. This dielectric oxide 
gives a dull gray finish to the positive 
plate in contrast to the bright foil of 
the negative terminal. The negative 
plate, as with wet electrolytics, is the 
electrolyte. A of figure 71 show this 
construction. The positive plate of the 
multisection dry capacitor is cut into 
sections and separate leads are at- 
tached; the electrolyte and negative 
terminal are common to all sections, 
as shown in B. In both single-section 
and multisection units, the sheets are 
rolled together and encased in a card- 
board or metal container in a manner 
similar to that used for the standard 
paper capacitor described previously. 
Since the electrolyte cannot spill or 
leak out, the capacitor may be mounted 
in any position and lends itself readily 
to compact construction. Etched and 
fabricated positive plates are also used 
in dry electrolytics and give very high 
capacities in sizes comparable to the 
standard .5-yf paper capacitor. Figure 
72 is a photograph illustrating the 
various types and sizes of electrolytic 
capacitors. 


A further disadvantage of electrolytic 
capacitors, both wet and dry, is their 
high power loss compared to paper 
capacitors. Theoretically, a capacitor 
should show infinite reactance to de, 
but since no dielectric is a perfect in- 
sulator the d-c resistance is finite and 
represents a steady loss of power be- 
cause of the current loss. Hence, a 
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are widely used in low-voltage power 
supplies where such leakage loss is 
easily sustained. 

(7) In filter circuits of low-voltage power 
supplies the most common type of elec- 
trolytic capacitor is the 8-yf or the 
double-8-uf (marked 8-8) rated at 450 
volts. Other typical values are the 12- 
pf, 16-uf, and 20-yf at 450 volts, the 
20-vf and 20-20-yf at 150 volts, and 
the 50-30-yf at 150 volts, the latter 
double capacitors both designed for 
use in the so-called ac/de receiving set, 
which operates at line voltage. Numer- 
ous very-low-voltage types are also 
common, such as the 25-nf, or 56-pf, at 
25 volts, the 200-pf at 25 volts, and 
500-yf, 1,000-pf, and 2,000-uf at 10 
or 12 volts. Cardboard containers with 
single, double or triple capacitors gen- 
erally show color-coded leads. Thus, a 
typical capacitor may carry the fol- 

lowing legend: 

es | 20 pf at 450 voltsDC Red 

20 pf at 450 voltsDC Yellow 

20 pf at 300 volts DC Blue 

50 pf at 25 volts DC Brown 

Common negative Black 
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Figure 71. Internal construction of a dry electrolytic 


good electrolytic capacitor often shows 
a constant d-c resistance of little more 
than 1 megohm compared to the mini- 
mum 200 megohms of a good paper 


capacitor of comparable size. Such a Early types of wet and dry electro- 


resistance means that there is a steady 
leakage current through the capacitor. 
Thus, as previously noted, electrolytics 


lytics in can containers generally used 
the can as the common negative ter- 
minal, which was bolted directly to the 
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Figure 72. Various types of electrolytic capacitors. 
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chassis. Since not all equipment uses 
the metal chassis as ground nor as 
the negative side for all circuits, such 
construction proved awkward when a 
capacitor was used for general re- 
placement. Hence, most dry electro- 
lytics use a separate lead as the com- 
mon negative, so that the case may 
be mounted on the chassis regardless 
of circuit design. Sometimes the leads 
from cans are flexible, in which case 
the legend on the case is similar to 
the one above. If the connecting ter- 
minals are rigid, some form of symbol 
is impressed on or near the terminal 
for identification. Thus, a typical ca- 
pacitor will carry the following 
legend: 

8 pf at 450 volts A 

8 pf at 450 volts) 

25 uf at 25 volts [] 

Common negative terminal (no 

symbol) 


g. VARIABLE CAPACITORS. 
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(1) The parallel-plate capacitor lends it- 


self readily to mechanical variation or 
adjustment of capacity. Since capac- 
ity depends both on area of the plates 
and distance between them, either 
specification may be varied. Variable 
capacitors generally vary the effective 
area of the plates and adjustable ca- 
pacitors vary the distance between 
them. A typical variable capacitor 
consists of two sets of plates which 
move in and out of mesh to vary capac- 
itance. One set of plates is stationary, 
called the statov, and the other set is 
movable, called the rotor. The rotor 
plates usually number one less than the 
stator plates and are mounted on a 
shaft for rotation into and out of mesh 
with the stator. Both sets of plates are 
rigid and made of aluminum to pre- 
vent corrosion. The rotor shaft is 
made a part of the over-all housing 
which may be bolted to the metal 
chassis of a piece of communications 
equipment, and the stator plates are 
mounted on insulating bars within the 
housing. Ball bearings, gears, and 
other mechanical means are used to 


(2 


— 


(3) 


insure smooth operation of such a 
capacitor. 


Since the thickness of the plates does 
not affect capacitance they are made 
as thin as possible while remaining 
suitably rigid. Air is the dielectric, 
and care must be taken to prevent the 
rotor from touching the stator at any 
point. The distance between any rotor 
and stator plate varies with the use 
to which the capacitor is put. Thus, 
a receiving circuit of very low voltage 
may use variable capacitors with the 
plates as close as is mechanically feas- 
ible, but transmitting capacitors with 
high voltages must space plates a con- 
siderable distance apart to prevent 
arcing. The large unit in figure 73 is 
a high-voltage transmitting capacitor. 
It should be noted also that if spacing 
is increased to prevent breakdown, 
the variable capacitor must be made 
physically much larger than the low- 
voltage unit of the same capacity. 
Generally both the area and the num- 
ber of plates are increased. 


The rotor plates of variable tuning 
capacitors are often placed off center 
on the shaft in order to produce a non- 
linear change of capacitance with re- 
lation to shaft rotation. Thus, as the 
shaft moves through 180° mechanical- 
ly the plates mesh very slowly at the 
minimum capacitance end (high-fre- 
quency end) and move rapidly as the 
full mesh or maximum capacitance 
(low-frequency end) is reached. This 
distribution of capacitance change 
tends to spread out the crowded higher 
frequencies and bring together the 
spread of the lower frequencies, thus 
achieving a more uniform or linear 
frequency change compared to me- 
chanical movement of the shaft. Other 
variable capacitors have _ split-stator 
arrangements; that is, half of the 
stator plates are insulated from the 
other half and both rotors are mounted 
on a common shaft so that the capaci- 
tor becomes in effect two balanced ca- 
pacitors if connected in series (stator- 
rotor, rotor-stator), or one capacitor 
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(4) 


if connected in parallel. The large 
transmitting capacitor of figure 73 is 
a split-stator capacitor. The multisec- 
tion or ganged capacitor is also shown 
in figure 73. Essentially, this type is 
two or more variable capacitors 
mounted in such a manner on a com- 
mon shaft that all are varied simul- 
taneously. Single-dial tuning of a 
number of circuits is thus possible. 


Low-frequency variable capacitors for 
broadeast band transmission and re- 
ception generally range from 250 ppf 
to 500 puf (.00025 pf to .0005 pf) in 
fully meshed position. For higher-fre- 
quency applications, capacitors having 
ranges between 25 ppf to 150 ppt 
(.000025 »f to .00015 pf) are used. 
These smaller variable capacitors are 
specially designed for use in high-fre- 
quency circuits. Other small variable 
capacitors with a maximum capacity 
of 5 ppf (.000005 pf), called micro 
capacitors, are also used in certain 
very-high-frequency applications. 


(5) Adjustable capacitors are another type 
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of variable capacitor. They are so de- 


MIDGET VARIABLE Sree 
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signed that they can be set to a de- 
sired capacitance and then left at that 
capacitance. Adjustable capacitors 
are often mica capacitors and consist 
of a spring-metal plate which is 
screwed into position against another 
plate from which it is insulated by the 
mica. These adjustable capacitors are 
generally subdivided into trimmers 
and padders. It should be noted that 
there is no electrical difference be- 
tween the two types: the trimmer is 
a small adjustable capacitor generally 
placed in parallel with some larger 
variable capacitor so that a certain 
small amount of capacitance is added 
to the larger unit; the padder is a 
physically small, high-capacitance ca- 
pacitor placed in series with’a variable 
capacitor to lessen its capacitance. 
Trimmer adjustments range from .5 
pet to 10 ppt, others from 10 pyf to 
50 ppt. Padder adjustments range 
from anywhere between 50 pf to 100 
pot (minimum) and 500 ppf to 1,000 
pot (maximum). These smaller ca- 
pacitors are also shown in figure 73. 
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Figure 78. Types of variable capacitors. 
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47. Summary 


a. The inertia of an elastic body is opposite 
in effect to the inertia of a rigid body and is 
like the electrical property of capacitance, which 
produces an effect opposite to that of inductance 
and complementary to it. 


b. A capacitor is any two conductors sepa- 
rated by an insulating material. 


c. If voltage is applied to a capacitor, current 
flows at a maximum almost instantaneously and 
then falls to a minimum as the voltage across 
the charged capacitor builds up. 


d. A charged capacitor stores energy for an 
indefinite period of time. 


e. If a charged capacitor is short-circuited, 
current flows at a maximum almost instantane- 
ously in the opposite direction of charging and 
then gradually falls to a minimum as the voltage 
across the capacitor falls to zero. 


f. For a given capacitor, the ratio between 
the charge on one plate and the voltage causing 
it is always a constant. 


g. The ratio of the charge Q to the voltage H 
is the measure of capacitive action, which is 
called capacity, labeled C, and measured in 
farads. Thus: 


C= @Q.. 


E 


h. A farad is the capacity of a capacitor on 
one plate of which a charge of 1 coulomb is de- 
posited by a difference in potential of 1 volt. 
A microfarad is one-millionth of a farad 
(10-6 farads). A micromicrofarad is one mil- 
lionth of a microfarad (10—12 farads). 


1. Different insulating materials, or dielec- 
trics, show different electrostatic permittivity 
and different resistances to breakdown voltage. 


j. The ratio of dielectric permittivity of a 
given material compared to the dielectric per- 
mittivity of air is K, the dielectric constant of 
the material. 

k. The dielectric strength of an insulating 
material is the voltage it will withstand per 
unit thickness, generally .001 inch. 

l. The capacity of a parallel-plate capacitor is 

given by the following formulas: 

. C= 8.84x<103KA, 
ad 
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where A and d are in square centimeters and 
centimeters, 
and: C= 22.45 x<10SKA , 
a 
where A and d are in square inches and inches. 


m. A capacitor prevents the instantaneous 
rise or fall of voltage in a circuit, the delayed 
counter voltage aiding an alternating current 
flow. 


n. A capacitor is an open circuit to de and a 
conducting path to ace. 


o. Current through a capacitor is directly 
proportional to the capacity and the rate of 
change of the voltage across it: . 

I—Cde. 
dt 


p. Capacitance is defined as that property of 
an electric circuit which tends to oppose a 
change in voltage: 

C=Idt. 


de 


q. The unit of capacitance may be redefined: 
A farad is the capacitance of a circuit in which 
a voltage change of 1 volt per second causes a 
current flow of 1 ampere. 


r. High-frequency a-c circuits, because of 
the great speed of change of voltage, use small 
values of capacitance; low-frequency a-c cir- 
cuits, because of the slow speed of change of 
voltage, use large values of capacitance. 


s. A capacitor reveals characteristics oppo- 
site in effect to those of an inductance: As 
frequency increases, an inductance generates a 
greater and greater counter emf, whereas a 
capacitor under the same circumstances be- 
comes increasingly a conductor. 


t. The conductance of a capacitor to ac is 
equal to the capacitance in farads multiplied by 
the angular velocity: 

Go = 22f C (mhos). 


u. The opposition of a capacitor to ac is the 
reciprocal of its conductance; it is called capaci- 
tive reactance, which is assigned the symbol 
X>, and measured in ohms: 

Xo= ik (ohms) ° 
2xfC 


The higher the frequency, or the greater the 
capacitance, the less the capacitive reactance. 
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v. The current through a capacitor leads the 
applied voltage by 90°. 

w. In a series R-C circuit, current is every- 
where the same, and the voltage across the 
capacitor is 90° out of phase with the voltage 
across the resistance. The resultant voltage is: 

EK —\/E,;?+ E;? . 
x. The impedance of a series R-C circuit is: 
Tet REX ae 

y. The phase angle 6 is the angle the Z-vector 

makes with the R-vector: 


Tan @ = Xo 
ae 
Cosé=RF. 
Ve 


Z. The current in a series R-C circuit is deter- 
mined by Ohm’s Law: 
I=E 


Z 
aa. Ina parallel R-C circuit, voltage is every- 
where the same, and the current through the 
capacitor is 90° out of phase with the current 
through the resistance. The resultant current 
is the line current: 
Ip = V1? + Ic? - 
ab. The total current is greater than the cur- 
rent in either branch, and the impedance is less 
than the opposition of either branch: 
Z=E. 
Ip 
ac. The total current leads the applied volt- 
age by the angle the total-current vector makes 
with the resistance-current vector: 


Tang—R 
Xe 
Cosd@=Z. 
yee 
ad. The impedance of the circuit is: 
Z= RXo 
Va ites — Xo? 


ae. The time required for the rise or fall of 
voltage in a d-c R-C circuit is a function of the 
capacitance and ‘resistance in the circuit. Volt- 
age rises to 63.2 percent of its maximum value 
and falls 63.2 percent from its maximum value, 
in the first unit of time. In each succeeding 
unit of time, there is an additional 63.2 percent 
rise or fall of the remainder. The time constant 
is: 

t=RxC 
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where ¢ is the time constant in seconds, F is in 
ohms, and C is in farads. 

af. The total capacitance of a circuit con- 
taining more than one capacitor connected in 
series is equal to the reciprocal of the sum of 
the reciprocals of the individual capacitances: 

Cr = it 
1+1+1...41. 
Cra CasGs! 110, 
For two capacitances in series this formula is: 
Crp=—=Ci* Co. 
Ci + C2 

ag. The total capacitance of capacitances in 

parallel is equal to the sum of the capacitances: 
Cp =—C,+C,.+C3...+ Ch. 

ah. Distributed capacitance is the stray or 
random capacitance that exists between con- 
necting wires; between components located 
physically near each other, and between differ- 
ent parts of a given component. Lumped capac- 
itance is the capacitance of capacitor elements 
as such. 

ai. Fixed capacitors are distinguished, ac- 
cording to the dielectric material used, into 
paper, oil, mica, ceramic, and electrolytic ca- 
pacitors. 

aj. Variable and adjustable capacitors are 
distinguished, according to function and size, 
into tuning, micro, trimmer, padder, and neu- 
tralizing capacitors. 

ak. Paper capacitors are used for low-fre- 
quency work and range in value from .0005 pf 
to 8 pf at voltages up to 600 working volts. 


al. Oil-impregnated paper capacitors and 
paper capacitors immersed in oil are used for 
medium high voltages (600 to 2,000 volts) in 
the same capacitive range as paper. 

am. Mica capacitors are used for high-fre- 
quency, high-voltage work and range in value 
from 5 ppf to 50,000 pyf at voltages up to 7,500 
volts. 

an. Ceramic capacitors are used for very- 
high-frequency and low-power, very-high-volt- 
age work (up to 30,000 volts). 

ao. Electrolytic capacitors show polarity and 
are largely used in relatively high-power, low- 
frequency filter circuits at voltages up to 600 
volts. Common values of electrolytics are 8, 
10, 16, or 20 pf at 450 volts and 100, 200, 500, 
1,000, or 2,000 pf at 25 volts. 
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ap. Variable capacitors are used for low-fre- 
quency work in ranges from 250 ppf to 500 
ppf, and for high-frequency work in ranges 
from 25 ppf to 150 pyf. Micro capacitors are 
variable capacitors used for very-high-fre- 
quency work in values up to 5 ppf. Adjustable 
capacitors are designed for adjustment to a 
given fixed capacity. Adjustable trimmers are 
used in parallel with larger variable capacitors 
and range in values from .5 pyf to 10 pyf. Ad- 
justable padders are used in series with vari- 
able capacitors and range in value between 
50 ppt to 100 ppt (minimum) and 500 ppt to 
1,000 p»f (maximum). 


48. Review Questions 


a. Describe the effect produced by the elec- 
trical property of capacitance in terms of the 
inertia of elastic bodies. 


b. What is a capacitor? 


c. Describe the action of current flow in a 
capacitor when a d-c voltage is applied. 


d. Describe the action of current flow when a 
charged capacitor is short-circuited. 


e. What two functions are characteristic of 
a capacitor? 

f. What is capacitance? 

g. Give the formula for capacitance in terms 
of charge and voltage between the plates. 

h. Define the farad, the microfarad, the 
micromicrofarad. 

i. What is a dielectric constant? 

j. What is dielectric strength? 

k. Give the formula for the capacity of a 


parallel-plate capacitor in square centimeters 
and centimeters; square inches and inches. 


l. How does capacitance vary in respect to 
the area of the plates, the distance between 
them, and the dielectric constant? 


m. How does the counter emf across a capac- 
itor aid an alternating current flow? 


n. What determines the amount of current 
flow in a capacitor? 


o. Define capacitance. 
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». Why do high-frequency a-c circuits gen- 
erally use small values of capacitance, and low- 
frequency a-c circuits large values of capaci- 
tance? 

q. How does a capacitor differ from an in- 
ductance in terms of reaction to an alternating 
current? 

r. Give the formula for conductance of a 
capacitor. 

8. What is capacitive reactance? Give its 
formula. 

t. How does capacitive reactance vary with 
frequency? With capacitance? 

u. What is the phase shift of current and 
voltage across a capacitor? 

v. In a series R-C circuit, what is the phase 
relationship of the voltage across the resistance 
to the voltage across the capacitor. 

w. Give the formula for the impedance of a 
series R-C circuit. 

x. How is the phase angle of a series R-C 
circuit determined? 

y. Ina parallel R-C circuit, what is the phase 
relationship of the current through the resist- 
ance to the current through the capacitance? 


z. Give the formula for the impedance of a 
parallel R-C circuit. 

aa. How is the phase angle of a parallel R-C 
circuit determined? 


ab. What is the time constant of an R-C cir- 
cuit? Give the formula for the time constant. 


ac. How many units of time are required for 
current to reach its practical zero value. 


ad. Give the formulas for capacitance in 
series and in parallel. 


ae. What is distributed capacitance? Lumped 
capacitance? 

af. How are classes of fixed capacitors dis- 
tinguished ? 

ag. How are variable and adjustable capaci- 
tors distinguished ? 


ah. Give the usual range in capacitance and 
working voltage for the following capacitors: 
paper ; oil; mica; ceramic; electrolytic; variable. 
at. What is a trimmer capacitor? A padder? 
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CHAPTER 4 


A-C CIRCUITS WITH INDUCTANCE, CAPACITANCE, 
AND RESISTANCE 


49. A-C Circuits 


a. In previous chapters, the fundamental 
properties of inductive, capacitive, and resist- 
ive circuits were considered as isolated pheno- 
mena and the following facts observed: 

(Q) The voltage drop across a resistor is 

j in phase with the current through it. 

(2) The voltage drop across an inductor 
leads the current through it by 90°. 
(3) The voltage drop across a capacitor 
lags the current through it by 90°. 


b. The three basic relationships between volt- 
age and current are shown as graphs and as 
vectors in figure 74. These vectors indicate 
phase angle by their direction, and their mag- 
nitude is dependent on the values chosen for a 
given circuit. Thus, if J is the effective value 
of the current in either L, C, or R, then the 
magnitudes of the effective voltage drops are: 

Er=—I/R 
E, = 1X,=I/ (27fL) 


ib 
Eo =—IXc=—/1 (52) ° 


c. Current in an a-c circuit, however, varies 
with time. The voltage drops across the various 
elements also vary with time, but the same 
variation is not always present in each at the 
same time. Therefore, Kirchhoff’s second law 
(when applied to a-c circuits) must be under- 
stood to mean that, at any instant, the sum of 
the voltage drops around a closed circuit equals 
the sum of the voltage rises, or the total applied 
voltage. In figure 75, a series L-C-R circuit 
is shown; the symbols e, €r, ez, and eg denote 
instantaneous voltages. Then: 

€= r+ Cr+ 2c . 
This relationship is true for all values of time. 
But an instantaneous a-c voltage cannot be de- 
termined by Ohm’s Law, which holds true only 
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for maximum, effective, or average values, as 
in the formulas of the preceding paragraph. 
An a-c quantity, however, is fully determined 
when its effective value and phase (in respect 
to some standard) are known. Therefore, the 
method of analysis by vectors, which show 
phase as direction and magnitude as effective 
value, can be used to add either sine voltages 
or sine currents. 


d. For example, a 60-cycle, 100-volt generator 
is connected to a circuit having a resistance of 
6 ohms in series with an inductive reactance of 
8 ohms, as shown in A of figure 76. As was 
demonstrated in the previous discussion of 
series L-R circuits, the vector sum of the volt- 
age drops across the resistance and the induct- 
ance must equal the applied voltage. Since Ep 
is in phase with J, and E,; leads I by 90°, their 
vector sum, 100 volts, is the hypotenuse of a 
right triangle (B of fig. 76). Then: 

E? —E,?+ E;? . 

Substituting equivalents: 

(100)? = (IR)? + (Xz)? 

(100)? = 36 J? + 64 J? 

(100)? — 100 If? 

I? — 100 

I —10. 
Ep, the voltage drop across the resistance, is 
IR, which is 10 times 6 — 60 volts.’ E,, the volt- 
age drop across the inductance, is IX;, which is 
10 times 8 = 80 volts. The tangent of the phase 
angle 6 is H,/Hgy or X,/R = 8/6 = 1.33. Then, 
from the table in appendix II: 6 = 53.1°. The 
current in this circuit lags the applied voltage 
by 53.1°. C of figure 76 presents these results 
graphically. 


é. In like manner, the current, voltages, and 
phase angle of a series R-C circuit may be de- 
termined. A of figure 77 shows the schematic 
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VOLTAGE ACROSS RESISTANCE 


CURRENT THROUGH RESISTANCE 


PURE RESISTIVE CIRCUIT 
(VOLTAGE AND CURRENT ARE IN PHASE) 


E 


VOLTAGE ACROSS INDUCTANCE 


> 


a I CURRENT THROUGH INDUCTANCE 


360° EL 
90° 
IL 


PURE INDUCTIVE CIRCUIT 
(VOLTAGE LEADS CURRENT BY 90°) 


VOLTAGE ACROSS CAPACITOR 


CURRENT THROUGH CAPACITOR 


I¢ 
90° 
Ec 


PURE CAPACITIVE CIRCUIT 


(VOLTAGE LAGS CURRENT BY 90°) 


Cc 
TM 681-53 


Figure 74. L, C, and R circuits: graphical and vectorial representation. 


diagram of a circuit of 3 ohms resistance and 4 
ohms capacitive reactance connected to a 60- 
cycle, 300-volt a-c source. As above, the vector 
sum of the voltage drops across the resistance 
and the capacitance equals the applied voltage. 
Since FH’; is in phase with J, and Eg lags I by 90°, 
their vector sum, 300 volts, is the hypotenuse of 
a right triangle (B of fig. 77). Then: 
E? — Ep? + E,?. 
Substituting equivalents: 
(300)? = (37)24+ (47)2=25fF. 
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The square root of each: 
300 — 51 
I = 300 — 60 amperes. 


5 
Hz, the voltage drop across the resistance, is JR, 
which is 60 times 3 — 180 volts. Eo, the voltage 
drop across the capacitance, is IXo, which is 60 
times 4 = 240 volts. The tangent of the phase 
angle 6 is Ec/Er = X~/R = 4/3 = 1.33. From 
the table in appendix II: 

6 = 53.1°. 
The current in this circuit leads the applied 
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e=-e, +ecter TM 681-55 
Figure 75. Voltage drops in an L-C-F circuit. 


R=6 OHMS X_=8 OHMS 


Ep:IR=€1 B 


APPLIED VOLTAGE 


ee 


i 


Figure 76. R-L circuit. 


TM 681-56 
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voltage by 53.1°. C of figure 77 presents these 
results graphically. 


R=3 OHMS 


Xo=4 OHMS 


EgtIXg41 


APPLIED VOLTAGE 


Cc 
TM 681-57 


Figure 77. R-C circuit. 


50. The Series L-C-R Circuit 


a. When the three basic circuit elements of 
inductance, capacitance, and resistance are 
brought together in a single circuit, the voltage 
drops, current, and phase angle may be deter- 
mined by combining the methods described 
above. A of figure 78 shows a series L-C-R cir- 
cuit containing 6 ohms resistance, 8 ohms in- 
ductive reactance, and 16 ohms capacitive 
reactance connected to a 60-cycle, 300-volt 
source. 

b. B and C of figure 78, are the graph and 
vector diagram, respectively, for this circuit. 
Since current in a series circuit is everywhere 
the same, J is the reference vector. Then Hp is 
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R=6 OHMS 


XL =8 OHMS X_c16 OHMS 


E=300 VOLTS 
f=60 cps 


Eo=XoI=I6 I 


D 
TM 681-58 


Figure 78. L-C-R circuit. 
in phase with J, EH; ieads J by 90°, and Eg lags 


I by 90°. Eg and E; are 180° out of phase, and 
so their vector sum is merely the difference be- 
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tween the two. Then, since Ez is larger than Ez, 
the resultant reactive voltage is Eg — Ez, or: 
16J—87—8l. 
This resultant reactive voltage lags J by 90° 
because it has the direction of Eg, the larger 
vector. D of figure 78 is the resultant vector 
diagram. From the figure: 
E? — (IR)?+ (xX)? 
(300)? = 36 /7+ 64/77 —100F. 
The square root of each: 


300 — 107 
I 300 = 30 amperes. 
10 


The voltage drop across the resistance, Ey =IR 
— 30 times 6 — 180 volts. The voltage drop 
across the inductance, E,;, — IX; — 30 times 8 
— 240 volts. The voltage drop across the capaci- 
tance, Ec = IX¢ = 30 times 16 — 480 volts. 
Because the larger capacitive reactance cancels 
completely the inductive reactance, the circuit 
is capacitive, and so the current leads the ap- 
plied voltage by the phase angle 6. The tangent 
6is equal to X- — X; — 8/6 — 1.33. The angle 
R 
6 is equal to 53.1°. 


ec. The series L-C-R circuit illustrates the fol- 
lowing important points: 

(1) The current in a series L-C-R circuit 
either leads or lags the applied voltage, 
depending on whether X,> is greater 
than or less than X,. 

(2) A capacitive voltage drop in a series 
circuit always subtracts directly from 
an inductive voltage drop. 

(8) The voltage across a single reactive 
element in a series circuit can have a 
greater effective value than that of 
the applied voltage. 


d. As noted in (8) above and illustrated in 
the circuit of figure 78, Ec was found to have an 
effective value of 480 volts as compared to the 
applied 300 volts. In d-e circuits, this condition 
can never exist, since voltage drops are added 
arithmetically, and accordingly the voltage drop 
across any one of the component parts is always 
less than the applied voltage. The contrary con- 
dition in a-c circuits was explained in paragraph 
49¢ above, in which it was shown that Kirch- 
hoff’s Law applies only to the instantaneous 
values of the voltages present. 
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A 
IX, 
IR oi 
IX6 
B 
TASES OIE EU ES 
C 
D 
TM 681-59 


Figure 79. L-C-R circuit: phase relation. 


51. Analysis of L-C-R Circuits 


a. The various relationships noted above may 
now be generalized, and the current, impedance, 
voltage drops, and phase angle of any series 
L-C-R circuit calculated. In A of figure 79, a 


AGO 1736A 


schematic diagram of a series circuit containing 
an inductance L, a capacitance C, and a resist- 
ance R is shown. This circuit is connected to an 
a-c voltage source of magnitude # and frequency 
f. B of figure 79 shows the initial vector dia- 
gram. The voltage drop across the resistance, 
IR, is drawn in phase with the current J. The 
voltage drop across the inductance is drawn 
above the zero axis; the voltage drop across the 
capacitance is drawn below the axis. C of figure 
79 shows the resultant vectors; and the voltage 
triangle (with base Ep and vertical side E, — 
E,) is illustrated in D of figure 79. The resultant 
voltage EL, equal to the applied voltage, is the 
hypotenuse of the right triangle. Then: 

E? — J[?R? +- [?(X,;— Xe)? 

E? — I? (R? + (X,— Xo)?). 
The square root: 

E=I1\/R? + (Xr— Xo)”. 
And I = E 

JR? + (Xr — Xo)? 

Also, since in any a-c circuit J is equal to #'/Z, 
then Z, the total impedance of an L-C-R circuit, 
is equal to the square root of the square of the 
resistance plus the square of the difference of 
the reactances present. Or: 

Z=v/R2 4+ (X,—Xc)* . 
From the voltage triangle, it is seen that the 
current lags the applied voltage by the angle @. 
Then, as previously: 

Tané—E,—E-¢ . 
Kz 
By substitution and cancellation: 
Tan 6 = X,— Xo > 
R 

In a like manner, the cosine of 6 is equal to 
Epr/E, or: 


Cosd¢—F . 

Z 
Then: Z=—f. 
cos 6 


These results may be written in another form. 
Since X, is equal to 2 « fL, and X¢ to 44 7 fC, 
then: 


Z—=vV/R?+/2xcrflL— 1 2 
27fC 
In all of the preceding calculations, the values 
of I and E are the effective or rms values of 
current and voltage. 
b. From the general formulas given above it 
may be seen that, if the inductive reactance Xr 
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is greater than the capacitive reactance Xo, the 
inductive voltage drop is greater than the ca- 
pacitive voltage drop and their sum is inductive; 
that is, the voltage leads the current by 90°. If 
X¢ is greater than X,;, the reverse is true; that 
is, the sum is capacitive and the voltage lags the 
current by 90°. Fimally, if the inductive re- 
actance equals the capacitive reactance, the sum 
is zero, and a very interesting phenomenon 
called resonance occurs. In this case, the induc- 
tive and capacitive voltage drops are equal in 
magnitude and 180° out of phase; consequently, 
their vector sum is zero. Physically, this means 
that at every instant of time, the voltage drop 
across the capacitor @¢ added to the voltage drop 
across the inductor e; gives a resultant voltage 
of zero. Expressed as an equation: 
Cc _ ér = 0 


€g = —eOr. 


c. These results are shown graphically in A 
of figure 80. Thus, a series L-C-R circuit is said 
to be resonant when X,; is equal to X¢. Then, 
since no reactive voltage is present, the im- 
pedance of the circuit is equal to the d-c resist- 
ance of the circuit, and current is limited by 
this resistance alone. The phase angle @ has a 
tangent of zero and a cosine of 1, and @ is 0°, 
which means that the cur rent in the circuit is in 
phase with the applied voltage. The vector dia- 
gram for this condition is shown in B of figure 
80. It should be noted, however, that although 
the vector sum of the reactive voltages is 0, the 
voltage across either element will be very high, 
since the voltage drop across the element is 
determined by its reactance and the current 
through it. Current in a resonant circuit is a 
maximum because it is limited only by R, and 
therefore the voltage drops across the reactive 
elements : are also maximum and may iy be far i in 
excess of the applied voltage. ~~ 


d. A series L-C-R circuit may then appear to 
its a-c source as any one of the following types: 
(1) An R-L circuit (X; \ X_¢): inductive 

reactance greater than capacitive re- 
actance. 

(2) An R-C circuit (X- \ X,z): capacitive 
reactance greater than inductive re- 
actance. 

(3) An R circuit (X; = X-) : inductive re- 
actance equal to capacitive reactance. 


\ 
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e. The resonant frequency of an L-C-R cir- 
cuit may be determined by reference to the 


_ individual reactances, since both are dependent 


upon frequency. Inductive reactance is equal to 
2 «fL, and capacitive reactance is equal to 14 z 
fC. Then, since at resonance X; is equal to Xo: 


2r7fL=—= 1 

27fC 

Solving forf: f?— 1 
477LC 
Septet 
2a SJL . 


This is the frequency at which resonance occurs 
in a series L-C-R circuit. From the formula, it 
may be seen that regardless of the values of L 
and C, the circuit will be resonant at some fre- 
quency. And thus it may be deduced that if the 
source frequency is fixed, a circuit may be de- 
signed to resonate at that frequency. 


52. The Parallel L-C Circuit 


a. In the discussion of inductance in chapter 
2 preceding, and of capacitance in chapter 3 
preceding, it was shown that a parallel L-R cir- 
cuit or a parallel C-R circuit differed from its 
respective series circuits in that the voltage in 
the circuit is everywhere the same, the currents 
90° out of phase, and the resultant line current 
either lagging (L-R) or leading (C-R) the ap- 
plied voltage by some angle less than 90°. In 
addition, it was shown that the line current is 
greater than the current in either branch, and 
that, therefore, the total impedance is less than 
the impedance of either branch. 


b. Unlike the series reactive circuits, an in- 
crease in the resistance of a parallel circuit les- 
sens the current through that branch and 
increases the relative effectiveness of the in- 
ductance or capacitance, resulting in a more 
reactive circuit as the phase angle 6 approaches 
90°. The limiting condition in this instance 
would be a resistance of infinite ohms, effective- 
ly opening that branch and making current and 
voltage across the reactive element 90° out of 
phase. On the other hand, a decrease in the 
value of the resistance in a parallel circuit 
causes an increase in current in that branch and 
decreases the relative effectiveness of the in- 
ductance or capacitance, resulting in a more 
resistive circuit as 6 approaches 0°. The limit- 
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Figure 80. Resonance: graph and vector diagrams. 


ing condition in this instance would be a resist- 
ance of zero ohms, directly short-circuiting the 
reactive element so that current and voltage are 
in phase in this short circuit. 

c. In bringing together the parallel L-R and 
C-R circuits into a parallel L-C-R circuit, new 
relationships, complicated by the special effect 
of L and C at resonance, are introduced among 
the elements. Therefore, by ignoring for the 
moment the effect of resistance in the circuit, 
the characteristics of the L-C circuit alone may 
be considered. A of figure 81 shows the sche- 
matic diagram of an L-C circuit, in which the 
inductive reactance is 100 ohms, the capacitive 
reactance 50 ohms, and the applied voltage 300. 
The graphical representation of the voltages 
and currents in this circuit is shown in B of 
figure 81. It will be noted that since the applied 
voltage is everywhere the same, the voltage may 
be used as a point of reference. Then, the cur- 
rent through the inductance is plotted as lag- 
ging this voltage by 90°, and the current 
through the capacitance as leading this voltage 
by 90°. The two currents are then seen to be 
180° out of phase. 
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d. The current through the inductance is I,;: 
I, =H = 300 
X, 100 
I, = 3 amperes. 
The current through the capacitance is I¢: 
Ip = E = 300 
Xero 
Ip = 6 amperes. 
Since these two currents are 180° out of phase, 
they may be added algebraically to find the total 
line current: 


Ir —I-—I, 

I, = 3 amperes. 
The resultant total line current is 3 amperes 
(dotted sine curve of B of figure 81). This cur- 
rent leads the applied voltage by 90°, and the 
circuit appears to the source as a capacitive 
circuit. The effect of the inductance is com- 
pletely cancelled out by the greater effect of the 
capacitance. C of figure 81 is the vector diagram 
illustrating this result. 

e. The total impedance of this type of parallel 
circuit is of particular interest. In all previous 
discussions, it was found that the total imped- 
ance of any type of parallel a-c or d-c circuit 
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X¢=50 OHMS 


X, =100 OHMS 


E=300 VOLTS 


RESULTANT CURRENT 


Ty=le lp -sames 


} I, =3 AMPS E=300VOLTS 


C 
TM 681-68 


Figure 81. Parallel L-C cirewit: graph and vector diagrams. 


A total impedance of 100 ohms for this circuit 
is a value greater than X, (50 ohms) and, in 
this case, equal to X,; (100 ohms). This result 


was always less than the impedance of any 
branch. But in the circuit above: 


Zr = EF = 300 
Toes might have been obtained from the familiar 
Zr = 100 ohms. formula for the impedance of a parallel circuit: 
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Zr = Xi X Xo 
xXz+ Xo 
Substituting values: 
Zr — 100 X (—50) | 
100 + (—50) , 
- Since X; and X, are also 180° out of phase, they 
may be added algebraically. The minus sign 
indicates capacitive reactance, conventionally 
taken as the sign opposite to that of inductive 
reactance. Then: 
Zr —= —100 ohms. 
f. From the formula Z, = Xz, X Xo it is in- 
Xr al Xo 

teresting and important to realize that at 
resonance (X; — Xc), the denominator of the 
equation is equal to zero and the total impedance 
approaches an infinite amount. Of course, L and 
C can never offer pure reactance to a circuit, 
and so it may be said that, at resonance, a par- 
allel L-C circuit offers Maximum impedance to 


the applied voltage, line current falling to a 


minimum. On either side of resonance, the total 
impedance of the circuit falls off rapidly from 
its maximum (theoretically infinite value), and 
current rises as the impedance falls. A further 
examination of the formula will reveal that at 


the point at which one reactance is twice the 


value of the other (see example above), the total 


ee 


impedance of the circuit is equal to the larger 
reactance. As the difference between the values 
increases, the total impedance falls to a value 
between X; and Xo, always greater than the 
smaller and less than the larger. 


53. The Parallel L-C-R Circuit 


a. The parallel L-C-R circuit may now be 
seen to be essentially a parallel L-C circuit (sub- 
ject to the interaction of Land C) with an added 
resistance R in parallel to this circuit. A of 
figure 82 shows this circuit. At any nonresonant 
point (X,; not equal to Xz), the currents through 
L and C will be unequal and 180° out of phase. 
The resultant current, as shown in the previous 


example, will be, therefore, either predominant- 


a+ ar recor oer cat 


ly inductive or * capacitive, depending on the 


branch offering the least opposition to the ap- 
plied voltage. The generator looking into this 
circuit, then, would see either a capacitance or 
an inductance in parallel with the resistance R. 
The resultant line current is the vector sum of 
the reactive current and the resistive current, 
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as though the circuit comprised a single re- 
actance and a resistance. 


-b. For example, the circuit A of figure 82 
shows an input voltage of 300, an inductive re- 
actance of 75 ohms, a capacitive reactance of 50 
ohms, and a resistance of 100 ohms. B of figure 
82 is the graphical representation of the cur- 
rents in this circuit. It will be seen that the 
reactive currents are 180° out of phase with 
each other and 90° out of phase with the cur- 
rent through the resistance, which is in phase 
with the applied voltage. Then: 

I, = 300 = 4amperes 


15 

I; = 300 = 6 amperes 
50 

Ip = 300 — 3 amperes. 
100 


The total reactive current I, is equal to 2 am- 
peres (I, —I,). C of figure 82 shows the vector 
diagram of the currents. Thus, the resultant 
line current is the vector sum of the reactive 
current (capacitive) and the resistive current: 

Ip = VIP +e? 

I, = \/13 = 3.6 amperes. 
Then Zr, the total impedance of the circuit, is 
equal to E/Ir: 

Zr = 300 — 83 ohms. 

36 

The cosine of the phase angle @ that the line 
current leads the applied voltage is Z/R: 


Cosé@= 83 =—.83 
100 
6 = 34°. 


c. At the point of resonance, the two reactive 
currents effectively cancel each other, leaving 
only the current through the resistance as the 
total current of the circuit. Therefore: 


I,-—I,—0 
I7=—Ie 
I7;>=—=E 
R 
Zr=R 

Cosé@=Z—1 
ie 

6—0°. 


Line current and voltage are effectively in phase 
across the resistance. Again, it should be noted 


‘that a resistance in parallel to an L-C circuit 


tends to destroy the effect of the reactive com- 
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It X¢=50 OHMS 


XL=75 OHMS 


I¢26 AMPS 
1723.6 AMPS 


oon 


1: 4 AMPS 


Tp=S3AMPS 


R=!100 OHMS 
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Figure 82. Parallel L-C-R circuit: graph and vector diagram. 


ponents, aS was shown in the discussion of the 
parallel L-R and C-R circuits above. At reson- 
ance, the impedance of the circuit is that of the 
resistance, thus destroying the chief character- 
istic of a parallel resonant circuit, its maximum 
impedance to the line. 
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24. Power in A-c Circuits 


a. In d-c circuit analysis, the amount of 
power absorbed by a resistor or by the resist- 
ance of a circuit was determined easily and 
simply by Joule’s Law: P = /2R 
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where: P — power absorbed in watts, 
, I = total current in amperes, and 
R = resistance of the circuit in ohms. 
Since the voltage drop across a resistor FR is 
equal to JR, the formula above may be written: 
P=IRXI=EI. 


PASSIVE 
NETWORK 


P (WATTS) = ETI 
TM68I-6I 


Figure 83. Passive network. 


This expression for determining power in d-c 
circuits is a general one and can be applied to 
any passive network (one which contains no 
internal batteries or other source of energy). 
Figure 83 illustrates such a network. The power 
absorbed by the network is equal to the voltage 
applied to it multiplied by the current that flows 
anit. Thus: 
P—EI. 


b. In dealing with a-c circuits, the determina- 
tion of power is a more complicated process. 
Since both current and voltage vary with time, 
the product of e times 7 (voltage and current at 
any instant) is also a function of time and is 
called the instantaneous power py. In general, 
however, current and voltage in a-c networks 
are out of phase by some angle @, as previously 
shown in the discussions of L-C-R circuits. In 
figure 84, the conditions in such a circuit with a 
phase shift of 6° is illustrated by means of 
graphs for the current, voltage, and instantane- 
ous power. These graphs reveal several impor- 
tant characteristics of instantaneous power: 


(1) The graph of power is of double-fre- 
quency variation; that is, the instan- 
taneous power p goes through 2 cycles 
during one period of the voltage or 
current. 


(2) The power curve has positive loops 
and negative loops. Thus, for a part of 
the cycle, » is negative, which must be 
interpreted to mean that energy is be- 
ing returned to the generator source 
during this time. This very important 
fact indicates that, in an a-c circuit, 
energy is delivered to the circuit by 
the source for parts of the cycle and 
returned to the source by the circuit 


+ 
(~) ELEMENT 
x = 


POSITIVE LOOPS 


AVERAGE 
VALUE 
OF POWER 


e= INSTANTANEOUS VOLTAGE ACROSS ELEMENT 
i = INSTANTANEOUS CURRENT THROUGH ELEMENT 
p = INSTANTANEOUS POWER DELIVERED TO ELEMENT 


T™ 681-62 


Figure 84. Voltage, current, and power curves. 
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for the remainder of the cycle. Accord- 
ingly, if, in 1 cycle, the amount of 
energy returned is equal to the amount 
delivered by the generator, the net 
power absorbed by the circuit is zero. 


c. The area under the positive loops of the 
power curve measures the energy delivered to 
the load, and the area under the negative loops 
measures the energy returned to the source. In 
view of these facts, the following generaliza- 
tions may be made: 

(1) If, in 1 cycle (360°), the area under 
the positive loops of the p curve is 
greater than the area under the nega- 
tive loops, the net energy delivered by 
the generator to the load is positive. 

(2) If, in 1 cycle (860°), the area under 
the positive loops equals the area 
under the negative loops, the net ener- 
gy delivered by the generator to the 
load is 0. 

(3) If, in 1 cycle (360°), the area under 
the positive loops is less than the area 
under the negative loops, the generator 
is absorbing a net amount of energy. 


d. Therefore, it may be stated that: 

(1) If the net energy delivered by the 
generator to the load is positive, the 
circuit contains some resistance, since 
energy is dissipated in a resistor in the 
form of heat, which cannot be re- 
turned to its source. 

(2) If the net energy delivered by the 
generator to the load is 0, the circuit 
must contain purely reactive elements, 
Since no energy is used up in the net- 
work. 

(8) If the net energy delivered by the 
generator to the load is negative, the 
generator is absorbing energy and the 
network contains its own generator, 
Since it is actually delivering power 
back to the source. 


e. Figure 85 illustrates these characteristics 
with graphs of voltage, current, and power for 
the three general types of a-c circuits: capaci- 
tive, inductive, and resistive. In A and B of 
figure 85, the area under the positive loops 
equals the area under the negative loops. The 
capacitor shown in the schematic of A charges 
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during the first quarter-cycle, and discharges 
back into the generator during the next quarter- 
cycle. The same action is repeated during each 
half-cycle of the generator voltage. B illustrates 
the same action for a pure inductance. C shows 
that in the case of a pure resistance the power 
loops are always positive; that is, the resistor 
FR absorbs energy completely, returning none of 
it to the source. 


f. The behavior of the reactive elements in 
the circuits above should not be too surprising 
because, as was pointed out earlier, both capaci- 
tors and inductances are elements capable of 
storing energy without loss. For example, the 
energy used to charge a capacitor can be com- 
pletely regained by allowing it to discharge 
through a resistor; the electrostatic energy of 
the capacitor is thus converted into heat energy. 


R C 


| SWITCH 


C INITIALLY CHARGED.WHEN SWITCH 
1S CLOSED C DISCHARGES THRU R. 


A 
Ro R 
BEFORE CLOSING SWITCH,Z, = E. 
R 
AFTER CLOSING SWITGH,Ip= E,. 
Rk 
B 
TM681-64 


Figure 86. Recovery of energy in reactive circuits. 
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Also, the energy used to develop the magnetic 
field about an inductor can be regained by allow- 
ing the current induced in it by the collapsing 
field to discharge through a resistor. Figure 86 
illustrates how the discharging of a reactive 
element is accomplished. In A, the capacitor C 
is initially charged. When the switch is closed, 
C discharges through the resistance FR. In B, 
the initial current through the inductance L 
stored energy in it by building up a magnetic 
field; when the switch is closed, the energy 
stored in the field produces an induced voltage 
in the inductance and accordingly a current 
through the resistance R, thus dissipating the 
energy as heat. The limiting resistor R, is 
placed in the circuit to prevent the battery from 
being short-circuited when the switch is closed. 


55. Average Power 


a. From these discussions of instantaneous 
power, it may be seen that in any a-c circuit 
containing reactive elements, the only power 
actually dissipated is the power absorbed by the 
resistance of the circuit. A reactive circuit, 
however, appears to consume large quantities 
of power, as may be inferred from the area of 
the positive loops of figure 85. Thus, it is im- 
portant to note that even though the generator 
receives back certain amounts of energy from 
the load, it must supply large amounts to the 
load. This power, which the generator must 
deliver (regardless of the return), is called the 
apparent power; and, as in any a-c circuit, is 
equal to the product of the effective value of the 
voltage and the current. Hence: 

P (apparent power) — EI. 
Or, substituting Emao for E, and Iman for I: 
Us V2 
P (apparent power ) = Emaz Imac - 
2 


b. Apparent power is distinguished from the 
actual power consumed by the load, which is 
called the average or true power and is the 
energy absorbed by the resistance of the circuit. 
Average power is defined as the power absorbed 
by a circuit over a period of 1 cycle of the input 
voltage. An examination of the power graphs 
reveals that this concept may be expressed as 
a formula: 
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P (average power) = (area of positive power 
loops) — (area of negative power loops). 
length of 1 cycle in radians 
However, the difference between the positive 
and negative power loops is the difference be- 
tween the power delivered to the load and the 
power returned to the source and is the power 
absorbed by the resistance of the circuit. There- 
fore, Joule’s Law expresses the actual or true 
power consumed in any circuit, either a-c or d-c. 

Thus, as previously: 
P (average power) — /°R. 
But in a reactive a-c circuit, the current in the 
circuit is equal to H/Z. Then: 
PSF STi 
vA 
P—EIXR. 
ye 
However, the ratio R/Z is known from the dis- 
cussions of L-C-R circuits to be the cosine of the 
phase angle 6, the angle between current and 
voltage in the circuit. Therefore, average power 
is equal to EJ multiplied by the cosine of 0. 
Or P = EI cos 6 
where: EH = effective value of the voltage across 
the circuit, 
I = effective value of the current in the 


Rewriting: 


circuit, 
6 —phase angle between voltage and 
current, 
* P = average power absorbed by the cir- 
cuit. 


c. The various derived formulas for apparent 
power follow: 


P—EI 
P=f[Z 
P—FE?*. 
ay 
And those for average power: 
P = EI cos 6 
P—=PR., 


d. An examination of the formula for average 
power above reveals that if the phase angle 0 
equals 90°, its cosine is zero and the actual 
power absorbed by the circuit is zero. Thus, a 
phase angle of 90° means that the circuit is 
purely reactive and returns as much power as it 
receives. If the phase angle is 0°, its cosine is 1, 
the circuit is purely resistive, and all the power 
produced by the source is absorbed by the load. 
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The cosine 6, then, varies from 0 to 1 as the 
phase angle varies from 90° to 0°. 


é. In the following examples, the effect of 
the phase angle on power is illustrated by the 
three circuits of figure 87, to each of which a 
300-volt, 60-cycle ac is applied. 


(1) The circuit of A of figure 87 comprises 
an inductive reactance of 100 ohms 
and a capacitive reactance of 200 
ohms. Since these reactances are op- 
posed, the effective reactance is 100 
ohms capacitive, and the current in the 
circuit is 3 amperes. The apparent 
power in the circuit is: 

P= EI = 3003 

P — 900 watts. 
The phase angle of this purely capaci- 
tive circuit is 90°, current leading 
voltage. Then the average power is: 
P = EI cos 6 = 300 X 3 X cos 90° 
P —900x 0 
P = 0 watt. 
Therefore, no power is consumed in 
this circuit, but the generator must 
supply 900 watts of power, all of which 
it receives back. 

(2) In B of figure 87, a pure resistance of 
100 ohmsis connected across the gener- 
ator. The current in the circuit is again 
3 amperes, and since voltage and cur- 
rent are in phase, the phase angle is 
0°. The apparent power is: 

P = EI = 300 X 3 = 900 watts. 

The average power is: 

P = EI cos 6 = 300 X 8 X cos 0° 

P — 900 * 1 = 900 watts. 

Thus, the apparent power and the true 
power in an a-c resistive circuit are 
the same. 


(3) In C of figure 87, an L-C-R circuit is 
shown with inductive reactance of 300 
ohms, capacitive reactance of 100 
ohms, and resistance of 100 ohms. The 
impedance of this circuit is: 

Z = \/R* + (X,— Xo)? = (100)? + (200)? 
Z = \/50,000 — 224 ohms. 
The current in this circuit is: 
I = F = 300 
a OPA, 
I — 1.34 amperes. 
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The phase angle of this effectively in- 
ductive circuit may be determined 
from its cosine: 
Cos 6= R = 100 
Peon 
Cosé@=  .446 
= 63.4°. 
The average power consumed by the 
circuit is: 
P = El cos 6 = 300 X 1.34 X .446 
P —179 watts. 
The apparent power in the circuit is: 
P — HI = 300 X 1.34 
P — 401 watts. 
Thus, 179 watts of power are con- 
sumed in this circuit, but the generator 
must supply 401 watts, 222 watts of 
which are returned to the generator 
by the effective reactive element. 


56. Power Factor 


a. In reactive a-c circuits, the relative 
amounts of apparent power and average power 
are an important consideration from the point 
of view of efficiency and circuit design. In the 
circuits above, it may be noted that the average 
power differs from the apparent power by the 
factor of the cosine of 6. Thus, the cosine 6 de- 
termines the percentage of apparent power con- 
sumed as true power. The cosine of @ then, 
which is the phase angle between current and 
voltage, and by extension a measure of the re- 
actance present in the circuit, is called the 
power factor of the circuit. Then: 

P.F. (power factor) — cos 6. 
The power factor tells at a glance the relative 
power dissipated. 


b. The concept of power factor may be under- 
stood from another point of view. Since the 
cosine of 6 is equal to the ratio R/Z, both 
numerator and denominator of this expression 
may be multiplied by J?. Then: 

Cosé=PR=—PR. 
PZ WE 
However, /?R is equal to true power, and either 
I?Z or El is equal to apparent power. Therefore, 
the cosine of 6 is seen to be the ratio of true 
power to apparent power. This ratio is the 
power factor and is that decimal fraction be- 
tween 0 and 1 which represents the amount of 
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Xo =200 


Pap =EI = 300X3= 900 WATTS. 
Poy = EIcos®9 =300X3X0O=0 WATTS. 
A 


Pap = EI = 300X 3 = 900 WATTS. 
Pgy = EI cos® =300x 3X1 = 900 WATTS. 


B 


Pap =EI = 300 X 1.34 = 401 WATTS. 
Poy =EI cos © = 300X 1.34 X.446 =179 WATTS. 
C 
TM68I- 66 


Figure 87. Power relationships in a-c circuits. 


power actually used when compared to the 
power flowing in the circuit. Thus: 
P.F. =P (average) . 
P (apparent) 

c. It is important to realize that a power 
factor close to 1 is generally to be desired for all 
reactive a-c circuits using appreciable power. 
A low power factor means that there is a large 
discrepancy between the voltages and currents 
in the circuit and the small percentage of J and 
E needed to perform the work desired. The 
generator source and circuit elements, there- 
fore, would have to be designed to produce and 
withstand the larger values. As the power factor 
approaches 1, the generator and circuit ele- 
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ments need be only slightly larger than their 
useful values. For example, in the circuit C of 
figure 87 above, the power factor is: 

P.F. = Py =179 

Peron or 

P.F, = 446 = cos 6. 
The current through all elements is, as shown, 
1.34 amperes. The voltage across the inductance 
E, is equal to 1X;, and the voltage across the 
capacitance is equal to IX. Then: 
E, = 1.34 « 300 
E, = 401 volts. 
Eo = 1.34 « 100 
Eo = 134 volts. 
It is interesting to note also that at resonance a 
special condition in respect to the power factor 
occurs: Since the reactive elements cancel each 
other, R is equal to Z, the phase angle is 0°, 
apparent power is equal to true power, and the 
power factor is equal to 1. However, because of 
resonance, the current in the circuit is maxi- 
mum and accordingly the voltages across the 
reactive elements may be very high, a condition 
characteristic of circuit of low-power factor. 


And: 


57. Summary 


a. At any instant, the sum of the voltage 
drops around a closed circuit equals the applied 
voltage: 

€=— er X p+ eo. 

b. An a-c value of voltage or current is fully 
determined when its effective value and phase 
are known. 

c. Inaseries L-F circuit, the voltages are 90° 
out of phase: 

B= VBP LEP 
hi JRL XE 

d. In a series R-C circuit, the voltages are 
90° out of phase: 

aN 
Z=\/R? + Xe? . 

e. In a series L-C-R circuit, the voltages 
across the reactive elements are 180° out of 
phase and may be subtracted directly: 

B= /Ex? + (8; — Eo)? 

| ZG e=/ R21 (Xp — Xe 

f. The voltage drop across a single reactive 
element in a series L-C-R circuit can have a 
greater effective value than the applied voltage: 

K,=—1x X, 
Eo =1X Xo. 
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g. If X, is greater than Xo, the circuit acts 
inductively and the current lags the applied 
voltage by the phase angle @: 

- Tané= Xr_— Xe r 
R 

h. If Xo is greater than X,, the circuit acts 
capacitively and the current leads the applied 
voltage by the phase angle @: 

Tan 6 = Xe —_ Xr - 
R 

i. If Xz is equal to X¢, the circuit is resistive 
and the current is in phase with the applied 
voltage. 

j. If X, is equal to X¢, the circuit is resonant, 
and Z is equal to R, E,; is equal to Eg, and cur- 
rent is ata maximum. 

k. The voltage drops across the reactive ele- 
ments in a resonant circuit are maximum and 
may be far in excess of the applied voltage. 

l. The frequency at which an L-C-R circuit 
resonates is found by the formula: 

ie == ik F 
2a»/LC 

m. In a parallel L-R circuit, the branch cur- 
rents are 90° out of phase: 

Ip = Vie? +127 
Z= eA a 
Vi? + Xz? 

n. In a parallel R-C circuit, the branch cur- 

rents are 90° out of phase: 


Ip = V/1p? + Ic? 
Z = RX¢ 
o. In a parallel L-C circuit, the branch cur- 
rents are 180° out of phase and may be sub- 


tracted directly: 
I, = I,—Ie 
Z=X,XXc. 


X,— Xe 
». In a parallel Z-C circuit, the current in 
either branch may be greater than the line 
current: 


I,=—E 
‘Xr 

Ip=E 
Xo 


q. In a parallel L-C circuit, if X, is greater 
than Xo, Ig is greater than I,, the circuit acts 
capacitively, and line current leads the applied 
voltage by the phase angle 6; if X, is greater 
than X,, I, is greater than Ig, the circuit acts 
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inductively, and line current lags the applied 
voltage by the phase angle 6. 

r. In a resonant parallel Z-C circuit, the 
branch currents are equal and cancel, line cur- 
rent approaches zero, and the impedance of the 
circuit approaches infinity. 

s. A parallel L-C-R circuit not at resonance 
is either a parallel L-R or R-C circuit, depend- 
ing on whether I, is greater or less than I¢. 

t. In a d-e circuit, power in watts is deter- 
mined by Joule’s Law: 

P—f[R 
PEI. 

u. In an a-c circuit, power varies instantane- 
ously with voltage and current. The graph of 
instantaneous power goes through 2 cycles dur- 
ing 1 cycle of voltage or current. 


v. The a-c power curve has positive loops and 
negative loops: 


(1) If the area under the positive loops is 
greater than the area under the nega- 
tive loops, the circuit contains some 
resistance. 


(2) If the area under the positive loops 
equals the area under the negative 
loops, the circuit contains purely re- 
active elements. 

(3) If the area under the positive loops is 
less than the area under the negative 
loops, the external circuit contains a 
generator and is delivering power to 
the source. 


w. Both inductors and capacitors are capable 
of storing energy with small loss and return 
almost as much power to the source as they 
absorb. 

x. In an L-C-R circuit, the power which the 
generator must supply (regardless of the re- 
turn) is called the apparent power: 

P,, = HI. 

y. Inan L-C-R circuit, the only power actual- 
ly dissipated is the power absorbed by the re- 
sistance of the circuit, called the average or 
true power: 

Pw=2?R Py, = HI Cos 6. 

z. The cosine of @ is called the power factor 
of an a-c circuit and is the percentage of ap- 
parent power actually dissipated, or the ratio 
of apparent power to true power. 
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58. Review Questions 


a. How does the addition of instantaneous 
voltage drops around an a-c circuit differ from 
the addition of the effective rms values of these 
voltage drops? 


b. When is an a-c value of voltage or current 
fully determined? 


c. Give the formula for the impedance of an 
L-R circuit; of an R-C circuit. 


d. Draw a series L-C-R circuit. What is the 
formula for the impedance of this circuit? 


e. What is the phase relationship between 
the voltages across the reactive elements? Be- 
tween Er and Hg? 

f. What determines the voltage drop across 
any single element in an a-c circuit? 

g. What condition causes an L-C-F circuit to 
act as an L-R circuit? As an R-C circuit? 


h. How is the phase angle of an L-C-R circuit 
found? 
7. What is the phase relationship between 


current and voltage in an L-C-R circuit when 
Xz is equal to Xg? 


j. List the conditions present in a resonant 
L-C-R circuit. 

k. Give the formula for determining the re- 
sonant frequency. 

l. What is the phase relationship between the 
branch currents of a parallel L-R circuit? Of a 
parallel R-C circuit? 
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m. What is the formula for the impedance of 
a parallel Z-R circuit? Of a parallel R-C circuit? 

n. What is the phase relationship between 
the branch currents of a parallel L-C circuit? . 

o. Give the formula for the impedance of a 
parallel L-C circuit of negligible resistance. 

». How is the magnitude of the current in 
either branch of a parallel L-C circuit deter- 
mined? 

gq. How is the magnitude of the line current 
of a parallel L-C circuit determined? 

rv. List the conditions present in a parallel 
L-C circuit if X, is greater than X¢; if X¢ is 
greater than X,;. 

s. List the conditions present in a resonant 
parallel L-C circuit. 

t. Give the formulas for determining power 
in a d-c circuit. 

u. How does the graph of power in an a-c 
circuit differ from the graph of either current 
or voltage? 

v. How are the negative loops of a power 
curve to be understood? 

w. How is the net power delivered by a 
generator to an external circuit determined? 

x. Describe in what manner capacitors and 
inductors return the power they absorb. 

y. What is average or true power? Give its 
formula. 

z. What is apparent power? Give its formula. 

aa. What is power factor? Why is the cosine 
of 6 considered the power factor? 
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CHAPTER 5 
TUNED CIRCUITS AND RESONANCE 


59. Tuned Circuits 


a. In the preceding chapter, the special phe- 
nomenon of resonance was touched upon in the 
midst of the more detailed discussion of the 
fundamental properties of L-C-R circuits. In 
the present chapter, the various effects of reso- 
nant circuits will be considered at length, since 
this type of circuit and the principles control- 
ling it find wide application throughout the 
practice of radio communications. Resonant 
circuits, or tuned circuits as they are generally 
called, are important because their action is 
such as to set up certain advantageous condi- 
tions which may be utilized for purposes of dis- 
crimination, or the separation of voltages at one 
frequency from those at another frequency. The 
resonant circuit offers to electricity the same 
sort of directed advantage that the lever and 
the wheel, for instance, offer to the science of 
mechanics. When a lever is used to raise some 
heavy object, the advantage of weight lifting is 
offset by the added distance through which the 
lever is moved. Thus, distance is sacrificed to 
gain power, or, by the use of gears, power may 
be sacrificed to gain speed: In like manner, 
tuned circuits may offer high voltages at certain 
desirable frequencies and low voltages at all 
other frequencies, or they may be used to short- 
circuit undesirable frequencies and allow all 
others to pass at high voltages. Thus, a certain 
electrical advantage may be gained from tuned 
circuits. 


b. From the discussion in chapter 4 of series 
and parallel L-C-R circuits at resonance, it will 
be noted that the condition of resonance was 
characterized by the following facts: 

(1) The inductive and capacitive react- 
ances, being equal and opposite in di- 
rection, cancel each other. Thus: 

X,—Xo. 
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(2) The frequency of the circuit at reso- 
nance, f,, is determined by solving the 
formula above for f. Thus: 

t; = 1 

; 2a LLG 

(8) Ina series resonant circuit, impedance 
is at a minimum and current at a 

maximum, since the only effective op- 

position in the circuit is the resistance 

KR Thuse 


Geman Pie ( Xp eo) 2 
\ Vy ee 

| 

{ 
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(4) In a parallel resonant circuit, imped- 
ance in the line is at a maximum and 
current in the line is at a minimum, 
Since the reactances act together in 


\ such a manner as to raise impedance. 
\ Thus: 
A 5 Zr = Xz Xo 
X,-+ Xo’ 


Then, as the sum of X; and Xg ap- 
proaches zero, the impedance in the 
line approaches a maximum. 


60. The Series Tuned Circuit 


a. The summary above records the conditions 
in a tuned circuit at the point of resonance; 
however, in order to understand the tuned cir- 
cuit more fully it is necessary to consider the 
conditions existing in the circuit on either side 
of resonance. A of figure 88 is a representative 
network which may be solved for voltage, cur- 
rent, and impedance as the frequency of the 
circuit is varied through the resonant fre- 
quency. The a-c generator, whose frequency 
may be changed at will, delivers 300 volts rms 
across the 2-millihenry inductance, the 80-yyf- 
capacitor, and the 100-ohm resistance. The fre- 
quency of the generator is varied at intervals 
from 100 kilocycles to 600 kilocycles in order to 
determine the behavior of the circuit as it passes 
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in and out of resonance. As the frequency 
changes, the reactances of the circuit will 
change, and consequently total impedance and 
current will vary. The current in the circuit at 
the various positions of the generator may be 
determined by use of the now familiar formulas. 
Assuming the first generator frequency to be 
100 kes, then: 
X, = 27fL= 6.28 x 10° x 2 « 10-3 
X, = 6.28 xX 2x 10 
X;, = 1,256 ohms. 
And: 
Xo= 1 = 1 
27fC 6285109 Spal Oat 
Xc = 19,890 ohms. 
Then X, the effective reactance, is Xp — X, = 
19,890 — 1,256 — 18,634 ohms. The impedance 
of the circuit may be found: 
Z—/RP4 KS 
But since X is more than 10 times R, the total 
impedance may be taken (for practical pur- 
poses) to be that of the reactance value. Then: 
Z = 18,634 ohms. 
Andthecurrent J = HE = _ 300 
Zr 18,634 
I = .0161 ampere — 16.1 ma. 


b. In like manner, the conditions in this cir- 
cuit may be calculated for each frequency of the 
generator as it is varied up to 600 ke (kilo- 
cycles) in steps of 100 ke each. The table below 
lists the values of the separate reactances, the 
difference between them, the impedance, and 
the current in the circuit for each step. B of 


figure 88 is a graph of the variation in current ~ 


Frequency XxX, | Xo | x 


ke/sec ohms ohms (X,—Xo) 
0 0 ora) oro) 

100 1,256 19,890 18,634 
200 wits ie 9,945 7,438 
300 3,768 6,630 2,862 
850 4,400 5,670 270 

*398 5,000 5,000 0 
400 5,030 4,960 70 
450 5,620 4,410 1,240 
500 6,280 3,978 2,302 
600 7,536 3,315 4,221 


* Resonant frequency. 
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Figure 88. L-C-R circwit and resonance curve. 


I plotted against frequency f. The following 
chart and the graph together clearly show that 
at the resonant frequency of 398,000 cps, imped- 
ance is a minimum and equal to R, the current 
is a maximum, and the reactances are equal. 
The current at resonance in the circuit illus- 
trated above is 3 amperes, or 3,000 milliam- 
peres, determined by Ohm’s Law: 


I = E = 300 = 38 amperes. 


fe 2100 
R | Zz E I 

ohms ohms volts milliamperes 
100 ore) 300 0 

100 18,634 300 16.1 
100 7,433 300 40.0 
100 2,862 300 104.8 
100 1,270 300 236 
100 100 300 3,000 
100 122 300 2,460 
100 1,240 300 242 
100 2,302 300 130 
100 4,221 300 71 


‘ 


4 
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c. Thus, a resonant L-C-R circuit acts as a 
simple resistance circuit and has a current flow 
limited only by this resistance. However, it is 
important to note that the voltage across the 
reactive elements, although equal and opposite, 
may be very high and is determined by the cur- 
rent in the circuit multiplied by the reactance 
of the element. Thus: 

EK, = IX, = 83 & 5,000 

E, = 15,000 volts 

Ec = 3 X 5,000 

Ec = 15,000 volts. 
Figure 89 shows the current and voltage read- 
ings to be observed on meters placed in the cir- 
cuit of figure 88. It is apparent that the voltage 
across either L or C is 50 times the applied 
voltage, and that this reactive voltage depends 
on the current in the circuit, which in turn de- 
pends on resistance. Thus, a resonant circuit of 
' very little resistance is capable of producing 
enormous voltages across the reactances. Cer- 
tain communications circuits require such a 
high-voltage gain over a low-input voltage, and 
this type of resonant circuit offers this electri- 
cal advantage. 


61. Frequency at Resonance 


a. The condition of resonance in any circuit 
is determined initially by the equal and opposite 
reactances in the circuit. Since both inductive 
reactance and capacitive reactance depend di- 


rectly upon the frequency of the applied voltage, 
the condition of resonance may be stated as: 


2r7fL— 1 
27fC 
Then: 472f?LC —1. 
And: f?= 1 
Avr? LC 
Taking the square root of each side: 
f= 1 
PX 


Since f is the frequency when X, is equal to Xz, 
it is the frequency at resonance and may be 
written f,. Then: 


f= 1 
APIA Oe 
where: L =the inductance of the circuit in 
henrys, 
C =the capacitance of the circuit in 
farads, 
f, — the resonant frequency of the cir- 
cuit. 


Thus, in the previous example, the resonant 
frequency might have been determined from 
the values of L and C alone, without reference 
to the graph of B of figure 88. As given, L is 
equal to 2 mh and C is equal to 80 pyf. Then: 


acre ae 1 
Dae J/LC 6.28 *\/2K10?x« 8 xX 10-2 
— 1 = 10’ 
6.28 16 25.12 
1014 
— 398,000 cps. 


E,=15,000 VOLTS 


E=300 VOLTS 


E¢=15,000 VOLTS 


C=80 UUF 


R=100 OHMS 


Ep=300 VOLTS 
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Figure 89. L-C-R circuit: voltage and current readings at resonance. 
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b. A further examination of the formula for 
frequency at resonance reveals that for any 
value of Z and C there is only one definite reso- 
nant frequency. This frequency depends on the 
product of Z and C alone, since all other factors 
are constant. Thus, various combinations of 
values of L and C may be used in a circuit to 
achieve resonance at a given frequency as long 
as the product of the two values is the same. A 
large value of LZ and a small value of C may 
resonate at the same frequency as a large value 
of C and a small value of L. For instance, in the 
example above, an inductance of .56 mh and a 
capacitance of 320 »y»f resonates at the same 
frequency (398,000 cps) as the 2-mh L and the 
80-up»f C used originally. The chart below illus- 
trates this important fact by listing a series of 
values of L and C which when connected across 
a household circuit would resonate at the stand- 
ard 60-cycle frequency. 


Frequency L Cc EXC 

cycles /sec henrys microfarads (any constant) 
60 1 7 7 
60 2 3.5 7 
60 3 2:35 7 
60 4 1.75 rf 
60 5 1.4 +f 
60 6 1.16 7 
60 7 1 7 
60 8 .875 7 
60 9 77 7 
60 10 0 i} 


c. It will have been noticed also that the 
values of ZL and C for resonance at 398,000 cps 
were relatively small compared with those 
which resonated at 60 cps. This fact is indicated 
by the formula, since as either LZ or C increases, 
the resonant frequency decreases, and as L or C 
decreases, the frequency increases. Thus, high- 
frequency tuned circuits generally use very 
small components, and low-frequency tuned cir- 
cuits use relatively large coils and capacitors. 
Furthermore, if the value of either L or C is 
known, the value of the other component re- 
quired for resonance may be computed from 
the formula. 


92 


Since: 
p= 
47°LC 
then: L= Le 
4x *f2C 
and: C= 1 
47°fPL 


62. Resonance Curves 


a. In the calculations for frequency in the 


examples above, it will have been noted that the 


determination of frequency at resonance is in- 
dependent of the resistance in the circuit. A 
circuit having 10,000,000 ohms resistance will 
have the same resonant frequency as a circuit 
having l-ohm resistance, if the product of L and 
C is the same in both cases. The current in the 
circuit, however, is not independent of resist- 
ance. As noticed previously, the smaller the 
resistance of the circuit, the greater will be the 
value of the maximum current. In fact, if it 
were possible to design a circuit with zero re- 
sistance, the current at resonance would be in- 
finitely large. In practice, the resistance is never 
zero, but it may be very small, and thus current 
may be high at resonance but always well 
within a limiting value. 


b. The graph which shows how current varies 
in an L-C-R circuit as the frequency changes 
(voltage and resistance remaining fixed) is 
called a resonance curve. The characteristic 
Shape of a typical resonance curve was shown 
in B of figure 88. The steepness of the slope of 
the curve as it approaches and leaves resonance, 
as well as the height of the maximum point 
above the reference line, is dependant on the 
resistance in the circuit. Figure 90 shows some 
typical resonance curves for a circuit having 
the same L and C values but different values of 
resistance. The difference in the peak values for 
each of the curves is due to the different values 
of resistance in the circuit. Notice, too, that as 
the resistance R increases, the response curves 
become flatter and broader about the resonant 
frequency. If the resistance in a resonant cir- 
cuit is too large, the circuit loses its utility as a 
frequency selector; this means that little dis- 
crimination in amount of current flow (hence 
voltage) is made between frequencies at reso- 
nance and those not at resonance. Thus, the 


AGO 1736A e 


e 


R, (LOW RESISTANCE) 


Ro (MEDIUM RESISTANCE) 


Rz (HIGH RESISTANCE) 


ao 


fe =RESONANT FREQUENCY 


™T 681-74 


Figure 90. Typical resonance curves. 


initial selective frequency advantage of a reso- 
nant circuit is lost. 


63. Qof a Series Tuned Circuit 


a. In the circuit of figure 89, the voltages ap- 
pearing across the reactances at resonance are 
15,000 volts as compared with the input voltage 
of 300, which is also the voltage appearing 
across the resistance. This high voltage is de- 
rectly dependent on the current in the circuit, 
which is in turn dependent on the applied 
voltage and the resistance. A comparison, then, 
of the voltage across one of the reactances to 
the applied voltage gives an immediate indica- 
tion of the quality of a resonant circuit. Thus, 
a large difference in these voltages would indi- 
cate little resistance in the circuit, high current, 
and a steep, narrow resonance curve. This ratio 
of the voltages is termed the Q of a circuit and 
tells at a glance to what extent the special 
effects which are characteristic of resonance 
are present. The Q of a series tuned circuit, 
then, is defined as the ratio, at resonance, of the 
voltage across the inductance E, to the applied 
voltage E’, or of the voltage across the capaci- 
tance E, to the applied voltage H. Since E, is 
equal to E, at resonance, either voltage may be 
used to compute Q. Thus: 


Q=E, = IX, 
Beas 
Q—X,—27fL . 
Fiat 
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Referring to the circuit of figure 88 and its table 
of values: 
@ — 15,000 — 50 

300 

or: 
Q — 5,000 — 50. 
100 
b. The preceding expressions for Q indicate 

that @ varies inversely with the resistance in 
the circuit; the lower the resistance, the higher 
the Q will be. The curves of figure 90 indicate 
that the smaller the resistance in the circuit, the 
greater will be its frequency discrimination. 
Thus, it will be seen that Q is a measure of the 
ability of a resonant circuit to select or reject 
a band of frequencies. The higher the Q of a 
series resonant circuit, the greater will be its 
value as a frequency selector—that is, the nar- 
rower will be the band of frequencies showing a 
voltage gain at resonance. 


64. Bandwidth 


a. The bandwidth of a circuit is the total 
number of cycles above and below the resonant 
frequency which realize practically the same 
voltage gain as the resonant frequency itself. 
The width of this band is also called the band 
pass of the circuit. The effective limits of the 
band pass are taken to be the points on the 
resonance curve corresponding to .707 of the 
peak voltage or current, whichever is plotted. 
In figure 91, the shaded area represents the 
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band of frequencies for which the current is 
greater than .707 of the peak current. Note that 
one half of the band lies above the resonant fre- 
quency (f, to f.) and the other half of the band 
lies below the resonant frequency (f, to f,). 


b. The width of the band pass may always be 
found from the resonance curve. However, since 
the Q of a circuit determines the over-all width 
of the resonance curve, the band pass may also 


be found in terms of the resonant frequency and - 


the Q of the circuit. Thus: 
Band pass (cps) =f, ° 
Q 

From this formula, it can be seen that the 
higher the Q, the smaller the band pass, and, 
conversely, the smaller the Q, the greater the 
band pass. This result agrees with the previous 
conclusions regarding low resistance in series 
resonant circuits and its effect on the voltage 
gain of frequencies at resonance over those near 
to, but not at, resonance. 


BAND PASS 
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Figure 91. Bandwidth of a series resonant circuit. 


65. Analysis of Series Tuned Circuits 


a. A of Figure 92 illustrates the schematic of 
a series L-C-R circuit of 4-millihenry induct- 
ance L, 250-micromicrofarad capacitance C, 
and 50-ohm resistance R. A 30-volt rms a-c 
generator of variable frequency is applied to 
the network. The resonant frequency of this 
circuit is: 


f, = 1 as 1 
Qar\/LC  6.28\/4X 10-3 X 25 X 10-91 
= 1 — 10° 
6.28 /100 6.28 
VV 1014 
= 15,000 cps. 


The current at resonance is: 
I —E = 30 = .6 ampere. 
(Boe ED 
The Q of the circuit is: 
Q = X, = 27flL —6.28 x 159 x 108 x4 x 10-3 
ow R 
Q = 4,000 — 80. 
50 
The band pass of the circuit is: 
Band pass — f, = 159,000 
One 
— 1,990 cycles. 
The resonance curve is shown in B of figure 92, 
illustrating the band-pass limits and character- 
istic shape determined by the Q of the circuit. 
Thus, if greater bandwidth should be desired, 
the Q could be lowered, and the curve broadened 
simply by adding resistance to the circuit. 


b. In the circuit above, a 5-millihenry induct- 
ance is substituted for L. Then, in order to 
maintain resonance at 159,000 cps, the capaci- 
tor C must change. The new value of C may be 
determined from the formula for frequency at 
resonance. Thus: 


ioral 
4x 2f2L 
ain 1 
4% 9.86 X 159 X 10? X 159 x 10? X5 X 103 
G8 200 pit 


In changing the values of L and C, however, the 


-Q of the circuit has been changed, since @ de- 


pends on the ratio of reactance to resistance. 
The reactances are equal and opposite, as ex- 
pected, but of different value. Then: 

Q = 27fL— 5,000 

R 50 

Q = 100. 
In raising the Q of this circuit, the bandwidth 
narrowed: 

Band pass = f, — 159,000 — 1,590. 
Q 100 

Conversely, if Z is lowered and C increased, 
then both X; and Xv decrease, the Q of the cir- 
cuit falls, and bandwidth is increased. In gener- 
al, it may be said then that a high L/C ratio is 


desirable if a wide bandwidth is not the primary __ 
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Figure 92. Series tuned circuit and resonance curve. 


consideration, since Q and hence the gain of the 
circuit are increased. 

c. In figure 93 is shown a series tuned circuit 
as it appears in an intermediate stage of a radio 
receiver. This circuit is designed to resonate at 
455 kilocycles with a bandwidth of 10 kc. The 
resistance of the wire in the inductance is 
shown as the separate resistance R (30 ohms). 
Since the input voltage of the circuit is induced 
in the coil, it may be thought of as an a-c gener- 
ator in the circuit. The resonant high-voltage 
gain, which appears as a voltage across the 
capacitor, is delivered to the vacuum tube for 
further amplification. The essential determining 
factors in this circuit are its resonant fre- 
quency, band pass, and resistance. Therefore, 
the Q of the circuit is fixed: 

Q = ihe = 455 


band pass 10 
\ Ona wAb ib: 
AGO 1736A 


= 


Since RF is fixed, and since Q is equal to X;, then 


X, is fixed: 
X, = QR = 45.5 & 30 
X, = 1,365 ohms. 
The value of the inductance L is determined by 
X,. Thus: 
L= X, = ia) st a ee 
Qxf 6.28 x 455 & 10? 
L = .478 millihenry. 
Since Xv is equal to X,;, then Xo — 1,365 ohms 
C— 1 = 1 
27fX¢ 6.28 «x 4559<108 & 1365 
C = 256 pyf. 
These values for L and C may be checked to de- 
termine their resonant frequency. Thus: 


eel = 1 
Dory LO 6.28 /.478 < 25.6 
1014 
f,—= 107 = 455,000 eps. 
22 


Thus, a series tuned circuit consisting of an 
inductance of .478 millihenry, a capacitance of 
256 micromicrofarads, and a resistance of 30 
ohms has a resonant frequency of 455 ke and a 
bandwidth of 10 kc. B of figure 93 shows the 
resonance curve. A larger resistance will not 
change the resonant frequency, but it will in- 
crease the bandwidth and decrease the Q of the 
circuit. 


66. Some Applications of Series Tuned 
Circuits 


a. The principles of series resonant circuits 
considered above offer many interesting appli- 
cations in communications work. In A of figure 
94, the output of the L-C-R network is the 
voltage appearing across the resistance FR. The 
input is a variable frequency generator. At 
resonance, the impedance of the circuit is a 
minimum, current in the resistance is a maxi- 
mum, and the output voltage a maximum. For 
frequencies off resonance, the current falls off 
from maximum, as shown by the current versus 
frequency curve. The output voltage accordingly 
falls off in the same manner. Such a circuit may 
be used to pass a narrow band of frequencies 
and to discriminate against all others. In B of 
figure 94, the same series resonant circuit is 
rearranged to suppress a narrow band of fre- 
quencies and to pass all others. The resistance 
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Figure 93. Series tuned circuit and band pass. 


FR prevents current in the circuit from becoming 
too high. At resonance, the voltages appearing 
individually across LZ and C are opposite in 
direction and cancel each other across the out- 
put resistance R,. At all other frequencies, the 
voltages across L and C do not cancel completely 
and the difference voltage appears across the 
output resistance. Such a circuit may be used in 
band-rejection networks. In C of figure 94, 
another application of a series resonant circuit 
is shown. In this case, use is made of the fact 
that at resonance the voltage across the induc- 
tor or the capacitor is very large compared to 
the applied voltage. The voltage across the out- 
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put resistance R, varies as the voltage across 
the capacitor, thus passing a band of frequen- 
cies at and near resonance and suppressing all 
others. 


TM681-138 


Figure 94. Applications of series resonant circuits. 


b. Another excellent example of the use of a 
tuned series circuit is the first radio-frequency 
stage of a radio receiver. Figure 95 is a repre- 
sentative schematic of such a circuit. The 
antenna of a radio receiver is cut by the electro- 
magnetic waves from a radio transmitting sta- 
tion and thus has an emf induced in it. The 
frequency of the induced voltage is the same as 
that radiated by the broadcasting station. This 
induced voltage produces an ac in the primary 
of the transformer which couples the antenna to 
the first stage of the receiver. This current 
creates a changing magnetic field, which links 
the turns of the inductance in the tuned circuit. 
Thus, an emf is induced in the inductance of the 
tuned circuit, and this emf can be replaced by 
an equivalent a-c generator of effective value LH. 
If the capacitance in the tuned circuit is varied 
until the resonant frequency is the same as the 
frequency of this emf, then the current J will be 
a maximum. Since the voltage across the capaci- 
tor is equal to Q & E (applied), and a properly 
designed circuit-has a high Q, the voltage across 


AGO 1736A f 


f 


) 


the capacitor terminals c-d in figure 95 is con- 
siderably greater than the voltage induced in 
the antenna. The normal signal voltage picked 
up by the antenna is of the order of microvolts, 
and, if a usable signal is to be obtained, this 
small voltage must be amplified many times by 
vacuum tubes and a number of resonant cir- 
cuits. 
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Figure 95. Series tuned radio-frequency circwit. 


67. The Parallel Tuned Circuit 


The phenomenon of resonance, which was de- 
scribed above in terms of series circuits, also 
lends itself to analysis in terms of parallel cir- 
cuits. However, it is important to note that the 
so-called parallel resonant circuit is essentially 
the same circuit that has been analyzed above, 
but its application is such as to reveal a different 
set of operating conditions. Therefore, in order 
to avoid confusion and to keep the distinction 
between series and parallel circuits quite clear, 
the series resonant circuit is defined as one in 
which the signal orginates within the resonant 
circuit (A of fig. 96) ; and the parallel resonant 
circuit is defined as one in which the signal 
originates outside of the resonant circuit (B of 
fig. 96). The term tank circuit is also used com- 
monly in connection with resonant circuits, both 
series and parallel. The name tank is derived 
from the ability of an L-C combination to store 
energy, as will become evident in later discus- 
sions. In general, any resonant L-C combination 
is called a tank, especially when the reactances 
are shown connected without the signal or the 
resistance in the circuit being shown (C of fig. 


’ 96). Thus, in figure 95, the tuned circuit is a 
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series resonant circuit because its input voltage 
is induced in the coil, and may be thought of as 
an a-c generator in series with L and C. 


68. Parallel Resonance: the Ideal Tank 
Circuit 

a. A of figure 97 is the schematic diagram of 

a parallel-resonant circuit. The resistances Ry; 

and Rg are shown because the inductor and the 

capacitor always have some resistance as- 

sociated with them in practical circuits. Ordi- 
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Figure 96. Series and parallel tuned circuits. 
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narily Re is much smaller than R;. In the ideal 
tank circuit (a theoretical instance only), Rz 
and R¢ are assumed to be zero. B of figure 97 is 
the schematic of an ideal tank circuit. An a-c 
voltage of rms value # and frequency f is ap- 
plied across a combination of LZ and C. C of 
figure 97 is the vector diagram of this circuit. 
The applied voltage H appears across both the 
inductance and the capacitance, and is accord- 
ingly taken as the reference vector. 
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Figure 97. Ideal tank-circuit and vector diagram. 
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b. By Kirchhoff’s Law, the current flowing 
into the junction A (B of fig. 97) must equal the 
sum of the currents leaving A; therefore, the 
current J delivered by the generator is equal to 
I, + Io. Furthermore, the current through the 
inductance has the value E/X, and lags # by 
90°; the current through the capacitor has the 
value E/X, and leads FE by 90°. Thus, these two 
currents are 180° out of phase in respect to the 
applied voltage, and partial or complete cancel- 
lation will take place in the line, depending on 
the amount of each of the branch currents. If 
the capacitive reactance Xv, is less than the in- 
ductive reactance X,, the circuit acts capaci- 
tively, since the current I, will be greater than 
the current I,. If the inductive reactance X, is 
less than the capacitive reactance Xo, the induc- 
tive current I, will be greater than the 
capacitive current I,, and the circuit will act 
inductively. However, when X,, is equal to X,-— 
the same condition which produced resonance 
in the series circuit—the inductive and capaci- 
tive currents are equal, the branch currents 
cancel in the line, and the line current in the 
ideal circuit is zero. Thus, an ideal parallel reso- 
nant circuit presents infinite impedance to the 
line and acts as an open circuit. A of figure 98, 
is the vector diagram illustrating the capacitive | 
circuit (I, greater than I,) ; B the vector dia- 
gram for the inductive circuit (I; greater than 
I~); and C the vector diagram for resonance 
(I, equal to I). 

c. The third case above, in which the parallel 
tuned circuit acts as an open circuit, is the one 
which is the most interesting. Despite the fact 
that a non-zero voltage has been applied by the 


generator to the tank, the current delivered by 


the generator is zero. This can be interpreted to 
mean that the ideal parallel resonant circuit 
presents infinite opposition or impedance to the 
source when the condition X,; — X¢g is satisfied. 
Previously, it was found that this equation 
yields the frequency at resonance: 
f ieee coal 
2 2 \/LG 

Thus, the resonant frequency of an L-C circuit 
is the same whether it be connected in series or 
in parallel. Sometimes, however, the term anti- 
resonant frequency is applied to a parallel cir- 
cuit, resonant frequency being restricted solely 
to the series circuit. In any case, a given L-C 
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Figure 98. Vector diagrams of parallel L-C circuits. 


combination has one resonant frequency, what- 
ever name is applied to it. 


69. Current in the Ideal Tank Circuit 


a. An analysis of current present in the ideal 
parallel tank circuit is instructive, although the 
circuit is not practicable. Such a device proves 
useful in setting up limiting conditions for com- 
parison with practical circuits. A of figure 99 is 
the schematic of an ideal tank circuit in which 
three meters have been placed to measure the 
currents in the inductive branch, in the capaci- 
tive branch, and in the line. The frequency of 
the applied voltage is variable. At frequencies 
much lower than the resonant frequency, X, is 
much less than X;, and the meter in the induc- 
tive branch will show a value almost equal to 
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the current in the line; whereas, at frequencies 
much higher than the resonant frequency, X, is 
much less than X,; and the meter in the capaci- 
tive branch will show a value almost equal to 
the current in the line. At the resonant fre- 
quency, X, is equal to Xv, the meter reading in 
the inductive branch is the same as that in the 
capacitive branch, and the meter in the line 
reads zero. This last fact is illustrated by the 
graphs of B of figure 99, which show that at any 
and every instant the branch currents are equal 
in magnitude and that their resultant current is 
zero. 

b. The following generalizations may now be 
made about an ideal parallel tank circuit: 

(1) At zero frequency, the inductance be- 

haves as a short circuit (X, is zero), 
the capacitor behaves as an open cir- 
cuit (X, is infinite), and the imped- 
ance offered to the line is zero. 
At infinite frequency, the capacitor be- 
haves as a short circuit (Xz, is zero), 
the inductance behaves as an open cir- 
cuit (X, is infinite), and the imped- 
ance offered to the line is zero. 

(3) At resonance, the inductance and ca- 
pacitor individually present finite re- 
actance to the line (X, and X, neither 
zero nor infinite), the reactive currents 
are 180° out of phase, and the imped- 
ance offered to the line is infinite. 

c. In the discussions above, attention has been 
directed to the currents in the line and in the indi- 
vidual branches. It is important to realize, how- 
ever, that although line current is zero at reso- 
nance, the current in the capacitor, and the cur- 
rent in the inductance are the same current; that 
is, the reactive currents are in phase in the tank 
itself and circulate from capacitor to induct- 
ance. This reciprocating action is like the har- 
monic motion of a pendulum. Once set in motion, 
a pendulum stores energy as it moves to one 
side and this energy is given back as it returns. 
Thus, the capacitor (once charged) delivers 
energy to the inductance, which stores the 
energy and returns it to the capacitor. In an 
ideal tank circuit, this reciprocity of energy 
would continue indefinitely. The current arrows 
of C of figure 99 help one to visualize this action. 
It will be seen that the currents set up by the 
applied voltage in L and C at any given instant 
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Figure 99. Ideal parallel resonant tank circuit. 


are opposite in direction in respect to the line 
and cancel each other. Within the tank itself, 
which may be considered a series circuit once 
the capacitor has been charged, the currents 
flow together first in one direction and then in 
the other. The dotted arrows show the current 
in the tank in alternate half-cycles. Thus, within 
an ideal tank circuit, current at resonance oscil- 
lates perpetually; off resonance, the difference 
between the branch currents is the current in 
the line. 

d. As frequency varies through resonance, the 
current inthe line variesthrough zero. This vari- 
ation may be shown by a resonance curve which 
is similar in shape to the series resonant curve 
but inverted as to position. Figure 100 shows 
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series and parallel resonance curves superim- 
posed one upon the other. The circuits are con- 
sidered to be ideal; that is, the resistance is 
zero, resulting in infinite current at series reso- 
nance instead of a finite amount, and resulting 
in zero current at parallel resonance. 
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Figure 100. Resonance curves for ideal parallel and 
series circwits. 


70. Impedance and Reactance in the 
ideal Parallel Tank Circuit 


a. In the series L-C circuit previously dis- 
cussed, current is everywhere the same and 
voltages across any element may be determined 
simply by Ohm’s Law for a-c circuits. In the 
parallel-resonant circuit, the voltage is every- 
where the same, and currents in the separate 
branches and in the line are determined by the 
impedances present in the branches (taken 
separately) and by the total impedance to the 
line. Thus, current in the inductive or capacitive 
branch at any moment is found: 


and: 


ot 
| 
He 45 
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The total line current J is found by Ohm’s Law: 

I =E 

Gi 

Moreover, as noted above, the total line current 
is equal to the sum of the branch currents 
(added vectorially) : 

I—I,+ Ie. 
Since these currents are 180° out of phase and 
X¢ is conventionally taken as negative, then: 


I —I,—I¢. 
Then: = tole 
vA 
And: Z= E — FH = H 
[j= Io E— KE EB (Xo — Xz) 
L Xo Xz, Xo 
Z = Xz, Xo 
Gate 


b. The impedance of a parallel L-C circuit 
differs from that of a series L-C circuit in one 
important respect, the change of sign affecting 
X, and X,. A greater inductive reactance in a 
series circuit causes the circuit to act induc- 
tively; whereas a greater inductive reactance in 


a parallel circuit causes the circuit to act capaci- - 


tively, since more current flows in the capaci- 
tive branch. Thus, an examination of this 
formula for impedance reveals the following 
facts: 

(1) If X_ is greater than X,;, the denomi- 
nator of the expression is positive; 
thus, Z is positive, and the circuit be- 
haves inductively. 

(2) If Xo is less than X,, the denominator 
of the expression is negative; thus, Z 
is negative, and the circuit behaves 
capacitively. 

(3) If either X; or X¢g is equal to zero, then 
Z is zero. 

(4) Because both X; and Xg depend on 
frequency, the impedance of the cir- 
cuit will also vary with frequency. 


c. A graph of the variation of impedance of 
the ideal parallel tank circuit as frequency 
changes and it passes through resonance is 
shown by the reactance curve of figure 101. 
This curve illustrates clearly the following 
points: 

(1) At zero frequency, the impedance is 
zero. 
(2) At resonance, the impedance is infinite. 
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(83) As frequency increases beyond the 
resonant frequency, the impedance ap- 
proaches zero. 

(4) The circuit behaves like an inductance 
for frequencies below the resonant 
frequency, and behaves like a capaci- 
tance for frequencies above the reso- 
nant frequency. 

The preceding points indicate that the tank 
circuit is very versatile. It can be used to simu- 
late the properties of either a capacitor or an 
inductor. 

d. For example, figure 102 is the schematic 
of a parallel L-C circuit of 4-millihenry induct- 
ance and 40-micromicrofarad capacitance; re- 
sistance is present in this circuit, but the 
amount is negligible. The variable frequency 
generator delivers 300 volts rms. The frequen- 
cy at resonance is determined: 


ie a 1 
Qar\/LC  6.28\/4 K 10-7 & 4% 10-81 
(el = 107 
Ge Ge are 
1014 


f, = 398,000 eps. 
The current in either branch is determined by 
the reactance of that branch. Since I, is equal 
to Ig, either reactance may be used: 
X, = 27fL = 6.28 & 398 * 103? «x 4 103 
Xz = 10,000 ohms. 
Then: I, — HE = 3800. 
Xz, 10,000 
I, = .03 ampere. 
Thus, a current of .03 ampere circulates in the 
tank, but the current in the line is practically 
zero, Since, aS has been shown, the resonant 
tank offers a maximum impedance to the line. 
e. If the frequency of the generator is 
changed to 200,000 cps, the currents in the 
branches differ : 
X,=—27fL—6.28*2x«10°x4~x 10-3 
X;, = 5,024 ohms. 


Then: I, — EF = 300 
Xr, 5,024 
I, —.059 ampere. 
ANG: trie 7 let 1 


2xfC 


O20 <2 10S 4 S10 
108 
50.24 
Xo = 19,900 ohms. 
Then: Ir = E = 300 
Xg 19;900*" 
Ig = .015 ampere. 
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Figure 101. Reactance chart for ideal parallel tank circuit. 


Since the inductive current is greater than the 
capacitive current, the circuit behaves as an 
inductance. The line current is: 

I =1I,—Ig = .059 — .015 — .044 ampere. 
Thus, the current in the line is 44 milliamperes, 
lagging the applied voltage by 90°. B of figure 
102 is the vector diagram of this circuit at a 
frequency of 200,000 cps (resistance negli- 
gible). Using the formula for impedance: 

Z= X,Xo = 5,024 « 19,900 — 108 
Xo wo 19,900 5,024 ep 14876 
Z = 6,720 ohms. 
Since the sign of Z is positive, the circuit be- 
haves inductively. Then: 
I— EF — 300 — .044 ampere. 
Zev6 5720 : 
These results check with the findings above: 
The line current is 44 milliamperes, lagging the 
applied voltage by 90°. 


71. Qofa Parallel Resonant Circuit 


a. The conclusions reached in the discussion 
of the ideal tank circuit, and the results of the 
circuit analysis above, were based on the as- 
sumption of zero resistance or negligible resist- 
ance in the parallel branches. A of figure 103 
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Figure 102. Parallel L-C cireuit and veetor diagram. 


shows an equivalent schematic diagram of a 
practical circuit: R, and Rg are the resistances 
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in the inductive and capacitive branches, re- 


spectively. The magnitude of these resistances 
determines the quality or Q of the resonant 
circuit, as was shown to be true of the series 
circuit. The presence of resistance in either or 
both branches of the parallel circuit means that 
the branch currents are not exactly 180° out of 
phase at resonance. The resistance changes the 
phase angle of each branch, as illustrated by the 
vector diagram B of figure 1038. Since the cur- 
rent in either branch of a practical circuit is 
determined by the impedance of the branch and 
not by the reactance alone, the branch currents 
do not cancel completely, and the line current 
results. Thus, at resonance the reactive com- 
ponents of the currents are equal and opposite, 
and the resultant current is always along the 
horizontal vector, which represents the applied 
voltage #. As indicated in the diagram, the 
resultant line current is in phase with the ap- 
plied voltage and is proportional to the arith- 


B 
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Figure 103. Parallel resonant L-C-R circuit and vector 
diagram. 
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metical sum of the resistive components of the 
branch circuits (R,; + Ro). Thus, the greater 
the sum of R; and Re, the smaller the respec- 
tive phase angles and the greater the line cur- 
rent. The magnitude of the line current at 
resonance, then, is indicative of the amount of 
resistance present in the circuit, and hence of 
the Q of the circuit. 


b. In the series resonant circuit, the quality 
or Q of the circuit is determined by the ratio 
of the voltage across either reactance as com- 
pared to the applied voltage. Since voltage is 
everywhere the same in the parallel resonant 
circuit, the Q of the circuit is determined by the 
ratio of the current in the tank as compared to 
the line current. Then: 

Q = Trani - 
bree 
Since the capacitive branch generally has neg- 
ligible resistance, the capacitive current may 
be taken to be the resonant tank current, and: 


E 
Q=lb=Xc=Z. 
I BE Xo 
we 
Since Z = xX, Xg_ and the sum of the re- 
Xo — Xz 


actances in the denominator of this expression 
is the impedance within the tank, then Xp — 
Xz may be replaced by \/R? + (Xz — Xc)?, 
that is, by R. Therefore: | 
Q=X:Xc#@X.. 

Ri create 

Xo 
Thus, the Q of a parallel resonant circuit is 
found to be the same as that of a series resonant 
circuit: the ratio of the inductive (or capaci- 
tive) reactance to the resistance of the circuit. 
If the Q of a circuit is known, the total im- 
pedance and the current in the tank may be 
determined from the formulas above. 
Since: 


QZ 
Xo 
then: Z = QXc (or QXz). 
And since: Q = Io 
I 
then: Io =QI. 


c. From this last equation it is evident that 
the important fact about parallel resonance is 
not the magnitude of the current in the tank 
(equal to E/X,z or to E/X¢), but the ratio of 
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this current to the line current, that is, the Q 
of the circuit. As with series resonance, the 
greater the resistance in the circuit, the lower 
the Q and accordingly the flatter and broader 
the resonance curve of either line current or 
circuit impedance. The bandwidth of the paral- 
lel resonant circuit thus follows the specifica- 
tions for bandwidth at series resonance. The 
bandwidth, then, of the parallel resonant cir- 
cuit is defined as the number of frequencies 
between the points .707 down from maximum on 
the impedance curve. Thus: 
Band pass =f, . 


Also, it can be shown mathematically that when 
the Q of a tank circuit is 10 or greater, all the 
conclusions reached for the ideal tank circuit 
(zero resistance) are valid for the tank circuit 
with resistance. 

d. A comparison of two resonant circuits, 
one series and one parallel, with applied volt- 
age EF and with L, C, and F of the same values, 
reveals the following interesting relationships 
between the two. Since circuit values are the 
same, the Q of both circuits is the same. Also, 
as shown above, the current within the tank of 
the parallel circuit is equal to @ times the line 
current: 


And z, pa es 
Xr, 

Also: ee vies 
R 


Comparing the current in the series circuit to 
that in the parallel tank: 


H 
Loner — R= Xr =r Q 
liens 1y} R 

Xr, 


Then: I series’ — Q aK Lica . 
The current in a series resonant circuit then is 
Q times that in the tank of a parallel resonant 
circuit; and this latter is Q times greater than 
the parallel line current. Therefore, substitut- 
ing Q X Tune for Lronx: 

Tree a Q x Qhine = QO? Tune: 
The current in the series resonant circuit then 
is Q? times greater than the current in the line 
of the parallel resonant circuit. In like manner, 
a comparison of voltages reveals that the volt- 
age across either reactance in the series reso- 
nant circuit is Q? times the voltage across the 
resistance RF in the parallel tank circuit. 
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72. Universal Curves for Parallel Reson- 
ance 


a. The universal curves for a parallel reso- 
nant circuit are shown in figure 104. The im- 
pedance curve is the characteristic resonance 
curve; the reactive component curve will be 
recognized as a composite of the curves of figure 
102. The Q of the circuit is relatively high, since 
the impedance curve is steep and narrow. At 
resonance, the reactive components cancel at 
zero, and the impedance curve maximum cor- 
responds to the maximum of the resistive com- 
ponent curve. This means that, at resonance, 
the source or generator sees a maximum im- 
pedance with zero reactance; therefore, the im- 
pedance is by definition a pure resistance. It 
should be noted, however, that this resistance 
is not R, the physical resistance of the tank 
circuit. By the resistive component is meant 
the opposition to the circuit source over and 
above the resultant reactances. For example, 
at some point near resonance, the impedance of 
the circuit is far greater than either reactance 
and far greater than the difference between 
the reactances. This difference between the 
reactances is the only reactive component in 
the circuit, and the balance of the opposition 
to the source must be, by definition, a pure re- 
sistance. The resistive component curve has 
the same characteristic shape as a resonance 
curve but with steeper sides. Of particular 
interest is the fact that at the limits of the 
bandwidth (points on the impedance curve .707 
down from the maximum impedance), the re- 
sistive component drops to 50 percent of the 
resonant impedance, and that these points cor- 
respond to the maxima and minima on the 
reactive component curve, each also 50 percent 
of the resonant impedance. 


b. The preceding analyses of parallel reso- 
nance may be summed up as follows: 


(1) The impedance presented to the source 
is a maximum and a pure resistance 
at the resonant frequency. 


(2) The line current is a minimum and in 
phase with the applied voltage. 

(3) For frequencies above and below reso- 
nance, the tank circuit impedance is 
no longer purely resistive, containing 
a reactive component. 
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Figure 104. Universal curves of a parallel resonant circuit. 


(4) At the resonant frequency, the tank 
circuit has zero reactance. 

(5) Above resonance, the circuit behaves 
capacitively ; below resonance, the cir- 
cuit behaves inductively. 


c. For example, a parallel L-C-F circuit reso- 
nant at 100,000 cps has an inductive reactance 
of 10,000 ohms, capacitive reactance of 10,000 
ohms, a resistance R of 200 ohms (the com- 
bined R,; and Rc), and an applied voltage of 
300 volts. The Q of the circuit is determined: 

Q = X, = 10,000 — 50. 
R 200 
The impedance Z to the source is: 
Z=Q < X, = 50 X 10,000 — 500,000 ohms. 
The line current J may be determined: 
I=H= 300 = .0006 ampere 
Z 500,000 
I — .6 milliampere. 
The current in the tank is: 
Tank = Q X Trine = 50 XK .0006 — 30 milliamperes. 
The bandwidth of the circuit is: 
Band pass = f, = 100,000 — 5,000 cycles. 
Q 50 
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On either side of resonance at the limits of the 
bandwidth, the impedance of the circuit is .707 
of the maximum impedance of 500,000 ohms, 
or 353,000 ohms. The resistive component of 
this impedance is 50 percent of maximum, or 
250,000 ohms; the reactive component at the 
lower frequency is also 50 percent of maximum, 
or 250,000 ohms positive, and at the upper fre- 
quency 250,000 negative. The power consumed 
by the circuit at resonance is equal to # x I, 
since the impedance is a pure resistance. Thus: 
P—Ex<I=8300 X .0006 — .18 watt. 
To prove that this power is actually consumed 
by the resistance RF, that is, by Rz + Re, it is 
necessary only to calculate the power consumed 
by that resistance because of the current 
through it. Thus: 
P = PR = .03? X 200 =.18 watt. 

At the limits of the bandwidth the current in 
the line is doubled (since Z is halved) and the 
power consumed by the resistive component 
is the same as the foregoing (since the resistive 
component is halved) : 
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P=[?R = E? X R = 300 X 300 XK 250,000 


2 353,000 & 353,000 
P—9x< 10° 2.5 x 10° = .18 watt. 
1.25 1012 


The resistive component of the impedance of 
a parallel L-C-R circuit, then, is not imaginary ; 
it consumes power and the concept is a way of 
expressing the power dissipated by the physical 
resistance (R; + Re). Also of interest is the 
fact (revealed by the foregoing) that the aver- 
age power consumed by a parallel L-C-F cir- 
cuit is the same in or out of resonance (if the 
load R; -+ Re remains constant) ; whereas, the 
average power consumed by a series L-C-R cir- 
cuit is greatest at resonance. 


73. Some Applications of Parallel Tuned 
Circuits 


a. Like the series tuned circuit, the parallel 
tuned circuit may be used in band-pass or band- 
rejection networks. A of figure 105, the re- 
sistance R, is placed in series with a parallel 
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Figure 105. Applications of parallel resonant circuits. 
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L-C-R circuit and a variable-frequency genera- 
tor. At resonance, the impedance of the tuned 
circuit is a maximum and line current a mini- 
mum; therefore, the current through R, is a 
minimum. Off resonance to either side, the im- 
pedance of the tuned circuit falls and current 
in the line rises, and accordingly current 
through R, rises. Since current rises and falls 
through R,, the voltage across it follows the 
same pattern, as shown by the graph. Thus, 
if the terminals across R, are used as the output 
of this circuit there will be good voltage output 
at all frequencies except at those making up 
the bandwidth of the resonant frequency of 
the tuned circuit. This, then, is a band-rejec- 
tion circuit. 

b. In B of figure 105, the same circuit is 
shown except that the output terminals are 
across the tuned circuit. At resonance, the 
current in the line is a minimum, and the im- 
pedance of the tuned circuit is high. Since the 
voltages Ep and Ep divide proportionately to 
their respective ohmic resistance (their sum 
equal to the applied voltage), Ep is greatest and 
Er least at resonance. Off resonance, the im- 
pedance across the tuned circuit falls, and ac- 
cordingly the voltage across it falls. This rise 
of Ep at resonance is shown by the graph. Thus, 
this circuit will show little voltage output to 
any frequency except to those of the bandwidth 
at resonance. This, then, is a band-pass circuit. 


74. Filter Circuits and Wavetraps 


a. The principles of the variation of induc- 
tive and capacitive reactance with frequency, 
and the principles of the variation of impedance 
in series and parallel tuned circuits, are often 
used in filter circuits and wavetraps either to 
pass all frequencies below or above a certain 
frequency, or to pass or reject certain bands of 
frequencies. A and B of figure 106 illustrate 
the fundamental filter circuits. In A, high fre- 
quencies at the input meet a relatively high in- 
ductive reactance in LZ and a low capacitive re- 
actance in C. Thus, high frequencies are 
stopped by LZ and effectively short-circuited by 
C. Low frequencies meet little opposition in 
L and high opposition in C. Therefore, low fre- 
quencies pass from input to output, and this 
arrangement is called a low-pass filter. In B, 
low frequencies meet a relatively high capaci- 
tive reactance in C and a low inductive reac- 
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tance in L. Thus, low frequencies are stopped 
by C and effectively short-circuited by L. High 
frequencies meet little opposition in C and high 
opposition in L. Therefore, high frequencies 
pass from input to output, and this arrange- 
ment is called a high-pass filter. 


INPUT C OUTPUT 


LOW-PASS FILTER 


OUTPUT 


HIGH-PASS FILTER 


B 
TM 681-67 


Figure 106. Fundamental filter circuits. 


b. A and B of figure 107 illustrate more 
elaborate low-pass and high-pass filter circuits 
known as 7z-type filters, so-named from the re- 
semblance of the schematic to the symbol. The 
element nearest the input characterizes the 
filter. Thus, A shows a capacitor input z-type 
low-pass filter, and B an inductor input z-type 
high-pass filter. C and D of figure 107 show 
inductor input low-pass and capacitor input 
high-pass filters, respectively. 

c. A and B of figure 108 illustrate band-pass 
and band-rejection filters. In A, the resonant 
band frequencies find the series resonant cir- 
cuits S and S’ low-impedance paths and the 
parallel resonant circuit P a high-impedance 
path. Thus, the resonant band of frequencies 
is rejected or suppressed. All other frequencies 
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Figure 107. Characteristic filter circutts. 


find S and S’ high-impedance paths and P a 
low-impedance path, and accordingly they pass 
from input to output with little opposition. In 
B, the resonant band frequencies find the paral- 
lel resonant circuit P and P’ high-impedance 
paths, and the series resonant circuit S a low- 
impedance path. Thus, the resonant band is 
passed from input to output with little opposi- 


B 


BAND -REJECTION FILTER A 
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Figure 108. Band-filter circuits. 
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tion. All other frequencies find P and P’ low- 
impedance paths and S a high-impedance path, 
and accordingly these frequencies are rejected. 


d. The band-pass filter considered above finds 
wide application in radio communication cir- 
cuits. By means of variable capacitors, the 
various resonant circuits may be adjusted at 
will to pass one band of frequencies and then 
readjusted to pass some other band, thus select- 
ing first one broadcast station and then another 
to the exclusion of all others. A of figure 109 
shows a typical band-pass filter as used in the 
intermediate stages of a radio receiver. The 
heavy lines emphasize the filter; the function- 
ing of the other elements shown need not be 
taken up at this point. B of figure 109 is this 
same circuit drawn out as an equivalent filter 
circuit in terms of previous illustrations. Paral- 
lel resonant circuit P offers high opposition and 
the series resonant circuit S little opposition; 
after passing through the vacuum tube, circuits 
P’ and S’ offer impedances similar to P and 
S. Thus, this circuit is a band-pass filter. 

e. The principles of band rejection are also 
used in television circuits to eliminate some un- 
wanted signal. These circuits are known as 
wavetraps. Figure 110 shows a dipole antenna 
connected to a television receiver by lead-in 
wires. An undesired signal may be eliminated 


by placing a series circuit (resonant to that 
frequency) to ground from each lead wire. The 
undesired signal finds minimum impedance and 
is short-circuited to ground; all other signals 
find maximum impedance and pass on into the 
receiver. Thus, the undesired signal is said to 
have been trapped out. 


75. Summary 


a. A resonant circuit offers a directed elec- 
trical advantage similar to the directed ad- 
vantage of the lever in mechanical systems. 

b. A series resonant or series tuned circuit 
is defined as one in which the signal originates 
within the resonant circuit. 

c. A series circuit is resonant if: 


ay) ge 
(Of) 2 
(en one 
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d. At resonance, the reactances cancel, cur- 
rent is a maximum, impedance is a minimum, 
and the phase angle is 0°. 

e. On either side of resonance, current is low 
and impedance is high. 

f. At resonance, current is a maximum and 
the voltages across the reactances are maxi- 


mum. 


s! 
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Figure 109. Band-pass filter in communications receiver. 
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Figure 110. Wavetrap for television receiver. 
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g. The frequency at resonance is: 
f, aa sl. 
7 2 «\/LC 

h. For any given frequency, the product of 
L and C is a constant: At low frequencies, L 
and C are large, and at high frequencies, L and 
C are small. 

1. The frequency at resonance is independent 
of the resistance of the circuit. 

7. Resistance in a resonant circuit determines 
the maximum current and the steepness of the 
slope of the resonance curve. 

k. The Q of a series resonant circuit is the 
ratio of E, (or Ec) to E, the applied voltage: 

Ce 
E & 

l. Q is a measure of the selectivity of a cir- 
cuit and varies inversely with the resistance 
in the circuit: the lower the resistance, the 
higher the Q and the greater the difference be- 
tween the voltages available at the resonant 
frequency and the voltages at frequencies off 
resonance. 

m. The bandwidth of a circuit is the total 
number of cycles above and below the resonant 
frequency which realize practically the same 
voltage gain as the resonant frequency. 

n. The effective limits of the band pass are 
points on the resonance curve .707 down from 
the maximum. 


Band pass = f, . 


o. A series resonant circuit may be used as 
a band-pass or band-rejection network, depend- 
ing on the position of the output terminals. 

». A parallel resonant circuit is defined as one 
in which the signal originates outside of the 
resonant circuit. 

q. A tank circuit is any resonant circuit, 
either series or parallel. 

r. A parallel circuit is resonant if: 

(1) X, = Xo. 
(2) 1, =I¢. 

s. The frequency of resonance of a parallel 
circuit (sometimes called the anti-resonant 
frequency) is: 

f,=— 1 
2 a \/LC 

t. In a parallel resonant circuit, the branch 
currents cancel, the line current is a minimum, 
impedance is a maximum, and the phase angle 
is 0°. 
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u. On either side of resonance, line current 
is high (the difference between the branch cur- 
rents) and impedance is low. 

v. At resonance, the current in the inductance 
and the current in the capacitor are the same 
current (the tank current) circulating from 
inductance to capacitor and back again in- 
definitely : 


IL=EH 
Xt 
Ic=E. 
Xe 
Trent = HOreE' . 
Xo Xz 
Tine =e . 
Zi, 


w. At. frequencies above resonance, X, is 
greater than Xo, Ic is greater than I;, and the 
circuit acts capacitively; at frequencies below 
resonance, X¢ is greater than X,, I, is greater 
than Ig, and the circuit acts inductively. 

x. A tank circuit can be used to simulate the 
properties of either a capacitor or an inductor. 

y. The Q of a parallel resonant circuit is the 
ratio of the current in the tank (I; or Ic) to the 
current in the line: 

Q=I,=—=X,=Z. 
1 Ey & Xe 

z. The frequency at resonance, the Q (X,;/ 
FR), and the bandwidth of both series and paral- 
lel resonant circuits are the same. 

aa. The resistance of the tank R (R; + Reo) 
determines the impedance of the line at reso- 
nance: 


Z=X,X Xo = Xz? or Xo? : 
R Ren 

Z = QX_, or QXo. 

ab. At resonance, the impedance of the tank 
is purely resistive. 

ac. The parallel resonant circuit may be used. 
as a band-pass or band-rejection circuit. 

ad. A filter circuit is one which discriminates. 
between signals of different frequencies. 

(1) A low-pass filter passes low frequen-. 
cies at a higher voltage than high fre- 
quencies of the same input voltage. 

(2) A high-pass filter passes high frequen- 
cies at a higher voltage than low fre- 
quencies of the same input voltage. 

(3) A band-pass circuit passes a given 
band of frequencies at a higher volt-. 
age than all other frequencies. 
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(4) A band-rejection circuit passes all 
frequencies at a higher voltage than 
those of a given band. 

ae. A wavetrap is a band-pass or band-rejec- 
tion filter so arranged that an undesired signal 
is eliminated. 


76. Review Questions 


a. Define a series resonant circuit. 

b. List the conditions present in a series reso- 
nant circuit. 

c. What is the relationship between current 
and impedance at resonance? Off resonance? 

d. What is the relationship between the volt- 
ages across the reactances at resonance? Off 
resonance? 

e. Give 
resonance. 

f. Show that the product of Z and C is a con- 
stant for any given frequency. 

g. What effect does the resistance in a circuit 
have upon the frequency of resonance? 

h. What is the Q of a resonant circuit? How 
is it determined? 

7. What is the relationship between the volt- 
age across either reactance and the applied 
voltage in a series resonant circuit? 

j. Why is the Q of a circuit the measure of 
its selectivity? 

k. What is bandwidth? Give its formula. 

l. Draw the schematics of series resonant 
circuits showing output terminals for band pass 
or band rejection. 

m. Define a parallel resonant circuit. 


the formula for frequency at 
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n. What is a tank circuit? Why is it so 
named? 

o. List the conditions present in a parallel 
resonant circuit. 

p. What is the anti-resonant frequency of a 
circuit? 

q. What is the relationship between branch 
currents, and between line current and im- 
pedance, of a parallel resonant circuit? 

r. What is the phase angle of a parallel reso- 
nant circuit? 

s. Describe the circulating current in a paral- 
lel tank circuit. 

t. How is the magnitude of the current in 
a resonant tank determined? 

u. What is the relationship between current 
in the tank and current in the line of a parallel 
resonant circuit? 

v. Explain the fact that a parallel L-C cir- 
cuit may be used to simulate the properties of 
either a capacitor or an inductance. 

w. Give the formulas for the Q of a parallel 
resonant circuit. 

x. What is the formula for the impedance of 
a parallel resonant circuit? 

y. Explain what is meant by the fact that 
the impedance of a resonant tank is said to be 
purely resistive. 

z. Draw the schematics of: 

(1) a low-pass filter, 

(2) a high-pass filter, 

(3) a band-pass filter, 

(4) a band-rejection filter, 

(5) a choke-input low-pass filter. 

aa. Show how a series or parallel resonant 
circuit may be used as a wavetrap. 


CHAPTER 6 
TRANSFORMERS 


77. The Transformer 


a. The efficient use of electrical energy, like 
the efficient use of mechanical energy, often re- 
quires the introduction of some means of con- 
verting the form of the energy at the source to 
a form that can be used at the load. A gear 
train, for instance, introduced between a gaso- 
line engine and certain power saws may be 
designed in such a way that the gear can be 
adjusted to turn the saw slowly with great 
force, or with great speed and less force, de- 
pending on the quality and hardness of the ma- 
terial milled. In the same manner, it is neces- 
sary often to adjust electrical circuits so that 
the power available may appear at the load as 
one of various combinations of voltage and 
current—that is, as high voltage with low cur- 
rent, as high current at low voltage, or as any 
convenient combination of the two. The elec- 
trical device which corresponds to a gear train 
in mechanics is the transformer, which converts 
the electrical power available from one voltage- 
current level to another voltage-current level. 
It should be noted, however, that neither the 
gear train nor the transformer changes the 
amount of power available. The amount of 


power used by the saw, at any instant, is the - 


power delivered by the gasoline engine (less 
friction losses) ; and the amount of power dis- 
sipated by the load in an electrical circuit is 
the same as the power delivered by the source 
(less internal losses) ; but in either case, the 
power to be used can be adapted to the particu- 
lar work to be done. 


PRIMARY 
WINDING 


SECONDARY OUTPUT 


WINDING ‘O 
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Figure 111. Basic transformer. 
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b. The operation of a transformer depends on 
the principle of electromagnetic induction, 
which was treated at length in chapter 2. 
Basically, a transformer consists of any two 
inductors (in separate circuits) so placed 
physically that the changing electromagnetic 
field set up by an alternating current in one 
induces an alternating emf in the other. Thus, 
mutual inductance exists between the coils, and 
the two circuits are said to be inductively cou- 
pled. Figure 111 shows such a basic trans- 
former connected between an a-c generator and 
a resistance load. The coil connected to the 
source of power is called the primary winding, 
and the coil connected to the load is called the 
secondary winding. The power delivered by 
the generator passes through the transformer 
and is delivered to the load, although no direct 
connection exists between the primary and the 
secondary winding, or between generator and 
load. The connection that does exist is the flux 
linkage between the coils, and power is effec- 
tively transferred by induction. Thus, the power 
consumed by the primary is equal to the power 
delivered by the secondary, and: Pp = Py. If 
the coils of a transformer were completely 
shielded from each other, no power transfer 
could take place and the transformer would be 


_useless. 


c. For a maximum transfer of power from 
the primary to the secondary of the transformer 
the flux linkage must be complete; that is, all 
of the lines of force set up by the primary wind- 
ing must link the secondary winding. For this 
reason, the secondary is often wound directly 
on the primary with only protective insulation 
separating the two coils. Then, since the re- 
luctance of air is very great and its permeabil- 
ity small (as noted in the study of electromag- 
netism in TM 11-661), the introduction of a 
soft steel core of high permeability in the trans- 
former increases the flux linkage between the 
coils and makes possible a high percentage of 
power transfer. Even with the use of high 
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Figure 112. Iron-core transformer. 


permeability cores, a few of the flux lines fail 
to link the secondary winding and are effec- 
tively lost, constituting a flux leakage which 
prevents the transformer from being a perfect 
conductor of power from the generator to the 
load. However, a well designed iron-core trans- 
former may effect a 98-percent flux linkage, 
which means that K, the coefficient of coupling 
between the coils, is .98. Figure 112 shows a 
typical iron-core transformer with the flux lines 
set up by the primary linking the secondary by 
means of the low reluctance path of the core. 
The small flux leakages are also shown. A of 
figure 113, shows the shell type of transformer 
core, which is the most efficient core type, and 
B is a cross section of the windings as they 
usually appear. Each layer of wire is separated 
from the other by sheets of waxed paper, and 
the primary winding is separated from the 
secondary winding by thicker varnished paper 
or cardboard. 


78. Theory of Transformer Operation 


a. The ability of a transformer to transfer 
energy from its primary to its secondary 
through the agency of flux linkage is a function 
of inductive coupling or high mutual inductance. 
This means that the inductance of each winding 


mary must be large in order to generate an ap- 
preciable reactance. Thus, if the iron core of 


_a 60-cycle transformer were removed, the in- 


ductive reactance would fall and the primary 
circuit would show a high current even with 
no load on the secondary. This initial magnetiz- 
ing current in the primary of a transformer 
under no load should be kept as low as possible 
since it represents a loss. The greater the in- 
ductance, the greater the reactance, and the 
less magnetizing current needed to set up the 
flux linkage. 


b. The importance of the reactance of the 
primary, and the effect of the secondary wind- 
ing on the primary, may be understood by a 
series of step-by-step analyses. In A of figure 
114, a simple transformer with primary and 
secondary windings on a soft iron core is 
shown. The primary is connected to an a-c 
source, and the secondary is left open so that it 
has no appreciable effect on the first analysis. 
The primary winding is then, in effect, nothing 
but a simple iron-core inductance. As such, 
the primary offers inductive reactance to the 
source, and current which is dependent on the 
magnitude of the reactance flows in the primary 


Sega causing a changing magnetic field to be 


et up in the core. The current through the 


Should be as great as possible. If the trans- \ inductor and the voltage across it are 90° out 


former were ideal (the windings showing in- N 


finite inductance), the inductive reactance of 
the primary would also be infinite for any a-c 
frequency. At the usual 60-cycle power-line 
frequency, however, the inductance of the pri- 
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of phase, the current lagging,.as demonstrated 
At any given instant of time, 


te 2. 
theAcurrent is in the direction shown. The 


direction of the flux lines is determined by 
the left-hand rule: nit the fingers of the 
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Figure 113. Cross section of iron-core transformer. 


left hand point in the direction of plectran 
flow in the coil winding, the thumb points — 
: Aran 

t this 


in the direction of the magnetic field. 

same instant, a counter emf E,’ is set up in 
the primary 180° out of phase with the applied 
voltage E, and 90° out of phase with the cur- 
rent in the primary I,, the primary current 
leading, as shown by the vector diagram B of 
figure 114. 

c. In A of figure 115, the same transformer 
is shown with the effect of this primary action 
on the secondary indicated (for ease of explana- 
tion, the primary action is not shown). Thus, 
it will be seen that the secondary alone con- 
stitutes also a simple inductance in which a 
voltage has been induced by the changing flux 
lines set up by the primary. This induced volt- 


\ 
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age has the same direction as the counter emf 
of the primary. The secondary circuit is shown 
closed by a resistance so that a small current 
may flow in the circuit. The induced voltage is 
conceived as a generator in series with the 
secondary considered as an inductance. Then, 
the current through the secondary and the 
voltage across it are 90° out of phase, the cur- 
rent lagging, as shown in the vector diagram of 
B of figure 115. Note that the initial direction 
of the voltage is the same as that of the primary 
counter emf of B of figure 114. 


d. At the same instant in time taken for the 
primary analysis, the secondary current and 
the flux lines are in the direction shown in A 
of figure 115 (the left-hand rule). The flux 
lines set up by the secondary current are op- 
posite in direction to those set up by the pri- 
mary current. Therefore, the secondary cur- 
rent J, effectively decreases the impedance of 
the primary circuit by opposing the flux lines 
set up by the primary current. The primary 
current must accordingly increase to maintain 
the flux linkage between the two coils. If the 
load on the secondary causes more current to 
flow in the secondary, more current flows in 
the primary from the source. This opposition 
in flux lines in a transformer is in accordance 
with Lenz’ Law, which states that an induced 
voltage (and the current resulting from it) 
is always in such a direction as to oppose the 
force setting it up. If the action of the second- 
ary aided the lines of flux set up by the primary, 
an increase in secondary current would ef- 
fect an increase in flux lines, an increase in the 
inductance and inductive reactance of the pri- 
mary, and a corresponding decrease in primary 
current—an impossible condition, since the 
secondary would then be delivering more power 
to the load than the primary receives from the 
source. 

é. The effect of the secondary upon the pri- 
mary of a transformer may be considered from 
another point of view. The secondary current 
sets up an emf of self induction or counter emf 
E,’ in the secondary 180° out of phase with the 
secondary voltage, and at the same time an 
induced voltage in the primary in phase with 
this counter emf. Since the voltage induced in 
the primary is 180° out of phase with E,, the 
voltage of the secondary, it is in phase with E,, 
the voltage applied to the primary, and 180° 
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Figure 114. Direction of flux lines produced by primary current. 


out of phase with E,’, the counter emf of the 
primary. Therefore, the effect of current in the 
secondary is to cancel to some extent the counter 
emf of the primary, or to increase the applied 
voltage, thereby allowing more current to flow 
in the primary. These induced voltages are 
shown as dotted line vectors in B of figures 114 
and 115. 


f. The total action of the transformer may 
now be understood in terms of the vector 
diagrams of figure 116. With a token current 
flowing in the secondary of the circuit shown 
in A, the vector diagram of voltages and cur- 
rents is as shown in B. Voltages across the 
transformer are 180° out of phase, and cur- 
rents are 180° out of phase. The phase angle 
between voltage and current in the primary 
is 90°, current lagging, and between voltage 
and current in the secondary also 90°, current 
lagging. As R,, the load resistance, is decreased, 
the load is said to increase, and current in the 
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secondary increases. Since R, is shunted direct- 
ly across the secondary, the resistive current in- 
creases and the circuit becomes more and more 
resistive; that is, voltage and current in the 
secondary circuit approach an in-phase condi- 
tion and the phase angle 6, approaches 0°. Since 
primary current increases with an increase in 
secondary current, as explained above, the in- 
ductive reactance of the primary has been in 
effect reduced and therefore the circuit appears 
more resistive. Hence, voltage and current in 
the whole primary circuit approach an in-phase 
condition and 6, approaches 0°. The vector 
diagram of C of figure 116 shows these phase 
relationships for the transformer of A operat- 
ing under the load for which it was designed. 
An ideal transformer would show the current 
and voltage vectors superimposed (é@, and 6, 
equal to 0°)—that is, voltage and current in 
each side in phase, and the secondary voltage 
and current 180° out of phase. Such a trans- 
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Figure 115. Direction of flux lines produced by secondary current. 


former effects a perfect transfer of energy, 
and the source generator sees the load as an 
equivalent pure resistance (as though the trans- 
former were not in the circuit) but with volt- 
age and current shifted 180°. 


79. Turns Ratio: Voltage 


a. In the study of inductance in chapter 2, 
the total magnitude of any emf induced in a 
coil was shown to be dependent on the number 
of turns and the rate of change of the flux link- 
ing the circuit, or: 

e——NdQ@. 
| dy 
Since the rate of change of the flux is fixed by 
the frequency of the current supplied by the 
generator, the magnitude of the voltage induced 
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in either side of a transformer depends directly 


_upon the number of turns. Thus, the back emf 


induced by the changing current in the primary 
is not equal to the emf induced in the secondary 
unless the number of turns in the primary 
equals the number in the secondary. Further- 
more, since the back emf in the primary is equal 
to the applied voltage, a ratio may be set up to 
determine the emf induced in the secondary in 
terms of the applied voltage and the turns ratio 
of the two coils. 


Thus: Hn = i; 
Nia 
where: FE, =the voltage applied to the pri- 
mary, 
N, = the number of turns in the pri- 
“mary, 
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Figure 116. Phase relationships of voltage and current 
in a transformer. 


E, — the voltage induced in the second- 


ary, 
N, = the number of turns in the second- 
ye 
This equation may be rewritten: 
E,N, = E;N, 
or: 
EK, = E,N,. 


D 
b. The expression N,/N, or N,/N, is called 
the turns ratio and may be expressed as a single 
factor. Figure 117 shows the schematic of a 
transformer with 1,000 turns in the secondary 
and 250 turns in the primary. The turns ratio 
is 4:1 or 4. If 110 volts ac is applied to the pri- 
mary of this transformer, the voltage induced 
in the secondary is: . 

EK, = E,N, = 110 « 1000 

EN; 250 

E, = 110 x 4 = 440 volts. 
Such a transformer is called a step-up trans- 
former. If the ratio N,/N, is less than 1, the 
secondary winding has fewer turns than the 
primary, and the secondary voltage is less than 
the applied voltage. Such a transformer is 
called a step-down transformer. It should be 
noted, however, that the terms step-up and step- 
down as applied to transformers always refer 
to voltage level, not to current level, nor are 
they ever applied to power, which in any care- 
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fully designed transformer is taken to be prac- 
tically the same in both primary and secondary. 
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Figure 117. Step-up transformer. 


c. Since the voltage induced in the secondary 
is directly proportional to the number of turns 
in the secondary compared with the number of 
turns in the primary, the voltage ratio of sec- 
ondary to primary may be found by determining 
the number of volts per turn for a given trans- 
former. Thus, in the example above, 110 volts 
applied to a primary of 250 turns results in a 
volts-per-turn ratio of .44, or: 

Volts/turn = 110 — .44 . 
250 


Since the number of volts per turn is a con- 
stant for any given transformer, the voltage 
in the secondary winding may be determined by 
multiplying this constant by the number of 
turns in the secondary, or: 

E, = 1000 & .44 

E, = 440 volts. 

d. The volts-per-turn ratio is also convenient 
for determining a number of secondary voltages 
when a transformer carries more than one sec- 
ondary winding. For instance, figure 118 shows 
the schematic of a transformer with the pri- 
mary winding linking a number of secondary 
windings. The primary consists of 200 turns, 
secondary winding S, is 1,200 turns, S2 is 850 
turns, S3 is 11 turns, and S, is 22 turns. The 
volts per turn of this transformer is E,/N,, or 
110/200, and is equal to .55. Winding S,, then, 
has an induced voltage of: 

Ey = 1,200 X .55 = 660 volts. 


And: HB »z=— 850 .55 = 467.5 volts, 
E.,3= 11 .55 = 6.05 volts, 
Eua= 22> .55 = 12.1 volts. 


80. Turns Ratio: Current 


a. In the transfer of electrical power across 
an ideal transformer, the power absorbed by 
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Figure 118. Multi-winding transformer. 


the primary winding is equal to the power 
delivered by the secondary winding. Hence: 
Pp 

In such an ideal transfer of energy from gen- 
erator to load, the load appears as a pure re- 
sistance to the generator, as noted earlier in 
this chapter, and the apparent power is equal 
to the true power. Therefore, the power factor 
of the transformer is 1 and the phase angle is 
0° . Thus, the power in either side of the trans- 
former is equal to the volt-amperes, or: 


P, ae Ey I, 
And: ine == ice 1 
Then: E, l, = HB, I.. 
Rewritten: eens thes 

‘dus Be 


However, the ratio of secondary voltage to pri- 
mary voltage is equal to the turns ratio: 
E,=N, . 
EeeNs 
Therefore, the ratio of current in the primary 
to current in the secondary is equal to the turns 
ratio: 


1,—N, 
Ijen Ne 
or I,=— I 


b. From another point of view, the relation- 
ship of current to the number of turns may be 
determined from a consideration of the ampere- 
turns of the transformer considered as an elec- 
tromagnet. In the detailed study of electro- 
magnetism in TM 11-661, it was shown that 
the strength of an electromagnet may be ex- 
pressed in ampere-turns. Therefore, the lines 
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of flux set up in the core of a transformer by 
a given magnetizing current in the primary are 
directly proportional to N times J, the ampere- 
turns. However, by Lenz’ Law, the induced 
voltage in the secondary and its resultant cur- 
rent at any instant set up lines of flux equal 
and opposite to the ampere-turns of the pri- 
mary. Since this transformer is conceived as 


ideal, the flux linkage is complete, and: 
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Figure 119. Current ratio in a step-up transformer. 


c. Thus, it can be seen that the current across 
a transformer varies inversely as the number 
of turns. For example, figure 119 shows a 
simple power transformer of 300 turns on the 
primary and 900 turns on the secondary con- 
nected to a 110-volt a-c line and a 165-ohm load. 
As previously, the turns ratio is 3 to 1, and 
E, is equal to 330 volts. Then, since the load 
determines the energy used, the current in the 
secondary is: 


I, = E, = 330 = 2 amperes. 


The current in the primary is: 


I,—1,N,=2X8 
Dp 

I, = 6 amperes. 
A turns ratio, then, of 3 to 1 increases the 
applied voltage from 110 to 330 volts, at the 
same time decreasing current from 6 amperes 
to 2 amperes. From these observations, it will 
be noted that the product of current and volt- 
age in one side of a transformer is equal to the 
product of current and voltage in the other side. 
Thus, the power in the primary circuit is 110 
times 6, or 660 watts; the power consumed by 
the secondary circuit is 330 times 2, or 660 
watts. 
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81. Transformer Losses: Efficiency 


a. EFFICIENCY. Thus far in the discussion of 
transformers, the ideal transformer has been 
assumed. Such an ideal transformer would be 
100 percent efficient; that is, the ratio of power 
output compared to power input would be 1. 
Practical iron-core transformers are not, of 
course, 100 percent efficient but when carefully 
designed they show a high efficiency, ranging 
from 95 to 98 percent. This high efficiency is 
possible in a transformer because of the careful 
attention devoted to minimizing the effective 
losses due to flux leakage, hysteresis, eddy cur- 
rents, flux saturation of the core, as well as 
the copper losses of the coil windings and losses 
from distributed capacitance. 
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Figure 120. Hysteresis loop. 


b. HYSTERESIS. The mutual inductance be- 
tween windings of a transformer depends di- 
rectly on the coefficient of coupling between 
them. Total flux linkage is impossible, but by 
interleaving windings, that is, by winding first 
a layer of one coil and then a layer of the other, 
and by the use of cores of high permeability, 
flux leakage is held to a minimum. The effort 
to achieve a high coefficient of coupling at 
power-line frequencies (60 cycles) requires 
cores of high permeability but involves in turn 
the loss from hysteresis, which is the lagging 
of the magnetization and demagnetization of 
the soft steel core behind the alternating cur- 
rent in the circuit. The hysteresis loop is a 
graphical representation of this phenomenon, 
plotting flux density at any instant against the 
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ampere-turns causing it, as shown in figure 120. 
Thus, the flux density of a given core material 
is at point D (well above zero) when H, the 
force which originally had caused this density, 
is at zero; the flux density does not reach zero 
until the point EK, when the magnetizing force 
is in the opposite direction. On the return 
swing, the flux density is a point G when H is 
zero, and zero when H is at point J. This per- 
sistent lagging of the magnetization behind the 
current causing it means that if a sine wave 
of current is applied to an iron-core trans- 
former, the resultant flux-density curve will not 
be sinusoidal and the maximum effect of the 
current will not be realized. Figure 121 shows 
a core specimen, its hysteresis loop, the sine 
wave of current causing it, and the resultant 
flux-density curve. Since the width of the hys- 
teresis loop horizontally at the X-axis and verti- 
caliy at the Y-axis is a sign of the amount of 
lag of the magnetization behind the current, 
then the area of the hysteresis loop is propor- 
tional to the loss. This loss can be lessened by 
careful selection of a core material such as 
soft silicon steel. 
Cc. SATURATION. 

(1) In addition to hysteresis losses, soft 
steel cores show losses due to satura- 
tion; that is, the number of flux lines 
in the core reaches a point at which 
an increase in current causes no addi- 
tional magnetization or less additional 
magnetization than the increase in 
magnetizing force warrants. Figure 
122 shows a saturation curve, which is 
a graph of flux density plotted against 
a steadily increasing direct current. 
At the knee of the curve, the linear in- 
crease in flux density ceases and there 
is little increase in flux density for a 
large increase in current. Thus, for 
a rise in current from O to A, the flux 
density rises from A to C, but for an 
equal rise in current from B to D, the 
flux density rises only from E to F. 
Hence, increasing current beyond the 
knee of the saturation curve represents 
an increasing loss in efficiency, since 
the same effect of magnetization could 
be obtained with a much smaller cur- 
rent were the core not saturated. An 
increase in cross-sectional core area 
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Figure 121. Variation of flux density with sine wave of current. 


decreases flux density for a given cur- 
rent but increases weight, cost, and 
hysteresis loss of the transformer. For 
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Figure 122. Saturation curve. s 


(2) 


this reason, most transformers de- 
signed for power transfer at 60 cycles 
operate at or near the knee of the 
saturation curve of the core material. 


In the discussion of iron-core induct- 
ances in chapter 2, it was shown that 
the permeability of a magnetic core 
falls off when flux density increases 
beyond an optimum point. This is 
equivalent to saying that as the core 
saturates, the ratio of B to H (flux 
density to magnetizing force), which 
is the definition of permeability, be- 
comes smaller. In addition, a certain 
amount of de flowing in an a-c circuit 
(a usual condition in power-supply 


and vacuum-tube circuits) magmetizes 


the core permanently in one direction 
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and decreases the magnetizing varia- 
tion possible for the alternating cur- 
rent present. Because of this fact, 
iron-core chokes (except swinging 
chokes or saturable reactors) and iron- 
core transformers are designed so that 
a small air-gap exists in the magnetic 
circuit. The reluctance of the air gap 
is high compared to the reluctance of 
the soft steel core, and the over-all 
reluctance of the circuit is increased, 
reducing inductance but effectively 
preventing saturation. Physically, the 
air gap needed is very small and may 
be achieved by the end-to-end placing 
of the laminations or by inserting a 
thin piece of fibre or cardboard 
through the core at some point. Many 
additional turns of wire are needed 
when an air gap is used in order to 
achieve the same inductance, but more 
importantly the choke or the trans- 
former action, which depends on flux 
change in proportion to changing cur- 
rent, is not lost through saturation of 
the core. 


d. EDDY CURRENTS. Magnetic core materials 
cause additional transformer losses because, as 
conductors, small _ short-circuited currents, 
called eddy currents, are induced in them. To 
reduce eddy currents to a minimum, trans- 
former cores are laminated—that is, made up 
of thin strips of steel pressed together. Each 
strip is sprayed with an insulating coating so 
that the d-c resistance between strips is very 
high. Thus, eddy currents find a series of high 
resistance paths, whereas the magnetic per- 
mittivity of the core is not affected. In figure 
123, A shows eddy currents in a cross section 
of unlaminated core and B the same cross sec- 
tion with laminated core. 


€. COPPER LOssES. The current in the pri- 
mary and secondary windings of a transformer 
must flow through the d-c resistance of the 
wire. A certain amount of power is lost through 
heat, since this is a true power (J?R) loss. How- 
ever, transformers carrying considerable 
amounts of power use wire of large cross-sec- 
tional area to cut down this heat loss, which 
in addition lowers the permeability of the core 
and raises resistance, thus increasing other 
losses. However, since a high percentage of 
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Figure 128. Cross section of core showing eddy currents 
and laminations. 
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flux linkage at power-line frequencies requires 
large inductance, some compromise between the 
size of the core and the number of windings 
must be made. Thus, a huge core and small 
winding for a given inductance would show 
little copper loss, but the transformer would be 
heavy and awkward and core losses would be 
great. On the other hand, a small core reduces 
core loss and increases copper losses because of 
the increased number of turns, but, for most ap- 
plications, the d-c resistance of the wire may 
be ignored if the ratio of inductive reactance 
to resistance is 10 to 1, or greater. Skin effect, 
or the tendency of alternating currents to travel 
on the surface of a conductor (see chapter 2) 
also raises the resistance of the wire, but this 
effect, although present at all frequencies, is 
more noticeably a loss factor at the higher fre- 
quencies. Distributed capacitance, the stray ca- 
pacitance existing between closely packed wind- 
ings, is also a loss factor but more noticeable 
at the audio and radio frequencies than at the 
power frequencies (pars. 87 and 88). 


82. Power Transformers 


a. In transmitting large amounts of power 
over long distances the power consumed by the 
resistance of the conducting wires is lost as 
heat. This true power loss varies directly as 
the resistance and the square of the current, 
since it is equal to /?R. If current in the line is 
doubled, the power lost is four times as much, 
the loss varying as the square of the current. 
Or, if current in the line is halved, the power 
lost is only one-quarter as much. Thus, power 
generated at Niagara Falls or in the Tennessee 
Valley may be sent across country with rela- 
tively small loss if current is kept as low as 
possible. This is done by means of a power 
transformer, which converts the power output 
of the generators to a high-voltage, low-current 
level for transmission and then reconverts this 
power to a low-voltage, high-current level for 
consumption in the home. For instance, if 
1,000 watts of power (5 amperes at 200 volts) 
is sent through 10 ohms of line, the power loss 
is [2R (52 times 10), or 250 watts. Converting 
this power to .5 ampere at 2,000 volts, the loss 
is .5? times 10, or 2.5 watts—a saving of 247.5 
watts. 
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b. Long-distance power transmission uses 
voltage levels as high as 300,000 volts with cor- 
respondingly small currents. The transformers 
used to convert power at this level are huge 
units filled with oil to prevent arcing-over with- 
in the windings because of the high voltage. 
An electric power substation is a series of such 
transformer units for reconverting power, and 
the familiar neighborhood pole transformer 
brings voltage and current to the levels used 
in the home, 110 to 120 volts at the current de- 
manded (fig. 124). 


c. The power transformers used in radio and 
communications are much smaller units than 
the power transformers described above, but 
their function is the same, the efficient transfer 
of power while changing the voltage-current 
level. A number of 60-cycle transformers, de- 
signed to adapt the 110 to 120 volts at the line 
to more suitable levels, are shown in figure 125. 
A transformer such as this should always be 
operated within 90 percent of its rated load, 
since, as described earlier, the current in the 
secondary brings voltage and current in phase, 
reducing the phase angle and bringing the 
power factor close to unity. It will be remem- 
bered that the power factor of any a-c circuit is 
the cosine of the phase angle, or the ratio of 
true power to apparent power, and that it is 
desirable to keep true power as close as possible 
to apparent power in order to keep excessive 
voltage and current out of the circuit. For 
instance, any power transformer operated at 
one-fifth its proper load shows considerable 
primary and secondary inductive reactance, and 
the induced voltages across it are very high, 


~ causing arcing and breakdown of insulation 


with resultant burning out of the transformer. 
Under full load, the inductive reactance of the 
primary circuit is almost completely canceled 
by the opposing magnetizing force set up by 
the secondary current, the phase angle is small, 
and accordingly the power factor is close to 
unity. Any reactance present is a leakage re- 
actance and hence a function of the efficiency 
of the transformer. A carefully designed power 
transformer has very small leakage reactance 
and small copper and core losses, and therefore 
shows a high power factor and high efficiency. 
Commercial power transformers’ generally 
show a power factor of .9 or above and an 
efficiency of approximately 95 percent. 
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d. Figure 126 shows the schematic of a power 
transformer known as a plate transformer be- 
cause it supplies power to the plate circuits of 
the vacuum tubes of a transmitter. This unit 
is 95 percent efficient and at its rated load has 
a power factor of .9. The secondary delivers 
250 milliamperes at 1,500 volts either side of 
the center-tapped secondary. The power output 
is: 

P, = 3000 X .25 = 750 watts. 
Since efficiency is the ratio of true power out 
to true power in, then: 
Eff — P,, (secondary) 
P. (primary) 
P.» (primary) = P,, (secondary) -= 750 
Eff 95. 
P.» (primary) = 790 watts. 


Since the power factor of this transformer is 
.9, then: 


P= 9 

pe 

EP) =P es 790 
29), DAG) 


Pop = 8171 watts: 
Since apparent power is always equal to H, 
times I,, then: 
I, = Pap =877 
By i16 
I, = 8.0 amperes. 
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Ip=8.0 AMPS 
Pp=790 WATTS 


I,=250 MA 
P,=750 WATTS 


EFFICIENCY=95% 
POWER FACTOR=.9 
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Figure 126. Plate transformer. 


e. Where small amounts of power are used, 
as in special-purpose power transformers, the 
efficiency and the power factor may be ignored. 
Figure 127 shows the schematic of a typical 
filament or step-down transformer used to con- 
vert 110 volts at the line to 6.8 volts for heating 
the cathodes of a number of vacuum tubes. 
Since the secondary reduces the applied voltage 
to 6.3 volts, the turns ratio is: 

N,= 63 = 1 =.057. 
Nove 110° Sie 
Then, if 4 amperes flow in the secondary circuit, 
the current in the primary is: 
I,=—I,N,— 4 X .057 
oN? 
I, = .228 ampere. 
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In this type of transformer, a small current in 
the primary produces a relatively high current 
in the secondary at low voltage. The power 
consumed in the secondary circuit is 6.3 times 4, 
or 25.2 watts; the power given by the primary 
-is 110 times .228, or 25.2 watts. 


E526.3V 
Ip=.228 AMP 


15=4 AMPS 


Pp=25.2 WATTS 


P5725.2 WATTS 
TM 681-93 


Figure 127. Step-down transformer. 


f. In the computation of total power trans- 
ferred by a transformer with multiple second- 
ary windings, the power in the primary circuit 
is equal to the arithmetical sum of the amounts 
of power delivered by the various secondaries. 
In figure 128 is shown the schematic of a typical 
power transformer with three secondary wind- 
ings for use in a conventional radio receiver. As 
above, the power delivered by S» is 25.2 watts; 
by S; is 5 times 2, or 10 watts; by S, is 750 
times .07, or 52.5 watts. The total power de- 
livered by the transformer is then: 

P, = 25.2 + 10 + 52.5 — 87.7 watts. 
Then the power in the primary is approximately 
the same: 
P, = 87.7 watts. 
The current in the primary is: 
I, =P, = 87.7 
eel 0. 
. I, = .797 ampere. 
The current actually measured in the primary 
would be approximately 10 percent higher, or 
.876 ampere, because of the power factor. Then, 
since true power is equal to H! cos 6, and E’ for 
conventional power transformers is assumed to 
be 110 volts, a rule of thumb may be used for 
rapid calculation of true power if primary cur- 
rent is known and a power factor of .9 is 
assumed : 
Py=IX< EX cos 
—Ix110x 9 
— I< 100 (approx). 
Thus, multiplying the measured primary cur- 
rent times 100 gives an approximation of the 
true power as actually delivered: 
Pw = .876 x 100 
Pay = 87.6 watts. 
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Figure 128. Typical power transformer for radio 
recewers. 


83. Autotransformers 


a. The autotransformer, or self transformer, 
is a special type of power transformer which 
is designed for good voltage regulation under 
varying loads. A single tapped winding char- 
acterizes the autotransformer, as shown in 
figure 129. When used as a step-up transformer, 
as in A, all of the primary winding is part of 
the secondary winding, and when used as a 
step-down transformer, all of the secondary 
winding is part of the primary winding, as in 
B. Voltages across the individual windings 
follow the turns ratios as previously, but it 
must be remembered that certain turns are 
common to both coils, and that generally the 
coils are tapped for variation of the turns ratio, 
with resultant change in voltage levels. A dis- 
advantage of this arrangement is that the sec- 
ondary circuit is not isolated electrically from 
the primary circuit as it is in a transformer 
in which the only connection between the source 
and the load is the magnetic coupling of the 
coils. 

b. It will be remembered that power trans- 
formers are designed for a given current load. 
If the load is lessened, the high voltages in- 
duced cause arcing and burning of the trans- 
former. The chief advantage of the autotrans- 
former is that the load may be varied without 
arcing and with little change in output voltage. 
This result depends on the fact that primary 
and secondary currents in any transformer are 
180° out of phase and therefore tend to cancel 
in that part of the transformer which is com- 
mon to both windings. For example, A of figure 
129 shows an autotransformer of 1 to 114 ratio. 
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With 100 volts applied to the primary and a 
75-ohm load on the secondary, E, is 150 volts 
and I, is 2 amperes. By the turns ratio formula, 
I, should be 3 amperes. However, since I, and 
I, are 180° out of phase, the total current in 
the primary is the algebraic sum of the two, or 
1 ampere. If the load on the secondary is in- 
creased to 4 amperes, I, increases to 6 minus 
4, or 2 amperes. If the load on the secondary is 
decreased to 1 ampere, I, decreases to 114 minus 
1, or 14 ampere. B of figure 129 illustrates this 
same relationship in terms of a step-down auto- 
transformer with a turns ratio of 1 to 14. With 
the same voltage applied and a load of 25 chms, 
E, is 50 volts and I, is 2 amperes. The current 
in the part of the primary common to both is 
1 ampere in the direction of the secondary 
current. Thus, the primary current of 1 ampere 
may be conceived as flowing directly to the load 
and not passing through the primary winding. 
Any variation in the load causes a smaller 
change in primary current than is possible with 
the separate winding power transformer. 
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Figure 129. Autotransformer. 


c. The further practical effect of these small 
primary currents for a given load on the sec- 
ondary is that power loss in the autotrans- 
former is also small. Thus, in the example of 
A of figure 129, the 1-ohm d-c resistance of the 
primary winding results in an J*Pf loss of 1 watt, 
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4 watts, and .25 watt for the three loads listed 
as compared to 9, 36, and 2.5 watts loss in a 
separate primary. The J?R loss in the second- 
ary is computed only for that part of the second- 
ary not common to the primary. Hence the 
fall in voltage, in both primary and secondary; 
caused by the d-c resistance of the windings 
under heavy load is much less in an autotrans- 
former. Therefore, these tapped transformers 
are widely used to vary line voltage for a given 
load, and to maintain a given output voltage 
under varying load. 


84. Turns Ratio: Impedance 


a. Inthe example of figure 119, a transformer 
with a primary to secondary turns ratio of 1 
to 3 is connected to a 165-ohm load. The applied 
voltage is 110 volts and the primary current 6 
amperes; the secondary supplies 2 amperes at 
330 volts. The impedance of the secondary 
circuit is the impedance of the load, or 165 
ohms. The impedance of the primary may be 
calculated : 

Z, = HE, = 110 = 18.3 ohms. 

ES GE. 

The ratio of primary impedance to secondary 
impedance is: 

Zp = 18.3— 1 
Tec 165 ae Oe 
Thus, it will be seen that the impedance rela- 
tionship across this transformer is not equal to 
the turns ratio of 1 to 3 but to the square of 
the turns ratio (14)? or 1 to 9. 


b. The following analysis will show that what 
is true of this particular example is true gen- 


erally of all power transformers. Since the 
voltage ratio is equal to the turns ratio: 
E,=—N, . 
, Hes, NG 


And the current ratio is equal to the reciprocal 
of the turns ratio: 


IL=wN,. 
Agents 
Then by dividing one by the other: 
sae D 
I, a N,? 
Biswe Ng? 
I, 


But E,/I, is equal to Z,, the impedance of the 
primary, and E,/I, is equal to Z,, the impedance 
of the secondary. Therefore: 
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Zy=N,? . 

ANTS 
Thus, the ratio of impedances across a trans- 
former varies as the square of the turns ratio. 


Then: 
Zp =a Zs alee) 
N; 
or: measendins)” 3 
p 


c. For example, a step-down transformer 
with a turns ratio of 15 to 1 supplies an im- 
pedance of 1.5 ohms. The impedance of the 


primary is: 
Zp = 1.5 X Ca 
1 
Zp = 1.5 X 225 


Z,y = 337.5 ohms. 


A step-up transformer with a turns ratio of 1 
to 50 draws 6 amperes at 6 volts in the primary 
circuit. The impedance of the primary is: 
Zyp = HK, = 6 = 1 ohm. 
GIG) 
The impedance of the secondary is: 


Z,=1X AS 
“aEe 


Z,=1 X 2,500 = 2,500 ohms. 


85. Impedance Matching 


a. In the transfer of power from any elec- 
trical source to its load, the impedance of the 
load must equal, or match, the internal imped- 
ance of the source for maximum transfer of 
power. The simple d-c circuit and table of figure 
130 will illustrate this principle. A 10-volt 
battery with an internal resistance of Rz of 1 
ohm feeds an external circuit of variable re- 
sistance Ey. When Ro is 4 ohms, the total re- 
sistance of the circuit is 5 ohms (Rg + Ro), the 
current in the circuit is 2 amperes, and the 
voltage drop across the load E,; is 8 volts. 
Then the power absorbed by the load is E, 
times J, or 16 watts. The power dissipated in 
the battery as heat is E, times J, or 4 watts. 
When Ro is 3 ohms, total resistance is 4 ohms, 
I is 2.5 amperes, and E, is 7.5 watts. The 
power absorbed by the load is 18.75 watts, and 
by the battery is 6.25 watts. When Rog is 2 ohms, 
total resistance is 3 ohms, I is 3.83 amperes, and 
E, is 6.67 volts. The power absorbed by the 
load is 20 watts, and by the battery is 10 watts. 
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When Ro is 1 ohm, total resistance is 2 ohms, 
I is 5 amperes, and E;, is 5 volts. The power 
absorbed by the load is 25 watts, and by the 
battery 25 watts. When Ro is less than 1 ohm, 
power falls off in the load as indicated in the 
table. Thus, the greatest power is delivered to 
the load when the impedance of the load is equal 
to the internal impedance of the source. 
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Figure 130. Power transfer and impedance. 


b. The importance of matching the load to 
the source for maximum transfer of power 
makes the transformer useful as an impedance 
matching device. For example, it often becomes 
necessary in electronic circuits to match a low 
impedance load to a high impedance source. 
A of figure 131 shows such a circuit. The im- 
pedance of the source Rg is 10,000 ohms, and 
of the load 400 ohms. The primary impedance 
is to match the source, and the secondary im- 
pedance is to match the load. The turns ratio 
of the transformer is: 


N, = Vee Vee 25. 

N, Whe 400 ar 
PRED MeN gia oO ae 

iE weak 
If 100 volts are applied to the primary, the 


secondary voltage is 20 volts. The current in 
the secondary is 20/400 or .05 ampere ; the 
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current in the primary is 100/10,000 or .01 am- 
pere. B of figure 131 is the equivalent circuit. 
Since the power in the primary (1 watt) is 
equal to the power in the secondary, the trans- 
former has matched a 400-ohm load to a 10,000- 
ohm source with maximum transfer of energy. 
It may be said then that the source sees the 
primary impedance as a matching impedance, 
and that the secondary, which by transformer 
action receives the power of the primary, sees 
the load impedance as a matching impedance. 


Es=20V 
S 
iS Roz 400N 
Oo 

Zp Np 5 

25 Ng 1 A 


ro keke ae 


B 
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Figure 131. Impedance matching transformer and 
equivalent circuit. 


86. Reflected Impedance 


a. In the analysis of transformer circuits 
thus far in this chapter, the load on the second- 
ary has been assumed to be a pure resistance. 
Under this condition, the load appears to the 
generator source as a pure resistance but with 
the voltage and current of the primary displaced 
by 180° in the secondary. Because of this 180° 
phase shift, the load on the secondary is said 
to be a reflected or image load in the primary 
circuit. In terms of a resistance load, this phase 
shift has no further significance beyond re- 
versed polarity, but if the load is partly in- 
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ductive or capacitive some interesting possibil- 
ities emerge. Thus, if the load on the secondary 
of a transformer is inductive, the current in 
the circuit lags the voltage by some phase angle 
6,. This phase angle is reflected back into the 
primary circuit as the same angle but shifted 
by 180°, or as an angle of (180° + 6). Be- 
cause the reactive components of inductors and 
capacitors act in the opposite manner, always 
180° out of phase, it will be noticed that the 
effect of an inductive reactance in the secondary - 
circuit is to reflect a capacitive reactance in 
series with the primary circuit. The effect of 
a capacitive reactance in the secondary circuit 
is to reflect an inductive reactance in series 
with the primary circuit. 


200 VOLTS 


Zp=l00.0 Z574002 


REFLECTED REACTANCE 


REFLECTED RESISTANCE 


B 
TM 681-244 
Figure 132. Inductive load and equivalent primary — 
circutt. 
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b. In A of figure 132 the schematic of a 
transformer circuit with an L-R load of 400 
ohms is shown. The turns ratio is 1 to 2 with 
100 volts applied. The inductive reactance is 
100 ohms and the resistance 386 ohms. B is the 
equivalent primary circuit in which the 100 
ohms of inductive reactance is shown as a re- 
flected capacitive reactance of 25 ohms, and 
the resistance is shown as a reflected resistance 
of 96 ohms, since each of these impedances is 
_ reflected back into the primary circuit decreased 
in magnitude by the square of the turns ratio. 
Thus, the total impedance of the primary cir- 
cuit is 100 ohms. It should be noted, however, 
that although the reflected capacitive reactance 
cancels part of the primary winding inductive 
reactance, the lagging current of the secondary 
does not effect an over-all leading primary cur- 
rent, since in an ideal transformer (perfect 
coupling: K equal to 1) the X¢ reflected can 
never be greater than an amount that will just 
cancel the inductive reactance of the primary. 
A and B of figure 133 show the same circuit in 
terms of an R-C load on the secondary and the 
effective inductive reactance reflected in series 
in the primary circuit. 


c. This concept of reflected impedance may 
be explored further. Thus, in previous studies 
in this manual it was demonstrated that induct- 
ances and capacitors always react in opposite 
ways, and that an inductance in series with a 
circuit is the equivalent of a capacitor in paral- 
lel, or that a capacitor in series is the equivalent 
of an inductance in parallel. For example, in 
B of figure 132, the reflected inductive load was 
shown as a capacitor in series with the primary 
circuit. Since the effect of this hypothetical 
capacitor is to cancel some of the inductance 
present, it can be conceived of as an inductance 
in parallel with the inductance of the primary 
_ (the total inductance of two inductors in paral- 
lel is less than the smaller inductance), as shown 
in A of figure 134. Then, since a capacitive 
load is reflected as an inductance in series, it 
may be conceived of as a capacitor in parallel 
with the primary inductance, since its effect 
is to add to the total reactance of the circuit (see 
the analysis of the parallel L-C circuit of chap- 
ter 5). This circuit is shown in B of figure 134. 
It should be emphasized, however, that these 
variations in point of view of the phenomenon 
of reflected impedance are purely conceptual; 


AGO 17364 


100 VOLTS 200 VOLTS 
Zp=100N Z5=4000 
° A 
REFLECTED REACTANCE 
REFLECTED RESISTANCE 
B 
TM 681-245 


Figure 133. Capacitive load and equivalent primary 
circuit. 


that is, they represent an as 2f situation, not a 
physical situation, but such concepts are some- 
times helpful in the understanding of circuit 
theory. 


d. The power transformer circuit of an auto- 
mobile receiver illustrates the effect of a re- 
flected impedance and shows the practical im- 
portance of the foregoing variations in ways 
of looking at the transformer. Figure 135 
shows this circuit. It will be noticed that the 
transformer primary is fed pulses of direct 
current rather than the usual alternating cur- 
rent because the 6-volt car battery is the only 
source of power. The make-and-break circuit 
of the vibrator interrupts the direct current to 
make the pulses, but this mechanical device is 
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Figure 134. Equivalent reactances for inductive and 
capacitive loads. 


subject to arcing at the points, and the trans- 
former circuit is subject to high instantaneous 
voltages because of the high rate of change of 
the current as the circuit is broken. The effect 
of this sharp peak of voltage may be lessened by 
the action of a capacitor placed across the pri- 
mary circuit. This capacitor would be charged 
while current flows in the primary, and when 
the circuit is broken would discharge through 
the primary, thus preventing current in the 
circuit fom falling instantaneously to zero. 
However, because of the large amount of cur- 
rent flowing in such a circuit (more than 5 
amperes) the capacitor must be very large to 
provide sufficient current to operate as de- 
scribed. Moreover, two capacitors would be 
necessary, one for each half of the primary 
when the vibrator switches from one circuit to 
the other. This problem has been effectively 
solved by placing the small capacitor C, (called 
a buffer capacitor) across the secondary of the 
transformer, resulting in a large reflected ca- 
pacitance across the primary. 

e. For example, the capacitor in the circuit 
shown is .01 pf. Since the frequency of the 
usual commercial vibrator is approximately 120 
cycles per second, the capacitive reactance de- 
veloped across this capacitor is: 
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Figure 135. Power transformer of an automobile 
receiver. 


BG lal ede eee 1 
ee DFG 6.28 x 120 xX .01 & 10 
Xo = — 10° = 133,000 ohms. 

7.536 


The turns ratio of this transformer may be de- 
termined by the voltage ratio, since the 6-volt 
primary develops 600 volts across the whole 
secondary (300 volts each side of center). Then: 
E,—=N,= 6= 1. 
te. Nie 600s LOO 
The reflected reactance is: 
LZ, = Z; aol == 133,000x 1 
( N, 10,000 
Z, = 18.3 ohms. 
At this point it must be remembered that al- 
though the reactance reflected into the primary 
is small, the capacitance effecting this reactance 
at the frequency of the vibrator must be very 
large, since capacitive reactance and capaci- 
tance are inversely proportional to each other. 
From: 


Meal 
ee 
GC peel — 1 
DniXo 16.28 < 120 see 
C = 1 = .0001 farad 
10,011.88 
Cre d OO. he 


The effect of the buffer capacitor then is to 
reflect a 100-»f capacitor into the primary cir- 
cuit. Such a capacitor is 10,000 times the size 
of the buffer capacitor. This reflected capaci- 
tance may be computed directly from the turns 
ratio by assuming the reactance to be the im- 
pedance of the circuit. Then: 

Xo (primary) a (3: i 

Xo (secondary) Ng 
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27 fC, 
Canceling the factor 22 f: 


E(B 
G, N,/. 
N 2 
And: C,=—C, - 
: ‘ (+). 


It may be concluded then that capacitance 
across a transformer is inversely proportional 
to the square of the number of turns. In like 
manner, an inductance in the secondary reflects 
an inductance across the primary directly pro- 
portional to the square of the number of turns: 


ine Celt 
N, 


Lf 
vine N, # 


And: 


Thus, the 100-ohm inductive reactance of A of 
figure 132 represents a certain inductance at the 
power line frequency of 60 cycles. Since: 


X,=27rfL 
[y= Xr = 100 
2x f 376.8 


L =.265 henry. 
The turns ratio of this circuit is 2 to 1, and the 
reflected reactance is 25 ohms, representing an 
inductance of .066 henry, or: 


Lp = .265 X ee), 


2 
L, = .066 henry. 


87. Audio Frequency Transformers 


a. GENERAL. 


(1) Thus far in the discussion of trans- 
formers and the transfer of power, 
the 60-cycle frequency of the power 
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Figure 136. Audio frequency transformers. 
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line has been assumed. At frequencies 
between 20 and 20,000 cps (the audio 
frequencies), iron-core transformers 
are also used as power transfer and 
impedance matching devices. A selec- 
tion of these audio frequency trans- 
formers is shown in figure 136. These 
audio frequency transformers find 
wide use in vacuum-tube amplifiers as 
microphone transformers, interstage 
transformers, output transformers, 
and as modulation transformers for 
transmitter units. However, as fre- 
quency increases above 60 cycles, the 
hysteresis and eddy current losses of 
the core increase, and the disad- 
vantageous effect of distributed capac- 
itance across the windings of the 
transformer becomes more apparent. 
The effect of either or both of these 
losses would be constant for a given 
audio frequency (for example 1,000 
cps), but the frequencies of the human 
voice and of the musical scale vary 
constantly within the range of the 
human ear, and therefore the losses 
vary as frequency varies, resulting in 
some frequencies appearing at the out- 
put amplified more than others. The 
transformer, like the amplifier of 
which it is an essential part, must 
if possible pass all of these frequencies 
at the same level of amplification, if 
the voice or music is to be reproduced 
in its original form. An ideal audio 
frequency amplifier would pass all fre- 
quencies between 20 and 20,000 cps 
without differentiation, as shown in 
A of figure 187, which is a graph of 
voltage output plotted against fre- 
quency. Such an amplifier is said to 
have a flat response between the limits 
for which it is designed. Since the 
transformer is an integral part of the 
amplifier it also must show a flat re- 
sponse. However, such a flat response 
to all of the audio frequencies is diffi- 
cult to achieve, and transformers 


- which pass the principal part of the 


band (80 to 15,000 cps) are considered 
excellent. Good but less expensive 
transformers pass 60 to 10,000 cps, 


fe} 


20 30 60 


and those used in the ordinary well 
made radio receiver pass 100 to 7,000 
cps. Audio transformers designed for 
voice transmission only may pass a 
band of frequencies from 150 to 3,000 
cps, which is sufficient range for 
human speech although an unfair 
treatment of even the worst orchestra. 
Both the bass notes and the upper 
treble notes are attenuated and ren- 
dered inaudible, as shown in the graph 
of B of figure 1387 (the dotted line 
ideal response curve is included for 
comparison). On such transformers, 
60-cycle and 120-cycle hum from the 
power supply is inaudible. 


f (CPS) ——» _ 


10,000 15,000 20,000 A 


f (CPS) ——» 


150 3,000 20,000 B 
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Figure 137. Frequency response curves. 


(2) Inthe general analysis of power trans- 


formers, it will be remembered that 
ideally a transformer should contain 
as much inductance as possible to in- 
sure the greatest possible amount of 
inductive coupling (flux linkage) be- 
tween the coils. Since inductance de- 
pends directly on the permeability and 
size of the core and on the number of 
turns, every iron-core transformer, as 
was noted earlier, must be a compro- 
mise between the size of the core and 
the number of turns. Too large a core 
increases core losses and too many 
turns increase copper losses. As fre- 
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quency increases, hysteresis and eddy 
current losses in the core increase ap- 
preciably, much more than the in- 
crease in skin effect in the windings, 
and therefore audio transformers in 
general contain small iron cores and 
thousands of turns of wire, achieving 
inductances from 50 to 100 henrys for 
a given winding. If the transformer 
carries a small amount of power, this 
wire may be very fine (#36 gage). 
At the low audio frequencies, however, 
the primary shows less reactance, not 
less inductance, than at the high audio 
frequencies, and more current must 
flow into the primary to maintain flux 
linkage. This increase in magnetizing 
current represents a loss in voltage or 
power, and the lower frequencies are 
accordingly passed through the trans- 
former at less voltage than the higher 
frequencies. At the higher audio fre- 
quencies, the distributed capacitance 
accumulated in the great number of 
turns of wire in both primary and 
secondary windings attenuates the 
higher audio frequencies. In particu- 
lar, the distributed capacitance of the 
secondary, approximately 100 ppf, is 
reflected back into the primary as a 
shunt capacitance multiplied by the 
square of the turns ratio. Thus, as 
was shown in the discussion of re- 
flected impedance, a step-up trans- 
former with a turns ratio of 1 to 50 
reflects 100 ppf as a capacitance of 
250,000 puf (.25 pf) into the primary 
circuit. Such a capacitance directly 
across the primary effectively short- 
circuits the higher audio frequencies, 
having a reactance less than 50 ohms 
at 10,000 eps. : 


b. MICROPHONE TRANSFORMER. The carbon 
button microphone, which is widely used in 
communications equipment, has an internal im- 
pedance of 100 to 200 ohms. The small amount 
of energy developed by this microphone must be 
amplified in order to be heard, but the low im- 
pedance microphone cannot be connected di- 
rectly to the input circuit of a vacuum-tube 
amplifier, which may have an impedance of 
approximately 200,000 ohms. An impedance 
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matching transformer, called a microphone 
transformer, is placed between the microphone 
and the first vacuum tube, as shown in figure 
138. The distributed capacitance of the second- 
ary winding and the capacitance reflected into 
the primary are shown as dotted-line capaci- 
tors. The battery is necessary as a source of 
power for the microphone. Since the imped- 
ances to be matched are as shown, the necessary 


turns ratio of the transformer may be 
determined : 

N,+Z,= 100 

N, \Zs 200,000 

N,=/1 = 1. 

N, {2000 44.6 


The 100-ypf distributed capacitance of the sec- 
ondary is reflected into the primary as 100 times 
the square of the inverse of the turns ratio, or: 
C, = 100 X 2,000 = 200,000 puf 
Cp, = .2yf. 
Thus, the low impedance of the microphone has 
been effectively raised to the high impedance 
of the vacuum tube for maximum transfer of 
the small energy available. 


c. INTERSTAGE TRANSFORMER. The amplifica- 
tion of the microphone signal as shown in the 
schematic diagram is usually insufficient for 
use and the output signal of the vacuum tube 
is coupled into a second stage of amplification 
by means of an interstage transformer (fig. 
139). In this case, the problem of energy trans- 
fer is somewhat different. Since the input cir- 
cuit of the second vacuum tubes draws little or 
no power, the principal object is not power 
transfer but high voltage transfer. High volt- 
age may be obtained by increasing the load im- 
pedance to a value greater than the internal 


- impedance of the source,-as shown previously 


in the table of figure 130. For instance, when 
R,z is greater than Rz, then E;, the voltage drop 
across R,, is greater than at any other value, 
although power transfer is less. Hence, if the 
impedance of the primary circuit of the inter- 
stage transformer of figure 139 is higher than 
the internal output impedance of the vacuum 
tube, a greater voltage will appear across the 
primary and, by induction, across the second- 
ary. Thus, the usual 1-to-3 turns ratio trans- 
former with 500,000 ohms impedance across the 
secondary (the input impedance of the second 
tube) shows a high primary impedance: 
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Figure 138. Microphone transformer. 


x)” 500,000 x ( tedae y 

3 
500,0 = 55,555 ohms. 
eee 
Assume that the output impedance of the first 
vacuum tube is approximately 10,000 ohms. 
Thus, the deliberate mismatch of this 10,000 
ohms to the 55,555 ohms of the primary gives 
a large voltage across the primary, and this volt- 
age is tripled in the secondary, achieving a high 
voltage input to the second vacuum tube. The 
effect of the distributed capacitance reflected 
into the primary is small because the turns ratio 
is small, being 900 pyf or .0009 pf. 


INTERSTAGE 
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Zs5=500,000n 


Bt 
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Figure 139. Interstage transformer. 


d. OUTPUT TRANSFORMER. The problem of 
matching the output of the second tube to the 
loudspeaker is once again a problem in the 
transfer of power, not of voltage alone. Since 
the cone of the speaker has physical mass and 
moves against air, power is required to move 
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it. Therefore, the power output of the tube must 
be delivered to the cone of the speaker with as 
little loss as possible. Figure 140 shows the 
schematic of this circuit. The output impedance 
of the tube is 7,000 ohms, and the impedance 
of the coil attached to the cone is 8 ohms. The 
turns ratio of the transformer should be: 


N, = yee VBE 875 
N, 1 


875 — 29.4. 
N; ik Au be te 


At this turns ratio, the 8 ohms impedance of 
the speaker appears as a 7,000 ohms impedance 
to the output of the vacuum tube. Figure 141 
is the complete schematic of the amplifier, show- 
ing microphone, interstage, and output trans- 


formers in their proper sequence. 
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Figure 140. Output transformer. 
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Figure 141. Transformer-coupled audio frequency amplifier. 


88. Radio Frequency Transformers 


a. In the previous section of this chapter, 
the power and audio frequency transformers 
described are primarily power transfer or im- 
pedance matching devices in which very high 
mutual coupling is obtained by means of the 
large number of turns and the soft steel core. 
At radio frequencies, eddy current and hyster- 
esis losses in a magnetic core become prohibi- 
tive, and therefore r-f transformers are gen- 
erally of air-core construction. Eddy current 
loss is the more important factor since it in- 
creases as the square of the frequency; hyster- 
esis loss, being constant for each cycle, in- 
creases directly with frequency. With air-core 
construction, the tightest possible coupling re- 
sults in a coefficient of coupling of about .65 
compared to the .98 of well designed iron-core 
transformers. A large part of the primary and 
secondary windings of these partially coupled 
transformers constitutes a leakage reactance 
and therefore voltage, current, and impedance 
ratios cannot be calculated by the turns ratio 
equations, which are based on an assumption o 
almost perfect coupling. Hence, the turns rat 
of radio-frequency transformers have no ex¢ 
significance. In fact, the windings of the 
transformers are generally very loosely coupl 
(K may be as small as .005), and they functior 
primarily as devices coupling two circuits 


rather than as voltage or current level trans- | 


formers. At radio frequencies, the reactance 
of even a small inductance is very high because 
the rate of change of the current is high, and 
therefore the high mutual reactance between 
primary and secondary makes these trans- 
formers effective for impedance matching, for 
power transfer at low loss, and for high voltage 
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gain through resonance, as will be noted in the 
following discussion. 


b. The typical radio frequency transformer 
consists of an untuned primary, which is con- 
nected to the output circuit of a vacuum tube, 
and a tuned secondary connected to the input 
circuit of the following vacuum tube (A of fig. 
142). The two coils are wound next to each 
other, or one over the other, for close coupling, 
and with the number of turns in each dependent 
on the function of its particular circuit. Thus, 
the primary winding has many turns because 
its principal function is to offer high impedance 
to the first vacuum tube; the secondary wind- 
ing is determined by the amount of inductance 
needed for the band of frequencies to be tuned. 
When the resistance of the primary circuit is 
much greater than the inductive reactance of 
the primary, the resonance curve of current in 
the secondary circuit is as shown by the solid 
line curve of B of figure 142. When the reac- 
tance of the primary is greater than the resist- 
ance of the primary circuit, the Q of the sec- 
CHEE Susu Estas and its resonant bregusicy 


g, 
circuit affect the secondary. When the Dee 
circuit becomes inductively reactive, it effectively 
couples an impedance consisting of capacitance 
and resistance in series with the secondary circuit. 
The effect of series added capacitance increases 
the resonant frequency while the added resistance 


lowers the Q. 
Trequency unan tnat indicated by its values of 


L an. 
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Figure 138. Microphone transformer. 


Boule — 500,000 x (4) 
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Z, = 500,000 = 55,555 ohms. 
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Assume that the output impedance of the first 
vacuum tube is approximately 10,000 ohms. 
Thus, the deliberate mismatch of this 10,000 
ohms to the 55,555 ohms of the primary gives 
a large voltage across the primary, and this volt- 
age is tripled in the secondary, achieving a high 
voltage input to the second vacuum tube. The 
effect of the distributed capacitance reflected 
into the primary is small because the turns ratio 
is small, being 900 puf or .0009 pf. 
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Figure 189. Interstage transformer. 


d. OUTPUT TRANSFORMER. The problem of 
matching the output of the second tube to the 
loudspeaker is once again a problem in the 
transfer of power, not of voltage alone. Since 
the cone of the speaker has physical mass and 
moves against air, power is required to move 
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it. Therefore, the power output of the tube must 
be delivered to the cone of the speaker with as 
little loss as possible. Figure 140 shows the 
schematic of this circuit. The output impedance 
of the tube is 7,000 ohms, and the impedance 
of the coil attached to the cone is 8 ohms. The 
turns ratio of the transformer should be: 


Ne= 4/%,— 4/700 — 4/88 
N, Zit 8 iL 
Ny 2, / 7B, 29-4 

N, a 1 


At this turns ratio, the 8 ohms impedance of 
the speaker appears as a 7,000 ohms impedance 
to the output of the vacuum tube. Figure 141 
is the complete schematic of the amplifier, show- 
ing microphone, interstage, and output trans- 


formers in their proper sequence. 


OUT PUT 
TRANSFORMER 


SPEAKER 


NES 


Z57=8N 


Zp=7000N 


TURNS RATIO 
29.4 TO) 


= TM 681-251 


Figure 140. Output transformer. 
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_ transformers are generally very loosely coupl od 
(K may be as small as .005), and they function — 
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Figure 141. Transformer-coupled audio frequency amplifier. 


88. Radio Frequency Transformers 


a. In the previous section of this chapter, 
the power and audio frequency transformers 
described are primarily power transfer or im- 
pedance matching devices in which very high 
mutual coupling is obtained by means of the 
large number of turns and the soft steel core. 
At radio frequencies, eddy current and hyster- 
esis losses in a magnetic core become prohibi- 
tive, and therefore r-f transformers are gen- 
erally of air-core construction. Eddy current 
loss is the more important factor since it in- 
creases as the square of the frequency; hyster- 
esis loss, being constant for each cycle, in- 
creases directly with frequency. With air-core 
construction, the tightest possible coupling re- 
sults in a coefficient of coupling of about .65 
compared to the .98 of well designed iron-core 
transformers. A large part of the primary and 
secondary windings of these partially coupled 
transformers constitutes a leakage reactance 
and therefore voltage, current, and impedance 
ratios cannot be calculated by the turns ratio 
equations, which are based on an assumption of 
almost perfect coupling. Hence, the turns rat 
of radio-frequency transformers have no ex; 
significance. In fact, the windings of the 


primarily as devices coupling two circuits 
rather than as voltage or current level trans- 
formers. At radio frequencies, the reactance 
of even a small inductance is very high because 
the rate of change of the current is high, and 
therefore the high mutual reactance between 
primary and secondary makes these trans- 
formers effective for impedance matching, for 
power transfer at low loss, and for high voltage 
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gain through resonance, as will be noted in the 
following discussion. 


b. The typical radio frequency transformer 
consists of an untuned primary, which is con- 
nected to the output circuit of a vacuum tube, 
and a tuned secondary connected to the input 
circuit of the following vacuum tube (A of fig. 
142). The two coils are wound next to each 
other, or one over the other, for close coupling, 
and with the number of turns in each dependent 
on the function of its particular circuit. Thus, 
the primary winding has many turns because 
its principal function is to offer high impedance 
to the first vacuum tube; the secondary wind- 
ing is determined by the amount of inductance 
needed for the band of frequencies to be tuned. 
jeth _circuit is 
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Figure 142. Radio frequency transformer with untuned 
primary. 


c. The use of loose coupling at radio fre- 
quencies is illustrated by the i-f (intermediate 
frequency) transformer of a typical radio re- 
ceiver. Such a transformer, shown in figure 143 
is designed to pass 455 kilocycles with a 10-ke 
bandwidth. It will be noted that the primary 
winding is an inductance that is part of a paral- 
lel resonant circuit, and that the secondary is 
part of a series resonant circuit, as explained in 
the discussion of resonance in chapter 5. If 
these windings were tightly coupled, the energy 
transfer would be maximum, but the leakage re- 
actance would be small—the inductances of the 
windings effectively cancelled by the trans- 
former action; when loosely coupled, each wind- 
ing is largely a leakage inductance and operates 
effectively as the inductance of a tuned circuit. 
Since each winding is part of a resonant cir- 
cuit, the voltage gain of the circuit is deter- 
mined by the Q of the circuit and not by the 
turns ratio of the windings. Hence, the turns 
ratio is usually 1 to 1, and the inductances and 
capacitances for resonance are equal. 

d. The extent of the coupling between the 
windings of an i-f transformer is determined 
by the band pass of the circuit. Thus, A of 
figure 144 shows the usual resonance curves 
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Figure 148. Intermediate frequency transformer. 


of primary and secondary currents superim- 
posed and with little coupling between them (K 
equal to .005). Since coupling is small, the 
amount of energy induced in the secondary 
circuit is low, and the band pass is narrow. As 
coupling is increased (K equal to .01), the Q 
of the primary circuit is lowered and the band 
pass is broadened, with a resultant dip in cur- 
rent at resonances because of the resistance 
reflected by the secondary into the primary 
circuit. Above and below resonance, the second- 
ary reflects a reactance into the primary cireuit 
which cancels some of the reactance of the pri- 
mary, and hence larger currents flow at these 
points, as revealed by the peaks in the primary 
resonance curve shown in B. The secondary 
current curve is now taller and broader because 
of a greater induced energy, and the band pass 
of 10 kc is achieved between the .707 points on 
the curve. This coupling is known as the criti- 
cal, or optimum, coupling. C and D show the 
effects of overcoupling in that attenuation of 
the center frequencies is revealed by the dips 
in the current curves. Such a transformer is 
a means of connecting together two resonant 
circuits by mutual reactance and in actuality 


is not so much a transformer as a band-pass 


filter, as described in chapter 5. 


e. The construction of i-f transformers is 


_ shown in figure 145. The distance between the 


two coils is an indication of the coupling; over- 
coupled coils are close together, and loosely 
coupled coils are widely spaced on the shaft of 
insulating material. The variable capacitors 
across the transformer in the schematic of figure 
143 are built into the assembly so that the whole 
unit may be shielded from other circuits by the 
can cover shown in figure 146. Some i-f trans- 
formers use fixed capacitors and vary the in- 
ductance of the coil by so-called slug tuning. 
In this type of transformer, a magnetic core 
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Figure 144. Coupling curves of ani-f transformer. 
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of powdered iron particles, mixed with a non- 
magnetic binder and cast into a slug, may be 
moved in and out of the inductance, thus chang- 
ing inductance by varying the geometry of the 
core. The particles of iron in this core are 
separated by the binder, and accordingly eddy 
current and hysteresis losses are held to a mini- 
mum. In addition, a given inductance requires 
fewer turns of wire when a magnetic core is 
used, thus reducing a-c resistance from the re- 
sistance of the wire itself and from skin effect, 
and increasing the Q of the circuit. Both the 
capacitor-tuned i-f transformer and the slug- 
tuned i-f transformer are built into metal cans 
for shielding, and provision is made for vary- 
ing capacitance or inductance through the top 
of the can, as shown in the pictorial of figure 
146. The function of the shield is to prevent 
the electromagnetic fields of the coils from 
inducing voltages in circuits physically near 
the i-f transformer. The metal can, being itself 
a conductor, represents a single-turn secondary 
into which is induced a voltage that sets up a 
current counter to the original force, thus pre- 
venting the flux lines from passing beyond the 
can. From another point of view, the metal can 
short-circuits the electric field which always 
accompanies a magnetic field, thus effectively 
preventing both from interacting with other 
circuits. It should be noted that a well made, 
well grounded shield has negligible resistance, 
and the reactance reflected is only the amount 
due to a single turn. 


f. Radio frequency transformers which 
handle large amounts of power may be illus- 
trated by the antenna-coupling circuit of a 
transmitter, shown by A of figure 147. The 
primary resonant tank in the plate circuit of 
the last power amplifier of the transmitter is 
inductively coupled through the transformer to 
the series resonant circuit of the antenna. The 
factors of critical and optimum coupling, noted 
in the discussion of i-f transformers, are pres- 
ent in this circuit since both primary and sec- 
ondary circuits are resonant; that is, the cou- 
pling is adjusted for proper bandwidth, and 
the power delivered to the antenna is a func- 
tion of the Q of the secondary circuit and of 
the coupling possible at a given bandwidth. In 
tuning such a coupling circuit, the primary tank 
is brought to resonance at the desired frequency 
(line current falls to a minimum); then the 
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Figure 145. Details of i-f transformer construction. 
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Figure 146. Radio frequency transformers. 


antenna circuit is brought to resonance as indi- 
cated by a maximum rise in current in the 
antenna circuit. This action reflects both the 
resistance and the reactance of the antenna 
circuit into the primary circuit, thus loading 
and, at the same time, detuning the primary. 
The reactance reflected into the primary by 
the secondary must be compensated for by re- 
tuning the primary to resonance, or until the 
reactance of the secondary is just canceled by 
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the reactance of the primary and a resonant 
condition set up across the transformer. B of 
figure 147 shows the equivalent circuit in which 
the inductive reactance (points T-E) of the 
antenna circuit is just balanced by the capaci- 
tive reactance (points J-T) of the primary. 
Then, the pure resistance of the generator 
(points H-I) sees the pure resistance of the 
antenna circuit R;, and maximum power is 
transferred across the transformer. 
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Figure 147. Antenna-coupling transformer. 


89. Impedance Matching at Radio Fre- 
quencies 


a. In the discussion of power transfer and 
impedance matching earlier in this chapter, the 
effects noted were dependent on almost com- 
plete mutual coupling as it exists in power 
transformers and audio frequency trans- 
formers. At radio frequencies, the coefficient 
of coupling is smaller and power transfer is 
accordingly less. In the previous section, how- 
ever, it was noted that resonance offset the 
effect of loose coupling and considerable power 
transfer takes place. Impedance considerations 
are also important in these double-tuned cir- 
cuits. For instance, the primary tuned circuit 
of the i-f transformer of figure 148 is a parallel 
resonant circuit offering extremely high im- 
pedance to the preceding vacuum tube—a de- 
sirable condition, since the internal impedance 
of the tube is high and a large percentage of 
the signal voltage available is developed across 
the primary. The tuned secondary circuit of 
the same schematic, although a series resonant 
circuit, shows also a very high impedance across 
the capacitor alone, and therefore a high im- 
pedance to match the input of the second 
vacuum tube. 


b. The maximum transfer of power from one 
circuit to another at radio frequencies is, how- 
ever, often necessary. In such cases, a radio- 
frequency impedance matching transformer is 
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used, but as has been noted, the turns ratio of 
a radio-frequency transformer has no particu- 
lar significance, and so the impedance match 
cannot be determined by means of the familiar 
formula. In general, however, the smaller num- 
ber of turns is the low-impedance side, and the 
greater number of turns is the high-impedance 
side of the transformer. Figure 148 shows a 
600-ohm impedance transmission line from an 
antenna system matched to the output circuit 
of a transmitter. Under ideal conditions, the 
characteristic impedance of the line is 600 ohms 
of pure resistance, which is reflected into the 
primary circuit as a higher impedance matching 
the output of the vacuum tube. Since the im- 
pedance reflected is dependent on the coupling, 
the distance between the coils of the trans- 
former is adjusted until the resistance reflected 
into the primary loads the vacuum-tube source 
for maximum power output. If the transmis- 
sion line shows a reactive component, this com- 
ponent is reflected into the primary as its image 
reactance and may be compensated for by either 
increasing or decreasing the main tuning ca- 
pacitance, or by placing a capacitor across the 
secondary, as shown by the dotted line of figure 
148. It should be noted, however, that a capaci- 
tor across the secondary does not tune the sec- 
ondary to resonance but merely cancels the 
reactive component present in the transmission 
line. 


6000 OPEN WIRE 
TRANSMISSION LINE 


VARIABLE COUPLING 


Sh ™ 681-257 
Figure 148. Antenna coupling : impedance match. 


c. Two nonresonant impedances may be 
matched without appreciable loss by means of 
a matching transformer, or a transmission line 
considered as a matching transformer, or by 
means of a resistor network. Figure 149 shows 
the schematic of a 300-ohm transmission line 
carrying a signal from a television antenna to 
the input circuit of a receiver. A small air-core 
transformer is used to match the 300 ohms 
impedance of the line to the 75 ohms input 
impedance at the terminals of the receiver. The 
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Figure 149. Impedance matching r-f transformer. 


function of this transformer is like that de- 
scribed above except that the coupling is close 
because neither side is resonant. If a trans- 
mission line is used as a matching transformer, 
as shown in A of figure 150, the impedance of 
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the matching section, which is cut to a quarter- 
wavelength of the frequency on the line, is de- 
termined by the geometric mean between the 
extremes to be matched. This matching im- 
pedance is given by the formula: 


Lo a VL Le 


where: Z, = the matching impedance 
Zi \ = the impedances to be matched. 
2 


Thus, the quarter-wavelength matching section 
must have an impedance of 150 ohms when 
matching a 300-ohm line to the 75-ohm input 
of the receiver: 


Zo = \/300 & 75 = \/22,500 
Zo = 150 ohms. 


B of figure 150 shows a resistor network for 
matching these same impedances. Note that 
the 300-ohm transmission line is terminated in 
a 800-ohm resistor R,, the 75-ohm receiver is 
matched by the 75-ohm resistor Rs, and the 
150-ohm resistor is common to both. 
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Figure 150. Impedance matching networks. 


140 


AGO 1736A 


90. Summary 


a. A transformer is a device which converts 
electrical power from one voltage-current level 
to another voltage-current level. It consists of 
any two inductors so placed physically that the 
changing magnetic field set up by an alternat- 
ing current in one induces an alternating emf 
in the other. . 


b. The coil connected to the source of power 
is the primary winding; the coil connected to 
the load is the secondary winding. 


c. The connection between the two coils is 
the flux linkage of the magnetic circuit, which 
produces high mutual inductance. At power-line 
frequencies (60 cycles), soft iron cores of high 
permeability reduce flux leakage, increase in- 
ductance and inductive reactance, and accord- 
ingly reduce magnetizing current. 


d. Current in the secondary circuit sets up 
flux lines opposed to the primary flux lines, 
thereby increasing primary current. Under full 
load, voltage and current in the primary circuit 
tend to be in phase with each other and 180° 
out of phase with voltage and current in the 
secondary circuit. 

e. The voltage induced in the secondary of 
a transformer is proportional to the number of 
turns in the secondary compared to the number 
of turns in the primary: 

E,=—E, . 
N, | .N, 

f. A step-up transformer is one in which the 
voltage induced in the secondary is greater than 
the voltage applied to the primary; a step-down 
transformer is one in which the voltage in- 
duced in the secondary is less than the voltage 
applied to the primary. 


g. The volts per turn for any given trans- 
former is a constant and is determined by 
dividing the applied voltage by the number of 
turns in the primary. 

h. The power in the primary circuit of a 
transformer is always equal to the power in 
the secondary circuit (regardless of the ratio of 
voltages). 

1. The current in either winding of a trans- 
former is inversely proportional to the number 
of turns: 
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j. Practical transformers show efficiencies 
above 95 percent. Losses occur because of flux 
leakage, hysteresis, eddy currents, flux satura- 
tion of the core, copper losses, and distributed 
capacitance. 

k. Power transformers convert electrical 
power to very high voltage with correspond- 
ingly low currents for long-distance trans-. 
mission, and re-convert this power to low volt- 
age at high current for use by the consumer. 

l. Power transformers used in communica- 
tions equipment generally have a power factor 
of .9 and efficiencies above 95 percent. 

m. The total power delivered by a trans- 
former with multiple secondary windings is the 
arithmetical sum of the amounts of power de- 
livered by the various secondaries. 


n. The autotransformer is a special type of 
low-loss power transformer which shows good 
voltage regulation under varying loads. 


o. The impedance in the primary circuit of 
a transformer is directly proportional to the 
square of the ratio of the turns in the primary 
to the turns in the secondary: 

Zp =—N,” . 

p. For maximum transfer of power in any 
electrical circuit, the impedance of the load must 
equal, or match, the internal impedance of the 
source. 


q. A transformer of the proper turns ratio 
may be used as an impedance matching device 
by means of which a load of a certain impedance 
is matched to a source of different impedance. 


vy. An impedance in the secondary of a trans- 
former is said to be reflected into the primary 
circuit. If the load is a pure resistance, it is 
reflected as a pure resistance but displaced by 
180°; if the load is reactive it is reflected as 
its opposite reactance—that is, as an tmage 
reactance. 


s. The effect of an inductive reactance in the 
secondary circuit is to reflect a capacitive re- 
actance in series with the primary circuit; the 
effect of a capacitive reactance in the second- 
ary circuit is to reflect an inductive reactance 
in series with the primary circuit. 


t. An inductive reactance in series may be 
conceived of as a capacitive reactance in paral- 
lel; and a capacitive reactance in series may be 
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conceived of as an inductive reactance in 
parallel. 


u. An inductance in the secondary reflects an 
inductance across the primary directly propor- 
tional to the square of the number of turns; a 
capacitance in the secondary reflects a capaci- 
tance across the primary inversely proportional 
to the square of the number of turns. 


v. Audio frequency transformers are high- 
inductance iron-core transformers used as 
power-transfer and impedance matching devices 
at frequencies between 20 and 20,000 eps. 


w. A microphone transformer matches the 
impedance of a low-impedance microphone to 
the high-impedance input circuit of a vacuum 
tube. An interstage transformer matches the 
output circuit of one vacuum tube to the input 
circuit of another tube. An output transformer 
matches the output circuit of a vacuum tube to 
the low-impedance circuit of a loudspeaker. 


x. Radio frequency transformers are low- 
inductance air-core transformers—iron-core 
losses are prohibitive at radio frequencies—for 
use at frequencies between 50 kes and 30 mcs. 


y. Radio frequency transformers employ 
loose coupling and inductances determined by 
the function of the circuits. The untuned pri- 
mary, tuned secondary transformer shows high 
impedance to the output circuit of one vacuum 
tube and a secondary resonant at the frequen- 
cies to be passed. Intermediate frequency trans- 
formers are loosely coupled; both primary and 
secondary windings are tuned and become, in 
effect, a band-pass filter. Antenna-coupling 
transformers are power transformers at radio 
frequencies; by balancing of the reactances 
present, a resonant condition across the trans- 
former allows maximum transfer of power. 


z. The turns ratio of a radio frequency trans- 
former has no particular significance because 
of the loose coupling, but impedances are 
matched by means of a suitable ratio matching 
transformer, a transmission line considered as 
a matching transformer, or by a resistor net- 
work. 


91. Review Questions 


a. What is a transformer? How is the pri- 
mary winding distinguished from the secondary 
winding? 
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b. What is the connection between the wind. 
ings of a transformer? 

c. Why are soft iron cores necessary at power 
line frequencies? 

d. What determines the number of turns on 
the primary winding of a transformer? 


e. What is magnetizing current? Why must 
it be kept to a minimum? ' 


f. What is flux linkage? Flux leakage? 


g. Describe the effect of primary current on 
flux lines set up in the core; of secondary 
current. 


h. What is the phase relationship of voltage 
and current across a given winding at no load? 
At full load? 

iz. What is the phase relationship between 
voltage and current on one side of a transformer 
and voltage and current on the other side of 
the transformer? 


j. Give the formula for determining voltages 
across a transformer in terms of the turns ratio. 

k. What is a step-up transformer? A step- 
down transformer ? 


l. What does the expression volts per turn 
mean? How may it be used for calculation of 
voltages in a multiple winding transformer? 

m. What is the relationship between power 
in one side of a transformer and power in the 
other side? 

n. Give the formula for determining the cur- 
rent in any winding of a transformer in terms. 
of the number of turns. 

o. How is the efficiency of a transformer de- 
termined? What is the usual efficiency of a 
practical transformer? 

». Describe the sources of loss in an iron-core 
transformer. Why are laminated cores used? 

q. Describe the use of power transformers 
in long-distance power transmission. What is 
the special function of the pole transformer? 

vr. What is usually taken as the power factor 
of transformers used in communications equip- 
ment? As the efficiency? 

s. How is the total power delivered by a mul- 
tiple winding transformer determined? 

t. What is an autotransformer? When is it 
used? 

u. What is the prime disadvantage of an 
autotransformer? 
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v. Give the formula for determining imped- 
ances across a transformer in terms of the 
turns ratio. 

w. What is the prime condition for maximum 
transfer of power in any electrical circuit? 

x. How is a transformer used as an imped- 
ance matching device? Give an example. 

y. Why is the load on the secondary said to 
be a reflected or image load in the primary? 

z. What effect does an inductive load have 
on the primary circuit? A capacitive load? 

aa. Give the formulas for determining the 
amount of inductance or capacitance reflected 
across the primary of a transformer in terms 
of the turns ratio. 


AGO 1736A 


ab. What are audio frequency transformers? 


ac. Describe separately the function of micro- 
phone transformers, interstage transformers, 
and output transformers. 


ad. Why are soft iron cores not used in radio 
frequency transformers? 


ae. Explain the importance of coupling in 
i-f transformers. What is optimum coupling? 


af. How is power transferred at radio fre- 
quencies? 


ag. Describe how a quarter-wave transmis- 
sion line is. used as an impedance matching 
transformer at radio frequencies. 
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CHAPTER 7 
D-C MACHINES 


Section !. D-C GENERATORS 


92. Motors and Generators 


In the previous chapters of this manual, the 
fundamental generation of an emf was described, 
and then the a-c generator as a source of power was 
assumed in analyzing the characteristic of the 
components common to a-c circuits. The purpose 
of this chapter and the following chapter is the 
description, both mechanical and electrical, of the 
generation of both ac and de from the point of view 
of electrical power-producing machines and of 
these same machines considered as mechanical 
power producers, or motors. Thus, a generator is 
defined as a machine which converts mechanical 
energy into electrical energy; and a motor is de- 
fined as a machine which converts electrical energy 
into mechanical energy. 

a. The mechanical energy required for the oper- 
ation of a generator can be supplied by a gasoline 
engine, a Diesel engine, an electric motor, a steam 
turbine, or some other kind of prime mover. The 
electrical energy developed by the generator can 
be either ac or de depending on the constructional 
features of the machine. Under certain circum- 
stances, a generator can be used as a motor, in 
which case electrical energy is supplied to the 
terminals of the machine and mechanical energy is 
delivered to some kind of load. 

b. Motors and generators are used extensively in 
the military services and are integral parts of 
many communications equipments. For example, 
hand generators and dynamotors are used in many 
field radio and telephone equipments. Motors 
ranging in size from less than 1 horsepower to over 
25 horsepower are used to furnish power for a 
variety of equipments. 

c. The fundamental principle for the generation 
of an emf is explained in chapter 1 of this manual; 
that is, the generation of emf depends on the rela- 
tive motion between a conductor and a magnetic 
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field. The magnetic field, or flux, may be 
stationary and the conductor moved or the con- 
ductor may be stationary and the flux moved; in 
either case, the result is the same. The amount 
of emf induced in a conductor moving in a magnet- 
ic field depends on three factors: 

(1) The strength of the field. 

(2) The length of the conductor, or the size 
and number of turns in a coil when the 
conductor is wound in the form of a coil. 

(3) The speed at which the conductor sweeps 
through the magnetic field, or the speed 
of rotation of a coil in a magnetic field. 


ARMATURE COIL OR LOOP 
SLIP RING 


TM 681-104 
Figure 151. Basic a-c generator. 


d. All constructional features in the design of 
generators provide for a balanced relationship 
among these three factors. 

e. The basic a-c generator (fig. 151) is made up 
of a permanent magnet to produce a magnetic 
field, a single-turn loop which is rotated in the 
field and in which is induced an emf, and a slip- 
ring and brush assembly which makes possible the 
connection of generated emf to an external load. 
This simple generator, although helpful in the 
understanding of the basic theory, has little prac- 
tical application because the amount of electrical 
energy generated is very small. Practical genera- 
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tors, on the other hand, are capable of supplying 
electrical energy in almost any desired amount. 
The practical generator may use one or more elec- 
tromagnets instead of the permanent magnet, an 
iron-core coil composed of many turns of wire in- 
stead of the single-turn loop, and a superior though 
similar slip-ring and brush assembly. For d-c 
motors, the slip-ring and brush assembly is re- 
placed by a commutator and brush assembly, as 
will be explained in the following paragraphs. The 
housing and parts of practical generators are de- 
signed for maximum speed consistent with use and 
mechanical limits of safety. 


zero volts). Note that the coil ends are connected 
to the slip rings, which rotate simultaneously with 
the loop. The stationary carbon brushes make 
contact with the slip rings and are used to conduct 
the generated voltage to the external load—in this 
case, a meter. 

b. After the loop has rotated 90° from its initial 
position and is passing through the position shown 
in B, the black coil side is moving downward and 
the white side upward. Both sides are cutting a 
maximum number of flux lines and the induced 
emf, as indicated by the meter, is at a positive 
maximum. 
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Figure 152. Generation of an emf. 


93. Principle of Operation 


Consider the four positions of the single-turn 
loop and slip rings as they rotate clockwise in a 
uniform magnetic field produced by the poles of a 
- magnet (fig. 152). 

a. When the loop rotates through the position 
shown in A, the black coil side is moving toward 
the north pole and the white side is moving toward 
the south pole. Because the coil sides are moving 
parallel to the direction of the field, no flux lines 
are cut and the emf induced in the loop is zero. 
This condition can be proved by connecting a 
suitable meter across the output terminals as 
shown (center-scale position of needle indicates 
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c. As the loop passes through an angle of 180° 
in C, the coil sides are again cutting no flux lines 
and the generated emf is again zero. 

d. As the loop passes through an angle of 270°, 
as in D, the coil sides are cutting a maximum num- 
ber of flux lines and the generated emf is at a nega- 
tive maximum. 

e. The next 90° revolution of the loop completes 
the 360° revolution and the generated emf falls to 
zero. 

f. The preceding facts may be summarized as 
follows: As the loop makes one complete revolu- 
tion of 860°, the generated emf passes from zero 
to a positive maximum, to zero, to a negative 
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maximum, and back to zero. If a constant speed 
of rotation is assumed, the emf generated is a sine 
wave (fig. 1538). 


94. Direct-Current Generator 


By replacing the slip rings on the basic a-c gen- 
erator with two semicylindrical segments, called a 
commutator, a basic d-c generator is obtained (fig. 
154). In this figure, note that the black coil side 
is connected to the black semicylindrical segment 
and the white coil side is connected to the white 
segments. These segments are insulated from 
each other. The two stationary brushes are placed 
on opposite sides of the commutator and are so 
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Figure 153. Generation of a sine wave. 


mounted that each brush contacts each segment 
of the commutator as the latter revolves simul- 
taneously with the loop. The rotating parts of a 
d-c generator (coil and commutator) are called an 
armature. 

a. The generation of an emf by the loop rotat- 
ing in the magnetic field is the same for both a-c 
and d-e generators, but the action of the commuta- 
tor produces a d-c voltage output. 

(1) The loop in position A of figure 155 is 
rotating clockwise, no flux lines are cut 
by the coil sides, and no emf is generated. 
Note that the black brush is just coming 
into contact with the black segment of 
the commutator and the white brush is 
just coming into contact with the white 
segment. 
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(2) In position B, the flux is being cut at a 
maximum rate and the induced emf is 
maximum. At this time, the black brush 
is contacting the black segment, and the 
white brush is contacting the white seg- 
ment. The deflection of the meter is to 
the right, indicating the polarity of the 
output voltage. 

(8) At position C, the loop has completed 
180° of rotation. Again, no flux lines are 
being cut and the output voltage is zero. 

(4) The important condition to observe at 
position C is the action of the segments 
and brushes. The black brush at the 
180° angle is contacting both black and 
white segments on one side of the com- 
mutator, and the white brush is contact- 
ing both segments on the other side of 
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Figure 154. Basic d-c generator. 


the commutator. After the loop rotates 
slightly past the 180° point, the black 
brush is contacting only the white seg- 
ment and the white brush is contacting 
only the black segment. 

(5) Because of this switching of commutator 
elements, the black brush is always in 
contact with the coil side moving down- 
ward, and the white brush is always in 
contact with the coil side moving up- 
ward. Though the current actually re- 
verses its direction in the loop in exactly 
the same way as in the a-e generator, 
commutator action causes the current to 
flow always in the same direction through 
the external circuit or meter. 

b. A graph of 1 cycle of operation is shown in 
figure 155. The generation of the emf for posi- 
tions A, B, and C is the same as for the basic a-c 
generator, but, at position §&, commutator action 
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reverses the current in the external circuit, and 
the second half-cycle has the same waveshape as 
the first half-cycle. For this reason, the process 
of commutation is sometimes called rectification. 
To summarize, the current within the loop con- 
- tinues to reverse its direction every 180° but the 
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Figure 155. Operation of a basic d-c generator. 


combined action of the commutator and brushes 
causes the current in the external circuit to flow 
in one direction only. 

c. At the instant that each brush is contacting 
two segments on the commutator (positions A, C, 
and EF in fig. 155), a direct short circuit is produced. 
If an emf is generated at this time, a high current 
will flow in the short circuit, causing an are and 
thus damaging the commutator. For this reason, 
the brushes must be placed in the exact position 
where the short will occur when the generated emf 
is zero. This position is called the neutral plane. 


95. Ripple 


The voltage generated by the basic d-c generator 
varies from zero to its maximum value twice for 
each revolution of the loop (fig. 155). This varia- 
tion of d-c voltage is called ripple, and may be re- 
duced by using more loops, or coils, as shown in 
figures 156 and 157. As the number of loops is in- 
creased, the variation between maximum and 
_ minimum values is decreased, and the output volt- 
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age of the generator approaches a steady d-c value. 
In figures 156 and 157, note that the number of 
commutator segments is increased in direct pro- 
portion to the number of loops; that is, there are 
two segments for one loop, four segments for two 
loops, and eight segments for four loops. 
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Figure 156. Output voltage from a two-coil armature. 
96. Output Voltage 


The voltage induced in a single-turn loop is 
small. Increasing the number of loops does not 
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increase the maximum value of generated voltage, 
but increasing the number of turns in each loop 
will do so. Within narrow limits, the output volt- 
age of a d-c generator is determined by the product 
of the number of turns per loop, the total flux per 
pair of poles in the machine, and the speed of rota- 
tion of the armature. 


Note. Up to this point, only the basic d-c generator, 
using a single pair of poles (one north and one south pole), 
has been considered. In following paragraphs, the func- 
tioning of other generators, using more than one pair of 
poles, will be described. 


97. Practical D-C Generators 


As explained in preceding paragraphs, the major 
parts of a d-c generator are stationary magnetic 


INDUCED EMF 


REVOLUTIONS 


TM 681-110 


Figure 157. Output voltage from a four-coil armature. 


poles, a rotating armature, and a stationary brush 
assembly. The major parts of practical genera- 
tors are the same as for the basic generators thus 
far described and illustrated, but the practical 
generator differs in appearance and design details. 

a. MAGNETIC POLES. The practical generator 
uses electromagnets instead of permanent mag- 
nets in order to produce a much stronger magnetic 
field without increasing the physical size of the 
magnets. 

(1) Figure 158 shows assemblies used for two- 
pole and four-pole d-c generators. The 
yoke, or frame, has two functions: It com- 
pletes the magnetic circuit between poles 
and acts as a mechanical support for the 
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rest of the machine. In small generators, 
the yoke is made of one piece of iron, 
but in larger generators the yoke is 
usually made up of two parts bolted to- 
gether. The yoke has high magnetic 
properties, and together with the pole 
pieces forms themajor partofthe magnet- 
ic circuit. 

(2) The field poles are bolted to the inside of 
the yoke and form a core on which to 
mount the field coil windings. The poles 
usually are laminated to reduce eddy 
current losses, and serve the same 
purpose as the iron core of an electro- 
magnet-concentration of the lines of force 
produced by the field coils. The entire 
yoke, both frame and field poles, is made 
from high-quality magnetic iron or sheet 
steel. 

(8) The field coils are made up of many turns 
of insulated wire and are usually wound 
on a form which fits over the iron core of 
the pole and is securely fastened to it. 
The exciting current which flows through 
the field coils is obtained from an external 
source or from the generated de of the 
machine. No electrical connection exists 
between the windings of the field coils 
and the pole pieces. 

(4) Most field coils are connected in such a 
manner that the poles show alternate 
polarity. There is always one north pole 
for each south pole in the machine, and 
therefore there must always be an even 
number of poles in any generator. 

(5) Note that the pole pieces in figure 158 
project from the yoke. This design re- 
duces the length of the air gap between 
the poles and the rotating armature and 
increases the efficiency of the machine, 
as air offers much reluctance to the mag- 
netic field. When the pole pieces are 
made to project as shown, they are called 
salient poles. 

b. ARMATURES. As stated previously, the ro- 
tating part of a d-c generator is called an armature. 
Thus, the armature consists of armature coils 
wound on an iron core, a commutator, and asso- 
ciated mechanical parts. 

(1) The iron core acts as an iron conductor in 
the magnetic field and, for this reason, 
is laminated to prevent the circulation 
of eddy currents (see ch. 6). 
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(2) There are two kinds of armatures, the 
ring and the drum. Figure 159 shows a 
ring-type armature made up of an iron 
core, an eight-section winding, and an 
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Figure 158. A, two-pole assembly. B, four-pole assembly. 
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eight-segment commutator. This kind 
of armature is rarely used; most genera- 
tors have the drum-type armature. 

(3) On the drum-type armature, the coils are 
placed in slots in the core, but there is no 
electrical connection between the coils 
and core (fig. 159). The use of slots in- 
creases the mechanical safety of the 
armature. Usually, the coils are held 
in place in the slots by means of wooden 
or fiber wedges. The connections of the 
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Figure 159. An eight-section, ring-type armature. 


individual coils, called coil ends, are 
brought out to individual segments on 
the commutator. 

c. COMMUTATORS. Figure 161 is a cross-sec- 
tional view of a typical commutator. The com- 
mutator is located at the end of the armature (fig. 
160) and consists of wedge-shaped segments of 
hard-drawn copper, insulated from each other by 
thin sheets of mica. The segments are held in 
placed by steel V-rings or clamping flanges fitted 
with bolts. Rings of mica insulate the segments 
from the flanges. The raised portion of each seg- 
ment is called a riser and the leads from the arma- 
ture coils are soldered to the risers. When the 
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Figure 160. Drum-type armature (partly assembled). 
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segments have no risers, the leads are soldered to 
short slits in the ends of the segments. 

(1) The brushes ride on the surface of the 
commutator and form the electrical con- 
tact between the armature coils and the 
external circuit. The brushes are made 
of high-grade carbon, and are held in 
place by brush holders, insulated from 
the frame. The brushes are free to slide 
up and down in their holders so that they 
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Figure 161. 


can follow any irregularities in the sur- 
face of the commutator. 

(2) A flexible, braided copper conductor, com- 
monly called a pigtail, connects each 
brush to the external circuit. 

(8) The brushes are usually adjustable so 

that the pressure of the brushes on the 

commutator can be varied and the posi- 
tion of the brushes with respect to the 
segments can be adjusted. 
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98. Commutation 


As an armature revolves in a d-c generator, the 
armature coils, passing under the pole pieces, have 
a voltage induced in them which appears at the 
brushes of the machine. As the commutator seg- 
ments to which the coils are connected pass under 
the brushes, two actions occur: First, current is 
drawn from the segments as a result of the volt- 
ages induced when the coils are passing under the 
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Cross-sectional view of a typical commutator. 


poles; second, those coils which are in the inter- 
polar spaces are short-circuited momentarily and 
the connections to the coils are reversed. 

a. The constant making and breaking of con- 
nections to the coils in which a voltage is being 
induced necessitates the use of a brush material 
having a definite contact resistance. Furthermore, 
it must be of such a nature that the friction be- 
tween the commutator and the brush is low; other- 
wise, the commutator would wear excessively. 
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For these reasons, the material commonly used for 
brushes is high-grade carbon. This carbon must 
be soft enough to prevent undue wear of the com- 
mutator and yet be hard enough to provide reason- 
able brush life. Since the contact resistance of 
carbon is fairly high, the brush must be made quite 
large to provide a large area of contact. The com- 
mutator surface is highly polished to reduce fric- 
tion as much as possible. Oil and grease must 
never be used on a commutator, and extreme,care 
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Figure 162. Armature reaction. 
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must be used in cleaning it to avoid marring or 
scratching the surface. 

b. Theoretically, no sparking should occur at 
the commutator brushes. However, the current 
flowing in the armature coils sets up a magnetic 
field of its own which opposes the magnetic field 
set up by the field structure. The presence of this 
opposing field causes a shift in the neutral plane 
(par. 94c). Figure 162 illustrates how this effect, 
called armature reaction, is produced. A shows 
the flux lines produced by the pair of poles when 
no current is flowing through the armature coils. 
The curvature in the flux lines is produced by the 
presence of the iron-core armature between the 
poles and is a normal distortion of the magnetic 
field in a generator. The line ab indicates the zero 
axis of the field. B shows the flux lines produced 
by current flowing through the armature coils 
alone; that is, it is assumed that the field coils are 
unexcited and no field is produced by the poles. 
C shows the resultant field of two fluxes: the flux 
of A produced by the poles and the flux of B pro- 
duced by the current-carrying armature. Note 
that the zero axis of the resultant field is displaced 
as indicated by the line a/b’. This displacement 
results in a shift in the position of the neutral 
plane. The shift of the main field brings the arma- 
ture coils which are being short-circuited by the 
brushes under the influence of an additional slight 
field, which induces a low voltage in them. This 
low voltage is short-circuited by the brushes, caus- 
ing sparking, which results in the burning and 
pitting of the commutator. As the load current 
and resulting armature reaction increase, this 
effect becomes more pronounced. 

c. Various expedients are in use to nullify this 
shift of the neutral plane: 

(1) The entire brush assembly can be ad- 
justed to bring the brushes in line with 
the shifted neutral plane. Since the 
neutral plane shifts with the load, it 
follows that the brush assembly must be 
rotated or shifted each time the load on 
the machine is changed. Such a pro- 
cedure is impractical in most cases, and 
other means must be used for reducing 
the effects of armature reaction. 

(2) The poles can be chamfered slightly; that 
is, the radial distance between the pole 
face and the armature can be increased 
slightly at the edges of the poles (fig. 
163). The increased air gap at the edges 
of the poles offsets to some extent the 
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tendency of the field to shift because of 
armature reaction. 

(8) Commutating poles can be placed in the 
interpolar spaces. These poles are smal- 
ler and narrower than the main field poles 
and the winding on them is in series 
with the armature and so connected that 
the field set up by them opposes the field 
caused by armature reaction. 

(4) The faces of the main field poles may be 
slotted longitudinally and windings 
placed in the slots. These windings are 
then connected in such a manner that 
the field produced by them opposes the 
field set up by the armature. 

d. To summarize, the effect of armature reac- 
tion can be minimized or overcome by shifting the 
brush assembly, by using chamfered poles, by 
using commutating poles, by the use of pole face 
windings, or by combinations of two or more of 
these corrective methods. 
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Figure 163. Chamfered pole. 


99. Types of D-C Generators 


D-c generators are classified according to the 
method used to supply the exciting current to the 
field windings. When the field current is obtained 
from a separate source, the generator is said to be 
separately excited. Usually this separate source is 
a small auxiliary generator called an exciter. If 
the field current is supplied by the generator itself, 
the generator is said to be self-excited. The self- 
excited classification is further divided into shunt, 
series, and compound types, all of which are ex- 
plained in the following paragraphs. 

a. SHUNT GENERATOR. The poles of a generator 
retain some magnetism, called residual magnetism, 
when the machine is not in operation. Advantage 
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is taken of this fact in the self-excited shunt 
generator. 

(1) This residual magnetism produces a weak 
magnetic field and, when the generator is 
started, a small voltage is induced in the 
armature and appears at the output ter- 
minals. Then, because the armature out- 
put voltage is connected across the field 
windings (B of fig. 164), a small current 

¢ flows in the windings. This field current, 
in turn, strengthens the magnetic field, 
the output voltage increases accordingly, 
and a larger current flows in the windings. 
This action is cumulative, and the out- 
put voltage continues to rise to a point 
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Figure 164. Shunt generators, simplified diagrams. 


called field saturation, where no further 
increase in output voltage occurs. 

(2) If the initial direction of armature rota- 
tion is wrong, the cumulative action does 
not occur, since the small induced voltage 
opposes the residual field and there is no 
build-up of output voltage. 

(8) When the field windings of a shunt gen- 
erator are excited by a separate source 
(A of fig. 164), the machine is said to be 
separately excited. 

(4) The terminal voitage of a shunt genera- 
tor can be controlled by means of a rheo- 
stat inserted in series with the tield wind- 
ings. As the resistance is increased, the 
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field current is reduced and, conse- 
quently, the generated voltage is reduced 
also. For a given setting of the field 
rheostat, either for a separately excited 
or self-excited machine, the terminal volt- 
age at the armature brushes will be 
approximately equal to the generated 
voltage minus the IR drop produced by 
the load current in the armature. Con- 
sequently, the voltage available at the 
terminals of the machine will drop as 
the load is applied. This effect is greater 
in a self-excited generator than in a 
separately excited generator. Certain 
voltage-sensitive devices are available 
which automatically adjust the field rheo- 
stat to compensate for variations in load 
and, when these devices are used, the 
terminal voltage remains essentially con- 
stant. 
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Figure 165. Series generator, simplified diagram. 


(5) Shunt generators are used primarily in 


applications, such as battery charging, 
when a constant voltage under varying 
current conditions is required. Separ- 
ately excited shunt generators are often 
used in certain speed-control systems. 


b. SERIES GENERATOR. The field winding of a 
series generator is connected in series with the 
armature output voltage (fig. 165). 

(1) The field coils of the series generator are 
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made up of a few turns of heavy wire, and 
the magnetic field is more dependent on 
the amount of current flowing through 
the coils than on the number of turns in 
the coils. The wire must be large because 
all of the current in the external circuit 
passes through the coils. 


(2) Series generators have very poor voltage 
regulation under changing load, as the 
greater the current through the field coils 
to the load, the greater will be the 
induced emf and the greater will be the 
output voltage of the generator. There- 
fore, when the load is increased, the volt- 
age will increase, and when the load is 
decreased, the voltage will also decrease. 
Because the series generator has such 
poor regulation, only a few are in actual 
use. 
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Figure 166. Cumulative-compounded connections. 
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Figure 167. Differentially compounded connections. 


c. COMPOUND GENERATORS. A compound gen- 
erator has both a series and a shunt field, both 
windings being on the same pole structure. The 
series field may be connected either to aid or 
oppose the shunt field. 

(1) If the series field aids the shunt field, the 
generator is said to be cumulative-com- 
pounded (fig. 166); if the magnetizing 
turns in the series field are such that the 
voltage rises with increasing load, the 
machine is over-compounded; if the volt- 
age remains essentially constant for all 
values of load, it is flat-compounded; 


153. 


and if the voltage drops with increasing 
load, the machine is under-compounded. 

(2) If the series field opposes the shunt field, 
the machine is said to be differentially 
compounded, or is called simply a dif- 
ferential generator (fig. 167). 

(3) Compound generators are usually de- 
signed to be over-compounded. ‘This 
feature permits the degree of compound- 
ing to be varied by connecting a variable 
shunt across the series field. Such a 
shunt is sometimes called a diverter. 
Compound generators are used where 
voltage regulation is of prime importance. 

(4) Differential generators have somewhat 
the same characteristics as series genera- 
tors in that they are essentially constant- 
current generators. However, they gen- 
erate rated voltage at no load, the volt- 
age dropping materially as the load cur- 
rent increases. This constant-current 
characteristic makes them ideally suited 
as power sources for electric arc welders 
and find almost universal application in 
this work. 

(5) Ifthe shunt field of a compound generator 
is connected across both the armature 
and the series field, it is known as a long- 
shunt connection. If the shunt field is 
connected across the armature alone, it 
is called a short-shunt connection. These 
connections produce essentially the same 
generator characteristics. 


d. THREE-WIRE GENERATORS. Some d-c ma- 


chines, called three-wire generators, are designed 
to deliver 240 volts, with a neutral connection 
which provides 120 volts on either side of neutral. 
This is accomplished by connecting a reactance 
coil to opposite sides of the commutator (fig. 168), 
with the neutral connected to the midpoint of the 
reactance coil. Such a reactance coil acts as a 
low-loss voltage divider; if resistors were used, the 
I?R loss would be prohibitive unless the two loads 
were perfectly matched. The coil may be built 
into the machine as part of the armature and the 
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Figure 168. Three-wire generator. 


midpoint connected to a single slip ring with which 
the neutral makes contact by means of a brush, or 
the two connections to the commutator may be in 
turn connected to two slip rings, in which case the 
reactor is located external to the machine. In 
either case, the load unbalance either side of the 
neutral must not be more than 25 percent of the 
rated current output of the generator. The three- 
wire generator permits simultaneous operation of 
120-volt lighting circuits and 240-volt-motors from 
the same generator. 


Section II. D-C MOTORS 


100. D-C Motors 


Motors, like generators, are simply a means of 
transforming energy or power. Motors convert 
electrical power into mechanical power. The 
essential features and parts of the d-c generator 
and d-c motor are the same, both machines having 
field coils, armature coils, a commutator, and a 
brush assembly. As stated in paragraph 92, a d-c 
generator can be used as a d-c motor. When a 
voltage is applied to the terminals of a generator, 
the currents in the field coils and armature coils, 
respectively, set up magnetic fields which react 
on each other and cause the armature to revolve. 
When this happens, a d-c motor is in operation. 
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101. Principle of Operation 


An understanding of basic motor action can be 
obtained by considering the following simple facts 
concerning magnetic fields. 

a. A of figure 169 shows the uniform magnetic 
field which exists between the poles of a magnet 
when its field coils are connected to a d-e source. 
The lines of flux are directed from the north pole 
to the south pole. 

b. B represents a cross section of a current- 
carrying conductor when the direction of current 
flow is into the paper (away from the observer). 
By applying the left-hand rule for a current- 
carrying conductor, it can be found that the direc- 
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tion of the field is counterclockwise, as indicated 
by the arrows on the lines of flux in B. 

c. Now suppose the conductor in B is placed in 
the magnetic field of A. When this is done, a re- 
sultant field is produced as shownin C. Above the 
conductor, the field is weakened because the field 
produced by the poles and the field produced by 
the conductor are opposite in direction and tend 
to cancel each other. Below the conductor, the 
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D 
: TM 681-122 
Figure 169. Principle of motor action. 


2. fields are in the same direction and the resul- 
tant field is strengthened. Because magnetic lines 
of force act to push each other apart, those lines 
_ below the conductor tend to push the conductor up 
and those above the conductor tend to push the 
conductor down. However, the field below is 
much stronger, having many more lines; so the 
push upward is greater, with the result that the 


conductor in C is moved upward. 
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d. If the current in the conductor is now re- 
versed, the direction of motion of the conductor 
will also be reversed because, in this case, the field 
above the conductor is strengthened and the field 
below is weakened (D of fig. 169). 

e. The principle on which the preceding experi- 
ment is based, and on which the operation of a 
motor depends, can be stated as follows: A con- 
ductor carrying current in a magnetic field tends to 
move at right angles to (across) the field. 


102. Basic D-C Motor 


The basic d-c motor, like the d-c generator, con- 
sists of a pair of poles which set up a magnetic field, 
an armature made up of a single-turn loop and 
commutator, anda brushassembly. Each coil side 
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Figure 170. Basic d-c motor action. 


of the loop lies in the magnetic field, as shown in 
figure 170. 

a. When a d-c voltage is applied to the brushes, 
a current flows around the loop, and the magnetic 
field produced by the flow of current interacts 
with the magnetic field produced by the poles of 
the magnet. The resultant magnetic field is repre- 
sented by flux lines in figure 170. 

b. The loop rotates clockwise under the in- 
fluence of the resultant magnetic field. It can be 
noted that the force acting in one direction (on 
one side of the loop) and the force acting in the 
other direction (on the other side of the loop) com- 
bine .to cause the coil to turn on its axis. The loop 
thus acts as if it were a lever with a turning force, 
or torque, at each end. Because of this lever 
arrangement, the force at each end is magnified 
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~ by the distance from the center. Thus, the torque 
is equal to the combined force on the two sides of 
the loop.multiplied by the distance of the conduc- 
tors from the axis about which the loop rotates. 
The greater the torque, the more pull the motor 


a. In A, note that the direction of current is 
indicated by the arrows placed alongside the loop 
conductors. The black coil side is carrying current 
away from the observer and, by applying. the 
motor rule, it is found that this coil side tends to 


has to drive a mechanical load, 
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There is a definite relationship between the 
direction of the magnetic field produced by the 
poles, the direction of current flow in the conduc- 
tor, and the direction in which the conductor tends 
to move. This relation is expressed in the Right- 
hand Motor Rule which states: Place your right 
hand in a position so that the lines of force from 
_the nortin nole.of the magnet, enter the palm of 
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Figure 171. (Superseded) Right-hand rule for motors. 
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caused to rotate about its axis in a clockwise 
direction. . 

b. The forces acting against the conductors 
tend to move the coil sides in straight lines—that 
is, downward and upward—but, because the coil 
is assumed to be pivoted, they cannot move in a 
straight line; they must move in an arc or part of a 
circle. When any force produces a circular or 
twisting motion, a torque is produced. The torque 
on the loop of figure A continues until the coil is 
in the position shown in B. In this position, the 
coil has reached the neutral plane and no torque is 
produced. With zero torque, it might be thought 
that armature rotation would stop. However, 
this will not happen unless the motion of the coil 
is very slow. Normally, the momentum of the 
armature causes the coil to swing past the neutral 
plane and, simultaneously, commutator action 
reverses the direction of current flow through the 


- conductors. When this happens, the forces in the 


field produce further clockwise rotation of the 
coil, as shown in C. Application of the right-hand 
rule to the conductors of C shows that the white 
side of the coil is now forced upward and the black 
coil side downward. 


c. This same sequence of events occurs each 
time the coil passes a neutral plane; that is, the 
current in the coil reverses because of commutator 
action and a continuing rotation of the armature 
in a clockwise direction results. 


105. Multi-Loop Motors 


The basic d-c motor having a single-turn loop is 
often used to explain the theory of motor opera- 
tion. However, the torque developed by such a 
simple motor is too small for practical purposes. 
Also, each time the loop passes through a neutral 
plane, the torque is zero and a jerk is introduced 
in the rotation of the armature. To develop more 
torque and to eliminate the effect of the zero 
torque points on armature rotation, additional 
loops are added to the armature. For example, 
figure 173 shows an armature with two loops. 


~ Note that only the loop in the best position to 


produce torque is connected to the brushes. Thus, 


~ the loop passing through a neutral plane is never 
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conducting current. By adding more loops to the 
armature, additional torque is developed and still 
smoother operation of the armature results. For 
this reason, practical motors, like d-c generators, 
use a large number. of loops on the armature and a 
corresponding large number of segments in the 
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commutator. Both ring- and drum-type arma- 
tures are used on practical d-c motors. 


106. Shunt Motor 


The shunt motor is structurally the same as the 


shunt generator, and its schematic diagram is 
drawn in the same manner (fig. 164). In the shunt 
motor, the field coils are connected directly across 
the d-c input terminals and, when the supply volt- 


age remains constant, the current through the field - 


coils remains constant. As a result, the magnetic 
field is also constant and the torque of the shunt 
motor varies only with the current through the 
armature windings. 

a. GENERATOR ACTION IN A Motor. Whenever 
an armature rotates in a magnetic field, an emf i 
induced in the armature coils. During rotation, 


the armature windings cut lines of force and an 
emf is induced in the windings. Thus, thére is 
motor and generator action at the same time. 
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Figure 173. Two-loop motor. 


The induced emf is in such a direction as to oppose 
the applied emf and, for this reason, is a counter 
emf. 

b. ARMATURE CURRENT. Ina shunt motor, the 
amount of current which flows through the arma- 
ture depends upon the resistance of the armature 
windings and the difference between the applied 
voltage and the induced voltage (cemf). The 
cemf, in turn, depends solely upon the armature 
speed because the armature coils are fixed to the 
armature core and the field does not vary. There- 
fore, the following formula is used for motor calcu- 


lations: - 
I, = "applied—cemf ; 
Ra 4 


where: R, is the armature resistance, and I, is the 
armature current. . 
(1) For example, assume that a motor’ de- 


velops a cemf of 100 volts at 1,000 rpm, 


the armature resistance is 1 ohm, and the 


157 


> se 


So 
| 


by the distance from the center. Thus, the torque 
is equal to the combined force on the two sides of 
the loop multiplied by the distance of the conduc- 
tors from the axis about which the loop rotates. 
The greater the torque, the more pull the motor 
has to drive a mechanical load. 


103. Right-HandRule 4779R RULE 


There is a definite relationship between the 
direction of the magnetic field produced by the 
poles, the direction of current flow in the conduc- 
tor, and ti etion in which the conductor tends 
to move. elation is expressed in the Right- 


hand Motor | 
hand in a positi 
the north pole of 


le which states: Place your right 
on so that the lines of force from 
the magnet enter the palm of 


MOTION OF 
CONDUGTOR 


__— CURRENT 
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Right-hand rule for motors. 


Figure 171. 


the hand. Let the extended fingers point in the 
direction of the current in the conductor; then the 
thumb, placed at right angles to the fingers, points 
in the direction of motion of the conductor (fig. 
171). From this rule, the direction of rotation of a 
d-c motor can be determined if the direction of the 
field flux and direction of current flow are known. 


104. Basic D-C Motor Theory 


In order to understand how the armature of a 
_.d-c_motor rotates continually, consider the basic 
d-c generator in figure 172. 
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a. In A, note that the direction of current is — 


indicated by the arrows placed alongside the loop 
conductors. The black coil side is carrying current 


away from the observer and, by applying. the 
motor rule, it is found that this coil side tends to 


TM681-125 
Figure 172. Continual rotation of an armature in a d-e motor 
is made possible by commutator action. 


err 


— 
move upward. Conversely, the white coil side is 
carrying current toward the observer, and the 


motor rule shows the motion of this site to be | 


downward. Thus, if the white coil side moves 
down and the black coil side up, the entire coil is 


RR ss 
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caused to rotate about its axis in a clockwise 
direction. . 

b. The forces acting against the conductors 
tend to move the coil sides in straight lines—that 
is, downward and upward—but, because the coil 
is assumed to be pivoted, they cannot move in a 
straight line; they must move in an arc or part of a 
circle. When any force produces a circular or 
twisting motion, a torque is produced. The torque 
on the loop of figure A continues until the coil is 
in the position shown in B. In this position, the 
coil has reached the neutral plane and no torque is 
produced. With zero torque, it might be thought 
that armature rotation would stop. However, 
this will not happen unless the motion of the coil 
is very slow. Normally, the momentum of the 
armature causes the coil to swing past the neutral 
plane and, simultaneously, commutator action 
reverses the direction of current flow through the 
conductors. When this happens, the forces in the 
field produce further clockwise rotation of the 
coil, as shown in C. Application of the right-hand 
rule to the conductors of C shows that the white 
side of the coil is now forced upward and the black 
coil side downward. 


c. This same sequence of events occurs each 
time the coil passes a neutral plane; that is, the 
current in the coil reverses because of commutator 
action and a continuing rotation of the armature 
in a clockwise direction results. 


105. Multi-Loop Motors 


The basic d-c motor having a single-turn loop is 
often used to explain the theory of motor opera- 
tion. However, the torque developed by such a 
simple motor is too small for practical purposes. 
Also, each time the loop passes through a neutral 
plane, the torque is zero and a jerk is introduced 
in the rotation of the armature. To develop more 
torque and to eliminate the effect of the zero 
torque points on armature rotation, additional 
loops are added to the armature. For example, 

figure 173 shows an armature with two loops. 
Note that only the loop in the best position to 
produce torque is connected to the brushes. Thus, 
_ the loop passing through a neutral plane is never 
“eondueting current. By adding more loops to the 
armature, additional torque is developed and still 
smoother operation of the armature results. For 
this reason, practical motors, like d-c generators, 
use a large number of loops on the armature and a 
corresponding large number of segments in the 
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commutator. Both ring- and drum-type arma- 
tures are used on practical d-c motors. 


106. Shunt Motor 


The shunt motor is structurally the same as the 
shunt generator, and its schematic diagram is 
drawn in the same manner (fig. 164). In the shunt 
motor, the field coils are connected directly across 
the d-c input terminals and, when the supply volt- 


age remains constant, the current through the field - 


coils remains constant. As a result, the magnetic 
field is also constant and the torque of the shunt 
motor varies only with the current through the 
armature windings. 

a. GENERATOR ACTION IN A Motor. Whenever 
an armature rotates in a magnetic field, an emf i 
induced in the armature coils. During rotation, 
the armature windings cut lines of force and an 
emf is induced in the windings. Thus, thére is 


motor and generator action at the same ,time. 
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Figure 173. Two-loop motor. 


The induced emf is in such a direction as to oppose 
the applied emf and, for this reason, is a counter 
emf. 

b. ARMATURE CURRENT. In a shunt motor, the 
amount of current which flows through the arma- 
ture depends upon the resistance of the armature 
windings and the difference between the applied 
voltage and the induced voltage (cemf). The 
cemf, in turn, depends solely upon the armature 
speed because the armature coils are fixed to the 
armature core and the field does not vary. There- 
fore, the following formula is used for motor calcu- 


lations: n 
I, = "applied—cemf ; 
Ru ‘ 


where: R, is the armature resistance, and I, is the 
armature current. 

(1) For example, assume that a Ten, de- 

velops a cemf of 100 volts at 1,000 

the armature resistance is 1 ohm, and the 


= 


fpr, 


b. 2 


ists 


applied voltage is 105 volts. Find the 
armature current at 1,000 rpm. 
I, = 105 —100 = 5amperes at 1,000 rpm. 
1 
(2) Find the armature current if the speed is 
reduced to 900 rpm. In this case, the 
cemf is reduced by a factor of 900/1,000 
of its value at 1,000, or 90 volts. There- 
fore, the current becomes: 
I, = 105 — 90 = 15 amperes at 900 rpm. 
1 
c. STARTING RESISTANCE. The cemf developed 
is proportional to the speed of the armature. Con- 
sequently, no cemf is developed when the armature 
is not turning, even though a voltage is applied to 
the input terminals. Under such a condition, the 


armature current is equal to the applied voltage 


divided by the ohmic resistance. For example, if 
the applied voltage were 100 volts and the ohmic 
resistance were 1 ohm, the armature current would 


d. STARTING Box. The starting box shown in — 
figure 174 has the starting lever in the off position. 
When starting the motor, the operator first moves 
the lever onto the first contact of coil C. This 
action closes the circuit to the field coil through 
electromagnet H, and also closes the circuit to the 
armature windings through the high-resistance 
coils in the starting box. As a result, maximum 
current flows through the field coil, and the mag- 
netic field produced by the poles has maximum 
strength, but the current through the armature is 
limited by the series resistance. As the armature 
gradually builds up speed, the operator moves the 
lever successively to other contacts in order to re- 
duce the value of series resistance. Finally, the 
operator moves the lever to the extreme right 
position, and the electromagnet holds it in this 
position. At the extreme right position, the series 
resistance is removed from the circuit. If the 
power should fail, or if the field coils should open 
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Figure 174. Motor starting box. 


be 100 divided by 1, or 100 amperes. Such a high 


current would burn out the armature windings. - 


Also, ‘if the field windings were not excited, no 
magnetic field would be produced by the poles, no 
flux lines would be cut when the armature was 
rotating, and the current again would be limited 
only by the value of applied voltage and the ohmic 
resistance of the armature windings. The current 
again would be excessive since no cemf would be 
produced. To prevent such excessive current from 
flowing in the armature windings, a resistance is 
placed in series with the windings while the arma- 
turespeed is building up to its proper value. This 
resistance is usually inserted by means of a start- 
ing box. In addition to protecting the motor dur- 
ing starting, the starting box also has provisions 


* «for breaking the circuit if the field circuit should 


open or if the power supply should fail. 
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for any reason, the electromagnet becomes de- 
energized and the lever is returned automatically 
to the off position by spring P. 

e. ARMATURE SPEED. The speed of a shunt 
motor is fairly constant under conditions of chang- 
ing load. As a load is applied, the speed of the 
armature decreases, thus decreasing the cemf and 
increasing the current. The increase in current 
boosts the coupling between field and arma- 
ture and increases the torque, causing the motor 
to resume approximate running speed. 

f. SERIES RHEOSTAT. The speed of a shunt 
motor may be controlled by means of a rheostat i in 
series with the armature windings, or a theostat 
in series with the field winding, or both. The 
rheostat in series with the field winding is is the most 
commonly used method. eee 

(1) Adding resistance — with the arma- 


— 
Acme 
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ture reduces the armature current, con- 
sequently decreasing the torque and caus- 
ing the motor to slow down until the 
current increases sufficiently to give the 
desired torque. Adding resistance in 
series with the field winding reduces the 
field strength, decreasing the cemf, 
thereby permitting more current to flow 
in the armature. The increased current 
speeds the motor because of the increased 
torque until the increasing cemf reduces 
the current to an amount sufficient to 
produce the torque required. 

(2) A rheostat in series with the field winding 
is preferable to a rheostat in ‘series with 
the armature because the field current 
is much smaller than the armature cur- 


rent, and the power loss in the field rheo- . 


stat is much less than the power loss in 
an armature rheostat. 

g. ARMATURE REACTION. Because the current 
flow through a motor armature is opposite to the 
current through a generator armature, the arma- 
ture reaction tends to shift the neutral plane back 
to the vertical plane rather than forward as in the 
case of generators (C of fig. 162). Therefore, the 
brushes of a shunt motor are set back of the neu- 
tral plane instead of forward. 

h. A-C OPERATION. The shunt motor will oper- 
ate only on direct current. If an a-c voltage is 
applied accidentally to a d-c shunt motor, the 
operation of the motor becomes unpredictable. 


107. Series Motor 


The series motor is structurally the same as the 
series generator (par. 996 and fig. 165).. 

a. The series motor is adapted for giving a very 
high starting torque. Actually, the torque of this 
motor varies approximately as the square of the 


motor, the armature slows down, the generated 
cemf is decreased, a greater current flows, and a 
greater torque is produced. The speed of the 
motor is controlled by the load and, if the load is 
removed, the motor will race dangerously. 

c. Series motors are generally used only where 
the load is constantly applied, and a good starting 
torque is required. Series motors are used in such 
applications as hoists, street cars, ete. 

d. The series motor will operate on either de or 
ac. When it is operated on dc, the brushes are set 
back of the neutral plane to compensate for arma- 
ture reaction. Ifthe motor is operated on ac, both 
the field and the armature change polarity at the 
same time. The brushes are set in the vertical or 
neutral plane; and the field core must be laminated 
to prevent eddy current losses. "The theory of this 
a-c operation is explained in chapter 8. 

e. A starting box is generally used with large 
series motors to limit current flow through the 
armature and field coils when starting the motor. 
This starting box has a rheostat which can be con- 
nected in series with the motor windings. All the 
resistance is inserted in the circuit when the motor 
is being started, and the value of resistance is re- 
duced gradually as the speed of the motor 
increases. 


108. Compound Motors 


The compound motor, like the compound gen- 
erator, has a combination of a series winding and a 
shunt winding, and combines the separate char- 
acteristics of series and shunt motors. By making 
the field strength of one winding more powerful 
than that of the other winding, a compound-wound 
motor may be made to have the approximate 
characteristics of either a shunt or a series motor. 
There are two types of compound windings: the 
cumulative-compound and the dvifferential-com- 
pound. 


. current which flows through its series-connected 
armature and field coils. If the armature current 

__ is doubled, the flux is also doubled. Hence the 

torque, which is proportional to the current times 
_ the flux, is increased many times. 

b. When the armature is at rest, the armature 
e current (and therefore the torque) is at a 


a. In the cumulative-compound motor, the coils 
are wound upon the core in the same direction so 
that the magnetic fields set up by the series and 

- shunt windings tend to aid each other; from this 
fact eomes the name, cumulative-compound 
motor. A motor thus connected will have a very 


Maximum, because no cemf is generated in the 
- coils and the current is limited only by the applied 
voltage and the ohmic resistance of the armature 


good starting torque, but poor speed regulation. 
Motors of this type are used for machinery where 
speed regulation is not necessary but where great 


torque is desired to overcome sudden applications 
of heavy loads. 
b. The - differential-compound motor has its 


and field coils. As the armature gains speed, the 
-cemf increases, decreasing the armature current 
and torque. If additional load is applied to the 
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windings wound in opposite directions so that the 
series-field winding opposes the shunt-field wind- 
ing. A motor of this type may be made to operate 
at almost constant speed under varying load. As 
the load increases and the motor tends to slow 
down, the current in the series-field winding in- 
creases because of the decrease in cemf. The 
shunt-field winding draws a constant current as it 
is connected directly across the line. Since the 
series winding opposes the shunt winding, this 
increase in current through the series field reduces 
the strength of the combined field. A decrease in 
the combined field causes the motor to speed. If 
the number of turns on the series winding is pro- 
perly chosen, the combined effects of the increased 
load and weakened resultant field neutralize each 
other and the speed remains constant. 


109. Summary 


a. A generator is a machine which converts 
mechanical energy into electrical energy. Con- 
versely, a motor is a machine which converts 
electrical energy into mechanical energy. 

b. The generation of emf depends only on the 
relative motion between a conductor and a mag- 
netic field. 

c. The basic a-c generator is made up of a pair 
of poles, a single-turn loop, slip rings, and a brush 
assembly. 

d. As the loop of the basic a—c generator com- 
pletes one revolution (860°), the generated emf 
passes from zero to a positive maximum, to zero, 
to a negative maximum, and back to zero. If the 
loop rotates at a constant speed, the emf is a sine 
wave of voltage. 

e. The basic d-c generator consists of a pair of 
poles, a single-turn loop, a commutator, and a 
brush assembly. 

f. The action of the commutator produces a d-c 
output voltage. 

g. Ripple can be reduced by using more coils on 
the armature of a d-c generator. 

h. Output voltage of a d-e generator can be in- 
creased by using more turns in each coil of the 
armature, by increasing the total flux per pair of 
poles in the machine, or by increasing the speed 
of rotation of the armature. 

7. The yoke of a generator has two functions: 
It completes the magnetic circuit between poles 
and acts as a mechanical support for the rest of the 
machine. 
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j. When pole pieces project from a yoke, they 
are called salient poles. 

k. There are two kinds of armatures: the ring 
and the drum. 

I. Brushes are usually adjustable on d-c 
generators. i: 

m. The effects of armature reaction in a d-c 
generator are minimized by shifting the brush 
assembly, by using chamfered poles, by using 
commutating poles, by the use of pole face wind- 
ings, or by combinations of two or more of these 
corrective methods. 

n. D-e generators can be separately excited or 
self-excited. The self-excited type can be either 
shunt-, series-, or compound-wound. 

o. Shunt generators are used in applications, 
such as battery charging, when a constant voltage 
under varying current. conditions is required. 

p. Series generators are seldom used because of 
their inherently poor regulations. 

q. When a generator uses both a series winding 
and a shunt winding, it is called a compound 
generator. 

r. The basic d-c motor consists of a pair of 
poles, an armature made up of a single-turn loop 
and commutator, and a brush assembly. 

s. Turning force is called torque. 

t. Adding coils to the armature of a d-c motor 
produces additional torque and smoother opera- 
tion of the armature. 

u. Generator action occurs in a motor because 
the armature windings cut flux lines and, conse- 
quently, an emf is induced. Ina motor, the direc- 
tion of this induced emf is opposite to that of the 
applied emf. For this reason, the induced emf is 
called a cemf. 

v. Shunt motors have good starting torques and 
run at fairly constant speed under varying load 
conditions. 

w. Series motors have excellent starting torque 
under load but will speed dangerously if the load 
is removed. 

x. Starting boxes are used to limit the starting 
current in a shunt motor and to break the 
armature circuit if the field circuit should open or 
if the power source should fail. 

y. Properly designed series d-c motors will also 
operate on ac. The operation of a shunt d-c 
motor is unpredictable if ac is applied. 

z. Compound motors have a combination of a 
series winding and a shunt winding. The cumula- 
tive-compound motor has a good s starting torque 
but poor speed regulation. A differential-com- 
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pound motor, on the other hand, has less starting 
torque but can be made to operate at almost con- 
stant speed under varying load conditions. 


110. Review Questions 


a. ‘Upon what factors do the amount of emf 
induced in a rotating conductor depend? 

b. What kind of emf is induced in the coils of 
the armature of a generator? 

c. What are slip rings and where are they 
located? 

d. What are the principal parts of the armature 
of a generator? 

e. Would a generator which has four poles have 
to turn at the same rate of speed as a two-pole 
generator to produce current of the same fre- 
quency? Why? 

f. What is done to the armature core of a gen- 
erator to reduce the effects of eddy currents? 

g. Mechanically, what is the weakest part of a 
d-c generator? 

h. Why are the brushes of a d-c generator set 
ahead of the normal neutral plane? 

i. Why are carbon brushes used for a d-c 
generator? 

7. What is meant by the term ripple? 

k. Does the armature reaction of.a d-c genera- 
tor cause the neutral plane to shift forward or 
backward, with respect to the direction of rotation 
of the armature? 

l. The ability of a self-excited generator de- 
pends upon what property to build up voltage? 

m. Make a schematic diagram of a shunt gen- 
erator and explain why it is so named. 

nm. How may commutator ripple be reduced? 

o. What is the disadvantage of a shunt 
generator? 

p. What is a compound generator? 

q. What are the three: principal parts of a 
generator? 
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r. What 
generator? 

s. If a generator is connected to storage bat- 
teries, how is its charging rate varied? 

t. What is meant by armature reaction? 

u. If a d-e generator that has been reconnected 
fails to build up its voltage, what can be tried? 
Why? 

v. What is meant by the counter or back emf 
of a motor? 

w. What effect has armature reaction upon the 
neutral plane of a motor? 

x. Will a shunt motor operate satisfactorily on 
alternating current? 

y. What equipment is used in starting a shunt 
motor? 

z. Will decreasing the speed of a shunt motor 


is the disadvantage of a series 


_ increase the torque of the motor? 


aa. How is the speed of a shunt motor con- 
trolled? 

ab. Is a series motor able to start under a load? 

ac. What is the most important characteristic 
of the series motor? 

ad. Will the differential- or cumulative-com- 
pound motor give the more constant speed? 

ae. In general, where are differential-compound 
motors used? 

af. Do the two fields oppose or aid each other 
when a motor is differentially compounded? 

ag. Draw the schematic diagrams for shunt, 
series, and compound motors. 

ah. State the rule for determining the direction 
of rotation of motors. 

at. Determine the current through the arma- 
ture when the applied voltage is 125 volts; the 
armature resistance is 10 ohms; and the counter 
emf generated at 1,000 rpm is 100 volts. Assume 
that the armature speed is 800 rpm. 

aj. Under what conditions will a shunt motor 
run away? 

ak. Under what conditions will a series motor 
run away? 
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CHAPTER 8 
A-C MACHINES 


Section 1. A-C GENERATORS 


111. Single-phase Generators 


a. The elementary single-phase alternator (a-c 
generator) was described in chapters 1 and 7 of 
this manuai. This single-loop machine has little 
practical value outside of the laboratory or class- 
room because the amount of energy generated is 
quite small. The armature of the practical alter- 
nator is wound with many turns of wire and its 
magnetic field is produced by electromagnetism. 
The emf generated by this machine is then limited 
only by the number of coils in the armature, the 
strength of the magnetic field, and the speed of 
rotation of the armature. In physical construc- 
tion the alternator is similar to the d-c generator 
previously described, except that the energy 
delivered is taken from relatively simple slip rings, 
and therefore the physical and electrical difficulties 
encountered with commutators (wear of brushes 
jand segments, sparking, shifting of the neutral 
plane) are absent. The coils on the armature are 
connected to each other in series so that the in- 
duced voltages are additive, and slip rings are con- 
nected to the first and last coil. 


b. Since the output of an alternator is ac, and 
since de is required for the field windings, the gen- 
erated voltage cannot be used for field excitation 
as with d-c machines. Therefore, all a-c genera- 
tors are separately excited. However, a small 
d-c generator is usually mounted on the a-c arma- 
ture and its commutator and brushes are placed 
alongside the a-c slip rings. Both units are gen- 
erally included under a single housing, such as one 
type of single-phase alternator (110 volts at 60 
cycles) powered by a gasoline engine and widely 
used by the armed forces in portable installations. 

c. Slip rings operate satisfactorily at low power 
but are a source of loss when large current is drawn 
from the armature. For this reason, an alternator 
may use a stationary armature and a rotating field. 
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In this case, the coils of the armature are set about 
the circumference of the yoke, and the poles of 
the field (with their coils) rotate within the arma- 
ture. Since the field current is small compared to 
the current delivered by the alternator, it is sup- 
plied through the slip rings, and the load current is 
taken from stationary conductors. A stationary 
armature makes possible the generation of volt- 
ages unattainable with generators using rotating 
armatures, because stationary conductors are not 
subject to the centrifugal force of rotation and 
may be more effectively insulated. 


112. Polyphase Generators 


a. GENERATION OF TWo-PHASE EMF. 

(1) The armature coils of a single-phase al- 
ternator are connected in series, as ex- 
plained above, so that at any given in- 
stant of time, the voltage induced is the 
sum of the voltages induced separately in 
each coil. If the coils were not connected 
in series, and if their connections were 
brought out separately, the voltages in- 
duced would vary in phase with relation 
to each other since each coil is in a dif- 
ferent position in respect to the flux lines 
of the field. A single-coil basic generator 
will illustrate this principle. When wind- 
ings identical in size, and of the proper 
phase relationships, are added to the 
single-phase alternator a voltage output 
will be obtained from each coil added. 
These voltages will differ in phase but not 
in amplitude, and the output from such a 
generator is known as a polyphase out- 
put. Systems of this type are generally 
two- or three-phase, with the three-phase 
being the more widely used. 

(2) In the two-phase system an additional 
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coil identical in size and placed at right 
angles to the original coil (fig. 175) is 
added to the armature of the single-phase 
alternator. When the armature is 


) 


rotated in a counterclockwise direction, 


winding a,b. attains a maximum mduced 
voltage 90° before winding a,b; and, as 
the armature continues to rotate, the out- 
put of a,b, will always lag the output 
dob. by 90°. This action results in two 


DIRECTION OF 
ROTATION 


NOTE: 


WINDINGS a; by AND dg bo ARE INDIVIDUAL 


WINDINGS, 
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Figure 175. Elementary two-phase alternator. 
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Figure 176. Voltage graph of two-phase alternator. 
‘# 
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voltage outputs of equal amplitude, dif- 
fering in phase by 90 electrical degrees. 
The phase relationships of these voltages 
are shown in A, the graph of figure 176, 
and in the vector diagram in B. The 
two-phase system illustrates two impor- 
_ tant facts: 
(a) The induced voltages have equal mag- 
nitude when the coils are identical. 
(6) The two voltages have the same fre- 
quency and amplitude but are 90° out 
of phase. 


b. GENERATION OF THREE-PHASE EMF. 


(1) A three-phase system is one in which the 
voltages have equal magnitudes and are 
displaced 120 electrical degrees from 
each\ other. But merely stating that 
three voltages é1, €2, and e; are 120° out of 
phase is not sufficient. The phase se- 
quence of the voltages must be given. 
The vector diagrams in figure 177 illus- 
trate the different possible phase se- 
quences. In a two-pole machine, when 


163 


e€3 
e 
€o 
A 
e€3 
es 
ey 
c 


three windings are placed on the arma- 
ture (fig. 178) 120 mechanical degrees 
apart, three separate output voltages 
120° out of phase may be obtained. The 
winding a,b, represents the first phase, 
winding a2), the second phase, and wind- 
ing a3b; the third phase. Conductors a, 
@2, and az are the beginnings of the three 


Figure 177. Phase sequence in three-phase system. 
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phases. As the armature is rotated in a 
counterclockwise direction the phase 
sequence of the induced voltages is @,;»,, 
Casbo, ANd €a,», Electrically, the voltage 
Caso, leads the voltage é,,», by 120 electri- 
cal degrees, and the voltage e,,,, leads 
the voltage é,,,, by the same amount. 


. The output voltages are equal in ampli- 


tude but 120° out of phase. These rela- 
tionships are shown in figure 179. 


e| 
€2 
e3 
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(2) Three single-phase generators with equal 


voltage magnitudes are shown in figure 
180-B. To obtain a three-phase system 
of voltage from these generators, they 
must be connected in the proper phase 
sequence. 


(a) If the voltage rise, e,, from 0; to a leads 


the voltage rise, é:, from 02 to dz by 
60°, and the voltage rise, e3, from 03 to 
a3 lags e€. by the same amount, the 
generators are not of the proper se- 
quence to produce a_ three-phase 
output since the phase displacement is 
60° instead of the required 120° (A of 
fig. 180). 


(b) If the phase of voltage e. is change 


180°, the proper relationships will exist 
and the three-phase output can be ob- 
tained. This change is shown in figure 
181 where the polarity of generator é2 
has been reversed in order to obtain 
phase relationships shown in the vec- . 
tor diagram. Note that terminals 01, 
G2, and o3 are tied together. With this 
arrangement, the- voltages between - 
this neutral point and lines 1, 2, and 3 
from a three-phase system. 


(8) Figure 182 shows an elementary four-pole 


generator that is used as a three-phase 
system. When the winding a,b, has 
rotated 180° it has passed through a 
north pole and a south pole and 1 com- 
plete electrical cycle has been generated. 
Although the coil has, passed through - 
only 180 mechanical degrees, the result is 
1 complete cycle or 360 electrical degrees. 
For every ‘mechanical degree, 2 electrical 
degrees result. It is evident that a four- 
pole generator will rotate at one-half the 
speed of a two-pole generator since the 
winding moves an angular distance equal 
to the angle formed by two consecutive 
poles. An eight-pole generator will 
rotate at one-half the speed of the 
four-pole generator. The frequency of 
the generator in cycles per second is then: 
f= PAX Ne Xelg est ders 
GOs: 25 Vane 
where P is the number of poles and N is ~ 
the revolutions per minute of the arma- 
ture. 


(4) In a three-phase generator, 1 mechanical 
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Figure 178. Elementary three-phase alternator. 
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degree is equal to the number of poles in e, 
the generator divided by 2, or P/2 elec- 
trical degrees. Since each phase is to be 
120° apart electrically, and since 1 120° 
mechanical degree is equivalent to P/2 
electrical degrees, then the mechanical 


: separation of the windings is equal to €2 Kae 
120 or 240/P. P is the number of poles 
Le 120° 
in the generator, and the figure 240 is a 
constant. 
For example, an 8-pole machine is to be s A 


used to generate a 60-cycle, three-phase 

system of voltages. Find the following: 

(a) the mechanical separation between 
windings; (6) the speed of rotation. 


The mechanical separation = 240/P mechanical 


degrees 
= 240/8 or 30 mechan- 
ical degrees. NEUTRAL LINE 
e 
60° 
G2 
60° B 
TM 681-133 
2 
Figure 181. Three-voltage system, 120° phase shift. 
Cz A 


NEUTRAL LINE 


B 
Not ae os: TM68I-139 
Figure 180. Three-voltage system, 60° phase shift. . Figure 182. Elementary four-pole generator. 
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The frequency of the generated voltage: 


f-=—P x N tps 
120 
Therefore: Ne= 120: x7" = 120560 
8 8 
N = 900 rpm. 


113. Methods of Connecting Three-phase 


Windings 


Three-phase systems are usually connected in 
either a delta or a wye configuration. Each of these 
connections has definite electrical characteristics 
and the designations delta and wye are derived 
from the method of connection. The iron ring 
shown in figure 183 is known as a Gramme ring 


ee 


phase. The line voltage and the voltage across 
any winding are in phase, but the line current is 
30°, or 150°, out of phase with the current in any 
of the other windings. The vector diagram of 
figure 185 shows that the vector sum of e; and é2 
is equal to —e;; therefore, the voltage between the 
two lines is equal to the voltage of the single wind- 
ing e3. Although the windings form a closed loop 
in this circuit, there is no circulating current flow 
in the windings. The total voltage acting on the 
closed circuit is the sum of the three-phase volt- 
ages, and this sum is zero. For example, the vec- 
tor representation of the voltages in figure 185 
shows that the vector sum of e; and e2 is equal to 
—ez, and since (e; + é2) plus e3 is equal to zero, 
then —e; plus e3 equals zero. The net voltage is 
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Figure 183. Gramme ring with three-phase winding. 


and has three symmetrical windings. In A of 
figure 184, the windings are connected in series 
and form a closed circuit. This is called a delta 
connection since the shape of the windings and 
also the connections resemble the Greek letter d 
or delta. In B, the beginning of each winding is 
connected to a common terminal o, and the end of 
- each winding is brought out to form the output. 
_ This method of connection, as well as the schema- 
tic diagram, shows the similarity to the letter Y 
and is called the Y, or wye, connection. 


114. Electrical Properties of Delta or Wye 
_ Connections 


| a. In a balanced circuit, when the generators | 
are connected in delta (A of fig. 184), the voltage 


between any two lines is equal to that of a single 
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therefore zero, and no circulating current can 
exist in the delta-connected three-phase system 
when the circuit is balanced. Phase current vec- 
tors for a balanced load are shown in ¢ of figure 
186. The current in the line J; is out of phase 
with the currents J; and I; by 30° since it is the 
vector sum of these currents. Because the vectors 
of the two currents are equal, and form a parallelo- 
gram with equal sides, the length of the line cur- 
rent vector can be found by multiplying the phase 
current I by 2 times the cosine of the angle. For 
example, the line current is out of phase by 30°, 
the cosine of 30° is .8666, and twice the cosine is 
equal to 1.73 or \/ 3 . Therefore, the line current 
I, is equal to the \/ 3 times the phase current— 
that is, the current in any winding. 

b. In the wye connection (A of fig. 186) the 
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Figure 184. Delta- and wye-connected gramme ring. 


current in the line is in phase with the current in 
the winding. The voltage between any two lines 
is not equal to the voltage of a single phase, but 
is equal to the vector sum of the two windings be- 
tween the lines, as shown in D. The current in 
line A is the current flowing through the winding 


168 


Ly, that in line B is the current flowing through the 
winding I., and the current flowing in line C is that 
of the winding Z;. Therefore the current in any 


_ line is in phase with the current in the winding 


that it feeds. Since the line voltage is the vector 
sum of the voltages across any two coils, and the 
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Figure 186. Delta and wye connection, vector diagram. 
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Figure 185. Delta connection, vector diagram. 
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line voltage H', and the voltage across the windings 
E@ are 30° out of phase, the line voltage can be 
found by multiplying the voltage of any single 
winding H@ by the 3. 

c. The properties of the delta connection may 
be summarized as follows: The three windings of 
the delta connection form a closed loop. The 
sum of the three equal voltages 120° out of phase 
is zero. This means that the circulating current 
in the closed loop formed by the windings is zero. 
The magnitude of any line current is equal to the 
./ 3 times the magnitude of any phase current, 
or: 

I care V/ a ya f 0. 
The properties of the wye connection may be Sum- 


marized as follows: The three windings of the wye 


connection do not form a closed loop. The magni- 
tude of the voltage between any two lines equals 
the magnitude of any phase voltage times the 
square root of three, or: 

E L=v ae x EQ. 
The current in any winding equals the current in 
the line. 
Problems illustrating the preceding summaries 
follow: 
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A three-phase generator is connected in 
delta. The phase voltage is 300 volts. 

' Find the line voltage. 

Solution: In a delta connection, the 
phase voltage is equal to the line voltage. 
i = 300-Vvolts: 
(2) A three-phase voltage is connected in 
wye. The phase voltage is 300 volts. 
Find the line voltage. 

Solution: In a wye connection, the 
line voltage is equal to the ./f 3.‘ times 
the phase voltage; therefore: 

BH, = /° 3-<°x 300 = 1.73 x 300 
= 519 volts. 


(1) 
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Figure 187. Elementary three-phase transformer. 


115. Three-phase Delta and Wye Trans- 
former Connections 


a. The three-phase transformer is used when 
large power outputs are required. It may be a 
single transformer or three separate transformers 
and is generally connected in delta or wye. The 
three-phase transformer core has less iron than 
that of three single transformers, and therefore 
occupies less space and is lighter in weight. Figure 
187 shows an elementary three-phase transformer 
that has three single-phase windings connected in 
wye with their cores 120° apart. The empty legs 
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of each transformer are connected and form a com- 
mon leg. The flux produced by the current in 
each of the windings is carried by this leg. The 
sum of the currents in the three windings is zero; 
therefore the sum of the fluxes in the common leg 
must also be zero, and no flux exists in this leg. 
Two legs of the transformer serve as a return path 
for the other. This is similar to the three-phase 
system where two of the windings serve as a re- 
turn path for the other. The construction of this 
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Figure 188. Three-phase shell-type transformer. 
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Figure 189. Commercial three-phase voltage from power line, 


transformer is not practical but demonstrates the 
three-phase principle in a transformer. 
b. Practical transformer construction uses the 


standard shell-type mounting shown in figure 188. — 


This transformer is economical to construct and 
occupies less space than three single transformers; 
however, if one phase burns out, the whole unit 
must be replaced. 


c. Commercial three-phase voltage from the 


power lines is generally 208 volts and the standard 
values of single-phase voltage can be supplied from 
the line as shown in figure 189. The windings 
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Figure 190. Methods of connecting three-phase transformer. 


: represent the wye-connected transformer, which 
is generally an outside installation. The three- 
_ phase connections are designated a, 6, and c, and 

_ the single-phase connections are from a or 6 to 

_ ground. The three-phase transformer must be 
properly connected to these lines in order to oper- 
ate. Four of the most widely used connections 

(fig. 190) are: 
(1) Primary in delta, secondary in delta, or 
= delta-delta (A-A). 
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(2) Primary in wye, secondary in wye, or 

wye-wye (Y-Y). 
+(8) Primary in wye, secondary in delta, or 
wye-delta (Y—A). 

(4) Primary in delta, secondary in wye, or 
delta-wye (A-Y). Of these four combina- 
tions, the one used most extensively in 
military applications is the last one listed, 
the delta-wye. 

d. Regardless of what method of connection is 
used, the secondary must be connected in the pro- 
per phase relationships. To determine these in a 
wye-connected transformer, the voltage is meas- 
ured across two windings of the secondary (A of 
fig. 191). The voltage from a to 6 should be equal 
to the 83 _ times the voltage across either 
winding. If the voltage reads the same as that 
across either winding, then one of the windings 
must be reversed. The third winding, cci, is then 
connected to a;b,, as shown in B, and the voltage 
across any two windings should equal the 1/3 _ 
times the voltage of any one winding. If the volt- 
ages do not read this value, the winding cc; must 
be reversed. 

e. To determine the proper phase relationships 
in a delta-connected secondary, the voltage is 
measured across two coils of the secondary (C of 
fig. 191). The voltage from a to 6; should equal 
the voltage across either coil. If it does not, either 
one of the windings must be reversed. The 
winding cc; is then connected to 6,, as shown in D. 
The voltage across the three coils should then 
measure zero. If the voltage does not read zero, 
then the winding cc; must be reversed. The open 
ends, a and c, are then connected and the trans- | 
former has the proper phase relationships for delta 
connection. 

f. The wye-wye (Y—Y) connection has the same 
volts per turn ratio between primary and second- 
ary as that of an individual transformer. When 
using this connection, unless the primary neutral 
point is connected to the line neutral point, a 
“floating neutral” results with an appreciable loss 
of power in some installations. The secondary 
also contains large third harmonics. The voltage 
output of the delta-delta (A—A) is also dependent 
on the turns ratio of the primary and secondary. 
Its greatest advantage is its ability to operate asa 
V or open delta circuit if one winding becomes in- 
operative. The delta-wye connection (A-Y) is 
generally used for radio power transformers. This 
connection, unlike the Y-Y connection, is not 
affected by a floating neutral point. It also has a 
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Figure 191. 


higher voltage ratio between primary and 
secondary than either the delta-delta or wye-wye 
connection. This is because the voltage across 
the two windings of the wyeisequaltothe / 3 

times E,. For example, the delta primary is con- 
nected across a 208-volt three-phase system (fig. 
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Phasing of transformers for delta or wye connection. 


192) and the voltage across any phase is 120 volts. 
The voltage across any winding of the secondary 
will therefore be 120 volts, but the voltae across 
two of the windings will be: 

Vo 82) Soon 

1.73 x.120-=*208 volisiz=9“Hiew 
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Figure 192. Delta-wye transformer connection. 


The voltage across a and 6 (fig. 192) is equal to 208 
volts. The ratio between line voltage and second- 


Section Il. A-C MOTORS 


116. Induction Motor 


Of all a-c motors, the induction motor is the 
most widely used. Its design is simple and its con- 
struction rugged. The induction motor is particu- 
larly well adapted for constant speed applications, 
and because it does not use a commutator, most of 
the troubles encountered in the operation of d-c 
motors are eliminated. An induction motor can be 
either a single-phase or a polyphase machine. The 
operating principle is the same in either case, and 
depends on a revolving, or rotating, magnetic field 
to produce torque. The key to understanding the 
induction motor is a thorough comprehension of 
the rotating magnetic field. 


117. Rotating Magnetic Field 


Consider the field structure of A of figure 193 
where the poles have windings which are energized 
by three a-c voltages, a, b, and c. These voltages 
have equal magnitude but differ in phase, as shown 
an B. . 

a. At the instant of time shown as 0, the resul- 
tant magnetic field produced by the application of 
the three voltages has its greatest intensity in a 
direction extending from pole 1 to pole 4. Under 
this condition, pole 1 can be considered as a north 
pole and pole 4 as a south pole. 

b. At the instant of time shown as 1, the resul- 
tant magnetic field will have its greatest intensity 
in the direction extending from pole 2 to pole 5 
and, in this case, pole 2 can be considered as a 
north pole and pole 5 as a south pole. Thus, be- 
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ary voltage in the delta-wye transformer connec- 
tion is not the transformer turns ratio, but the 
~/ 3 times the turns ratio. The output volt- 
age across any two windings is greater than that 
of a single winding; therefore, the single winding 
need be insulated for only Ey/./ 3. volts. For 
example, if the voltage across two windings of the 
secondary is 20,000 volts, the voltage across one 
phase is: 
Ey 

VY 3 = 20,000 1.73 = 11,600 volts (approx). 
Because of this, the delta-wye connection permits 
cheaper construction of the transformer in high- 
voltage installations. The wye-delta (Y—A) con- 
nection is the opposite of the delta-wye connec- 
tion and often is used for step-down voltages. 
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Figure 193. A rotating magnetic field developed by application 
of three-phased voltages. 
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tween instant 0 and instant 1, the magnetic field 
has rotated clockwise. 

c. At time 2, the resultant magnetic field has its 
greatest intensity in the direction from pole 3 to 
pole 6, and it is apparent that the resultant 
magnetic field has continued to rotate clockwise. 

d. At instant.3, poles 4 and 1 can be considered 
as north and south poles, respectively, and the field 
has rotated still farther. 

e. At later instants of time, the resultant magne- 
tic field rotates to other positions while traveling in 
a clockwise direction, a single revolution of the 
field occurring in 1 cycle. If the exciting voltages 
have a frequency of 60 cycles per second, the 
magnetic field makes 60 revolutions per second, or 
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quency by the rated speed or, written as an 
equation: 
Pea 120 ay 
N 


where: P is the number of poles per phase, 
f is the frequency in cycles per second, 
N is the rated speed in rpm and 120 isa 
constant. 
The result will be very nearly equal to the number 
of poles per phase. For example, consider a 60- 
cycle, three-phase machine with a rated speed of 


1,750 rpm. In this case: 
Fo= 1205 60 == (2005 42 
1750 1750 
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Figure 194. Squirrel-cage rotor. 


3,600 revolutions per minute. This speed is known 
as the synchronous speed of the rotating field. 


118. Construction of an Induction Motor 


In an induction motor, the stationary portion 
of the machine is called a stator and the rotating 
member is called a rotor. Instead of salient poles 


in the stator, as shown in A of figure 198,- 


distributed windings are used, these windings 
being placed in slots around the periphery of the 
stator. 

a. It is usually not possible to determine the 
number of poles on an induction motor by visual 
inspection but the information can be obtained 
from the nameplate of the machine. The name- 
plate usually gives the number of poles and the 
speed at which the motor is designed torun. This 
rated, or asynchronous, speed is slightly less than 
the synchronous speed for reasons explained in 
paragraph 119. To determine the number of poles 
per phase on the motor, divide 120 times the fre- 
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Therefore, the machine has four poles per phase. 
If the number of poles per phase is given on the 
nameplate the synchronous speed can be deter- 
mined by dividing 120 times the frequency by the 
number of poles per phase. In the example used 
above, the synchronous speed is equal to 7,200 
divided by 4, or 1,800 rpm. 


b. The rotor of an induction motor consists of 
an iron core having longitudinal slots around its 
circumference in which heavy copper or aluminum 
bars are embedded. These bars are welded to a 
heavy ring of high conductivity on either end. 
This composite structure is sometimes called a 
squirrel-cage, and motors containing such a rotor 
are called squirrel-cage induction motors. 


119. Slip 


When the rotor of an induction motor is sub- 
jected to the revolving magnetic field produced by 
the stator windings, a voltage is induced in the 
longitudinal bars. The induced voltage causes a 
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_ induction motor (fig. 195). 


current to flow through the bars. This current, in 
turn, produces its own magnetic field which com- 
bines with the revolving field in such a way as to 
cause the rotor to assume a position in which the 
induced voltage is minimized. As a result, the 
rotor revolves at very nearly the synchronous 
speed of the stator field, the difference in speed just 
being sufficient to induce enough current in the 
rotor to overcome the mechanical and electrical 
losses in the rotor. If the rotor were to turn at the 
same speed as the rotating field, the rotor conduc- 
tors would not be cut by any magnetic lines of 
force, no emf would be induced in them, no current 
could flow, and there would be no torque. The 
rotor would then slow down. For this reason, 
there must always be a difference in speed between 
the rotor and the rotating field. This difference in 
speed is called slzp and is expressed as a percentage 
of the synchronous speed. For example, if the 
rotor turns at 1,750 rpm and the synchronous 
speed is 1,800 rpm, the difference in speed is 50 
rpm. The ee is then equal to 50/1,800 or 2.78 
percent. 


120. Single-phase Machines 


The previous discussion has applied only to 
polyphase machines. In a single-phase machine, 
the field, instead of rotating, merely pulsates, and 
no rotation of the rotor takes place. However, a 
single-phase pulsating field may be visualized as 
two rotating fields revolving at the same speed but 
in opposite directions. It follows, therefore, that 
the rotor will revolve in either direction at nearly 
synchronous speed provided it is given an initial 
impetus in either one direction or the other. The 
exact value of this initial rotational velocity varies 
widely with different machines but a velocity 
higher than 15 percent of the synchronous speed is 
usually sufficient to cause the rotor to accelerate to 
rated speed. A single-phase motor can be made 
self-starting if means can be provided to give the 
effect of a rotating field. 

a. The first effort in the development of a self- 
starting, single-phase motor was the shaded-~pole 
This machine has 


salient poles, a portion of each pole being encircled 
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by a heavy copper ring. The presence of the ring 
causes the magnetic field through the ringed por- 
tion of the pole face, in B, to lag appreciably be- 
hind that through the other part of the pole face, 


in A. The net effect is the production of a slight 


component of rotation of the field, sufficient to 
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cause the rotor to revolve. As the rotor acceler- 
ates, the torque increases until the rated speed is 
obtained. Such motor have low starting torque 
and find their greatest application in small fan 
motors where the initial torque required is low. 

b. Various types of self-starting motors, known 
as split-phase motors, have been made. Such 
motors have a starting winding displaced 90 elec- 
trical degrees from the main or running winding. 
In some types, the starting winding has a fairly 
high resistance, which causes the current in this 
winding to be out of phase with the current in the 
running winding. This condition produces, in 
effect, a rotating field and the rotor revolves. A 
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Figure 195. Shaded pole. 


centrifugal switch is used to disconnect the start- 
ing winding automatically after the rotor has 
attained approximately 25 percent of its rated 
speed. 

c. With the development of high-capacity elec- 
trolytic capacitors, a variation of the split-phase 
motor, known as the capacitor-start motor, has 
been made, and nearly all fractional horsepower 
motors in use today on refrigerators, oil burners, 
and other similar appliances are of this type. In 
this adaptation, the starting winding and running 
winding have the same size and resistance value, 
the phase shift between currents of the two wind- 
ings being obtained by means of capacitors con- 
nected in series with the starting winding. Capa- 
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citor-start motors have a starting torque com- 
parable to their torque at rated speed and can be 
used in applications where the initial load is heavy. 
Again, a centrifugal switch is required for discon- 
necting the starting winding when the rotor speed 
is approximately 25 percent of the rated speed. 

d. Although some single-phase induction motors 
are rated as high as 2 horsepower, the major field 
of application is 1 horsepower, or less, at a voltage 
rating of 115 volts for the smaller sizes and 110 to 
220 volts for 14 horsepower and up. For still 
larger power ratings, polyphase motors are gen- 
erally used, the latter types having excellent start- 
ing torque. 


121. Direction of Rotation and Emergency 
Operation 


a. The direction of rotation of a three-phase 
induction motor can be changed by simply revers- 
ing two of the leads to the motor. The same effect 
can be obtained in a two-phase motor by reversing 
connections to one phase. In a single-phase 
motor, reversing connections to the starting wind- 
ing will reverse the direction of rotation. Most 
single-phase motors designed for general appli- 
cation have provision for readily reversing connec- 
tions to the starting winding. Nothing can be 
done to a shaded-pole motor to reverse the direc- 
tion of rotation because the direction is determined 
by the physical location of the copper shading ring. 

b. If, after starting, one connection to a three- 
phase motor is broken, the motor will continue to 
run but will deliver only one-third the rated power. 
Also, a two-phase motor will run at one-half its 
rated power if one phase is disconnected. Neither 
motor will start under these abnormal conditions. 


122. Synchronous Motor 


The synchronous motor is one of the principal 
types of a-c motors. Like the induction motor, 
the synchronous motor makes use of a rotating 
magnetic field. Unlike the induction motor, how- 
ever, the torque developed does not depend on the 
induction of currents in the rotor. Briefly, the 
principle of operation of the synchronous motor 
is as follows: A multiphase source of ac is applied 
to the stator windings and a rotating magnetic 
field is produced. A direct current is applied to 
the rotor windings and another magnetic field is 
produced. The synchronous motor is so designed 
and constructed that these two fields react upon 
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each other in such a manner that the rotor is 
dragged along and rotates at the same speed as the 
rotating magnetic field produced by the stator 
windings. 


123. Motor Theory 


An understanding of the operation of the syn- 
chronous motor can be obtained by considering the 
simple motor of figure 196. Assume that poles A 
and B are being rotated clockwise by some 
mechanical means in order to produce a rotating 
magnetic field. The rotating poles induce poles 
of opposite polarity, as shown in the illustration of 
the soft-iron rotor, and forces of attraction exist 
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Figure 196. Simple synchronous motor. 


between corresponding north and south poles. 
Consequently, as poles A and B rotate, the rotor 
is dragged along at the same speed. However, if a 
load is applied to the rotor shaft, the rotor axis 
will momentarily fall behind that of the rotating 
field but will thereafter continue to rotate with the 
field at the same speed as long as the load remains 
constant. If the load is made too large, the rotor 
will pull out of synchronism with the rotating field 
and, as a result, will no longer rotate with the field 
at the same speed. The motor is then <a to be 
overloaded. 
a. Such a simple motor as that shown in figure 
196 is never used. 
(1) The idea of using some mechanical means 
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of rotating the poles is impractical be- 
cause another motor would be required to 
perform this work. Also, such an 
arrangement is unnecessary because a 
rotating magnetic field can be produced 
electrically by using phased a-c voltages 
(fig. 197). In this respect, the synchron- 
ous motor is similar to the induction 
motor. ‘ 
(2) The magnitude of the induced poles in the 
rotor shown in figure 196 is so small that 
sufficient torque cannot be developed for 


voltage generated in the stator windings by the 
rotor, or cemf, exactly balances the applied volt- 
age. However, if the excitation is reduced below 
the 100-percent value, the difference between the 
cemf and the applied voltage produces a react ve 
component of current which lags the applied volt- 
age. The machine then acts as an inductance. 
Similarly, if the excitation is increased above the’ 
100-percent value, the react ve component leads 
the applied voltage, and the machine acts as a 
capacitor. This feature of the synchronous motor 
permits use of the machine as a power-factor cor- 


THREE PHASE WINDING 
PRODUCES A ROTATING 
MAGNETIC FIELD 
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Figure 197. Synchronous motor. 


most practical loads. To avoid such a 
limitation on motor operation, a winding 
is placed on the rotor and this winding is 
energized with de. A rheostat placed in 
series with the d-c source provides the_ 
operator of the machine with a means of 
varying the strength of the rotor poles, 
thus placing the motor under control for 
varying loads. 

b. If a synchronous motor is driven by an ex- 

ternal power source and the excitation, or voltage 


~ 


applied to the rotor, is adjusted to a certain value 


called 100 percent excitation, no current will flow 
from or to the stator winding. In this case, the 
a 
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rection device. When so used, it is called a syn- 
ehronous capacitor. 

(1) When used as a synchronous capacitor, 
the motor is connected on the a-c line in 
parallel with the other motors on the line, 
and run either without load or with a 
very light load. The rotor field is over- 
excited just enough to produce a leading © 
current which offsets the lagging current 
of the line. Unity power factor results. 

(2) The synchronous motor can be made to 
produce up to 80-percent leading power 
factor. However, because leading power 
factor on a line is just as detrimental as 
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a lagging power factor, the synchronous 
motor is regulated to produce just enough 
leading current to compensate for lagging 
current in the line. 

c. The synchronous motor is not a self-starting 
motor. The rotor is heavy and, from a dead stop, 
it is impossible to bring the rotor into magnetic 
lock with the rotating magnetic field. For this 
reason, all synchronous motors have some kind of 
starting device. -A simple starter is another motor, 
either ac or dc, which brings the rotor up to 
approximately 90 percent of its synchronous speed. 
The starting motor is then disconnected and the 
rotor locks in step with the rotating field.. Another 
starting method is a second winding of the squirrel- 
cage type on the rotor. This induction winding 
brings the rotor almost to synchronous speed and, 
-when the dc is connected to the rotor windings, the 
rotor pulls into step with the field. The latter 
method is the more commonly used. 


124. Summary 


a. A single-phase alternator differs from a d-c 
generator in that it must be separately excited and 
also in using slip rings instead of a commutator for 
the collection of the energy produced. 

b. A two-phase voltage can be produced by 
placing two separate windings 90 mechanical de- 
grees apart in a two-pole machine. 

c. A three-phase voltage can be produced by 
placing three separate windings 120 mechanical 
degrees apart in a two-pole machine. 

d. In any machine, the necessary mechanical 
separation is 240/P mechanical degrees. 

e. A three-phase system of voltages has the 
following properties: 

(1) The three voltages have equal magni- 
tudes. 

(2) They are out of phase by 120 electrical 
degrees. 

f. Before a three-phase system of voltages is 
completely specified, the phase sequence must be 
known. If e, leads e, which leads e3, the phase 
sequence is said to be positive. If e lags e2. which 
lags és, the phase sequence is said to be negative. 

g. A three-phase winding can be connected 
either in wye or in delta. 

h. The wye connection has the following elec- 
trical properties: 

(1) Phase current is equal to line current. 
(2) The line voltage is equal to the / 3 
times the phase voltage. 
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1. The delta connection has the following elec- 
trical properties: 

(1) The line current is equal to the / 3 _ 
times the phase current. 

(2) The line voltage is equal to the phase 
voltage. 

jy. Three-phase transformers may be a single 
unit or three separate transformers. 

k. The most extensively used transformer con- 
nection is the delta-wye. 

l. Transformer secondaries must be connected 
in the proper phase relationships. 

m. The output voltage of a delta-delta or a wye- 
wye transformer connection is determined by the 
volts per turn ratio of the transformer. 

nm. The output voltage of a delta-wye trans- 
former connection is not determined by the volt- — 
age per turn ratio of the transformer, but by the 
~/ 3. times the turns ratio. 

o. The output voltage of a wye-delta trans- 
former connection acts as a step-down voltage. 

p. A rotating magnetic field is required for the 
operation of induction and synchronous motors. 

q. Arotating magnetic field is obtained by using 
a system of phased voltages. 

r. Distributed windings are used in the stator 
of an induction motor. 

s. Squirrel-cage is a term often used to describe 
the rotor of an induction motor. ! 

t. The torque developed by an induction motor 
depends on the induction of currents in the rotor 
windings. 

u. Single-phase induction motors, including the 
split-phase motor and the capacitor-start motor, 
find wide application. 

v. The direction of rotation of a three-phase 
induction motor can be changed by simply revers- 
ing two of the leads to the motor. 

w. The torque developed by a synchronous 
motor is not dependent upon the induction of cur- 
rents in the rotor windings. 

x. A synchronous motor runs at the speed of its 
rotating magnetic field. 

y. Power factor in a synchronous motor can be 
varied by means of a rheostat in series with the d-¢ 
rotor windings. 

z. Synchronous motors are often used as syn- 
chronous capacitors. 


125. Review Questions 


a. Describe the important characteristics of a 
single-phase alternator. 
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b. Explain how a two-phase voltage can be ob- 
tained. A three-phase voltage. 

c. What is the complete definition of a re? 
phase system? 

d. How is the mechanical separation of the ay 
related to the number of poles? 

e. What is meant by phase sequence? 

f. What are the properties of a wye-connected 
winding? 

g. What are the properties of a delta-connected 
winding? 

h. What is a neutral connection? 

2. Give four methods of connecting a three- 
phase transformer. 

4. How are the phase relationships of a delta- 
secondary in a three-phase transformer deter- 
mined? 
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k. How are the phase relationships of a wye- 
secondary in a three-phase transformer deter- 
mined? 

l. A wye-connected Fah former secondary de- 
livers 75,000 volts. For what voltage must the 
secondary winding be insulated? 

m. Will a single-phase induction motor start 
under load? 

n. What two methods can be used to start a 
synchronous motor? 

o. Does an induction motor use a commutator? 

. What emf is applied to the stator of an in- 
duction motor? A synchronous motor? 

g. What is the outstanding characteristic of 
synchronous motors? 

r. What is the basic difference between an in- 
duction motor and a synchronous motor? 

s. How are polyphase induction motors started? 
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APPENDIX | 
GRAPHS, ANGLES, TRIGONOMETRY, AND VECTORS 


Section |. GRAPHS 


1. Elementary Principles 


A graph is a pictorial representation of the rela- 
tionship between two or more quantities. Thus, 
A of figure 198 is a representation of the relation- 
ship between temperature and time; B of figure 198 
is a representation of the relationship between the 
voltage and current in a circuit as the voltage is 
varied. 

a. DEVELOPMENT OF SIMPLE GRAPH. In A of 
figure 199 the lines X’OX and Y’OY are reference 
or axis lines. Line X’OX is called the X axis or 
abscissa and line Y’OY is called the Y axis or 
ordinate. ‘These axes divide the plane into four 
quadrants which, by agreement, are always num- 
bered as indicated. The intersection of the axes 
(marked QO) is called the origin. On the X axis, 
values of X greater than zero are positive and to the 
right of the origin; values of X less than zero are 
negative and to the left of the origin. On the Y 
axis, values of Y greater than zero are positive and 
above the X axis; values of Y less than zero are 
negative and below the X axis. 

b. COORDINATES. Consider point A in B of 
figure 199. This point can be located accurately 
in terms of the X and Y axes. A line through A 
and perpendicular to the X axis passes through 
+83 and a line through A and perpendicular to the 
Y axis passes through +2. This means that when 
X equals 3 and Y equals 2, A is the corresponding 
point on the graph. Suppose that X equals —4 
and Y equals +3. Locate on the graph the point 
identified by these X and Y values. Since X is 
negative, it is located on X’OX four unit distances 
to the left of the origin O. Since Y is positive it is 
located on Y’OY three unit distances above the X 
axis. If we now erect a perpendicular from —4 
on the X axis and another perpendicular from +3 
on the Y axis, the perpendiculars will intersect at 
point B. In other words, point B is completely 
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identified by X = —4 and Y = +8. The iden- 
tifying values of X and Y are called the Cartesian 


TEMPERATURE 
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Figure 198. A. Graph of temperature variation. B. Graph 
of relation of voltage and current. 


~ or rectangular coordinates and they are written 


(X, Y). Thus, in B of figure 199, the (—2, —2) 
at point C means that X = —2 and Y = -2. 
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The X value or abscissa is always written first; for ex- 
ample, point D is identified by (4, —4). Note 
that only one point on the graph can have the same 
pair of coordinates. Points D and’E have the 
same abscissa, X = —4, but the ordinates differ; 
for point H, Y = —3, and for point D, Y = —4. 

c. GRAPH OF EXPERIMENTAL DATA. Connect a 
number of 2-volt cells, an ammeter A, and a 2- 
ohm resistor FR in series (B of fig. 200). Vary the 
voltage # by changing the number of cells and 
tabulate the circuit conditions as the voltage is 
changed (C of fig. 200). Use the X axis for volt- 
age, H, values, and use the Y axis for current, J, 
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Figure 200. Graph of experimental data. 


Locate the graph points for each pair of 


values. 
coordinates in the table and complete the graph 
by drawing a line through successive points (A of 


fig. 200). Since only positive values of X and Y 
appear in the table, only the first quadrant is re- 
quired for the curve. Note that the curve is a 
straight line, because in this experiment equal 
changes of E’ produced correspondingly equal 
changes of I. 


2. Graphs of Equations 


In electrical work many of the graphs are graphs 
of equations. For example, B of figure 198 and A 


s 
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of figure 200 are graphs of the Ohm’s Law equa- 
tion I = E/R, when R is held constant. 

a. USEFUL TERMS. Before considering graphs 
of equations, it is necessary to understand the fol- 
lowing terms: 

(1) Variable and constant. Ina given problem 
a variable is a number symbol which may 
take different values during the discus- 
sion. A constant is a number symbol 
whose value does not change. 

Example: The area of a circle is given 
by the equation A = zr*. In this equa- 
tion A is the area, r is the radius, and r 
is a constant. In considering different 
circles (fig. 201), z is a constant, always 
3.14 (approx), but A and r are variables 
which take different values. 


r=2" 

rz5" 
Az=TXr2 A=TT Xr2 A=T Xr2 
A=3.14 x 1? A=3.14X 2? A=3.14xX 5? 
A=3.14X1 A=3.14X4 A=3.14X 25 
A=3.14 A=12.56 A=78.5 

™ 681-4 

Figure 201. Area of a circle, r as a constant, A and Y as 


variables. 


(2) Function. One variable, y, is a function - 
of another variable, x, if a corresponding 
value of y can be determined whenever 
a value is given to 2. 

Example: Because of the relation A = 
mr, the area of a circle is said to be a 
function of the radius r. If a value is 
given to r (fig. 201), the corresponding 
area A can be determined. Conversely, — 
if a value is given to A, the correspond- 
ing radius r can be determined; r is then 
said to be a function of A. 

b. DEPENDENT AND INDEPENDENT VARIABLES. 
In the equation A = zr’, if values are assigned 
to r, r is said to be the zndependent variable. As 
values are assigned to r, the value of A will depend 
on the value given to 7; therefore, A is called the 
dependent variable. Of course, if values are 
assigned at will to A, it becomes the independent 
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variable and r becomes the dependent variable. 
In plotting graphs, points along the X axis are 
used to represent the independent variable; the 
varying height of the curve with respect to the X 
axis represents values of the dependent variable, 
y, for each corresponding value of x. 

c. EQUATIONS. 
statement that two algebraic statements are equal. 
There are two kinds of equations: identical and 
conditional. . 
(1) Identical equations. If the two members 

of an equation are equal for all values of 
the symbols, the equation is called an 
identity. 
Example: (a + 6) (a — b) = a? — 6? 
When a equals 4 and b 
equals 3: 
(Soraes) Me ge y= LG 
hed 
When a equals 5 and b 
equals 2: 
(5 + 2) (6 — 2) = 25 — 
Moa A 
(2) Conditional equations. If the two mem- 
bers of an equation are equal for certain 
particular values of the symbols involved, 
but not for all values, the equation is a 
conditional equation or, simply, an equa- 


tion. 
Example: X — 3 = 2 is an equality 
only if X equals 5 
and Y + 8 = 8 is an equality 


only if Y equals 5. 

d. LINEAR EQUATIONS IN TWo UNKNOWNS, X 

AND Y. An equation in the form: 
Ax +by+C=0 
where A, B, and C are constants is called the 
general equation of the first degree in X and Y. 
An equation of the first degree contains no terms 
with an exponent other than 1. Thus, # = [Risan 
equation in the first degree, but P = [?R is an 
equation of the second degree in J. 
Example: Form: Ax + by + C = 0. 

- Equation: 3x + 4y + 12 = 0. 
In this equation, A equals 3, B equals 4, and C 
equals 12. In determining the form of an equa- 
tion, it must be remembered that A, B, and C 
may equal 0. Thus, the equation 2x + 8y = 0 
isin the form Ax + by + C = 0. 

Form: Az + by + C = 0. 
Equation: 2x + 8y +0 = 0. 

e. GRAPHS OF LINEAR EquaTIons. The rela- 

tion between two unknowns, x and y, may be 
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An equation or equality is a 


represented by means of an equation or by means 
ofagraph. In analytic geometry it is proved that 
the graph of any. linear equation in x and y is a 
straight line. Therefore only two points are 
needed to determine the graph of a linear equation 
inzandy. In practice, the two points should not 
be chosen too close together. The intercepts on the 
coordinate axes (i.e., the points at which the line 
crosses the axes) are usually convenient points. 
To determine the intercepts let x equal 0 and find 
y; then let y equal 0 and find «x. 
Example: Plot the graph of 38x + 4y + 
ee 
First let x equal 0 and solve for y: 
4y = —12 
y= —3. 
Then let y equal 0 and solve for x: 
34 = —12 
x= —4,. 
It is well to establish arbitrarily a third pair of 
coordinates as a check. Thus, letting x equal 6 
and solving for y: 


382 + 4y +12 = 0 
(8x6) +4y+12=0 
18 + 4y +12 =0 
4y = —30 
y = —7.5. 


We now have three pairs of coordinates: 
X| o|—4| 6 
Ves 


Figure 202. Graph of 3x + 4y +12—0.— 


Plotting these on graph paper we obtain a graph 
(fig. 202) which shows pictorially the relation 
between x and y in the equation 32 + 4y + 
20. 

f. NONLINEAR EQUATIONS. 
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(1) Equation in the second degree. 


rate 
— 


As pre- 
viously mentioned, the power equation 
P = [PR is an equation of the second 
degree in J. Let us first assume a resis- 
tance of 2 ohms and plot a graph to show 
the relation between J and P as I is 
varied. Then reduce R to % ohm and 
plot a second graph. To plot these 
graphs, assume values of J and calculate 
for P. Since J is varied at will, it is the 
independent variable. Plot the inde- 
pendent variable along the abscissa (X) 
and plot the dependent variable along 
the ordinates (Y). Following this pro- 
cedure, we obtain the curves of figure 
2038. These curves are not straight lines; 
portions to the left of the Y axis indicate 
that the direction of current is opposite 
to that for portions to the right of the 
Y axis. Note that the power is positive, 
regardless of the direction of current I 
through the resistance R. (It is beyond 


the scope of this text to discuss the many 
varieties of nonlinear equations. Stu- 
dents should learn to recognize linear 
equations.) 
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Figure 203. Graph of P = I?R. 


(2) Equation with fraction. At first glance it 
H/R 


might seem that the equation J = 
is a linear equation in both EF and R. 

However, let us first hold R constant, 
vary E, and plot a graph to show the re- 
lation between # and J. The resultant 
curve (C of fig. 200), plotted by assum- 
ing R equal to 2 ohms and calculating 
values of J for assigned values of H, is a 
straight line. This indicates that the 
equation is linear in H. Let us now hold 
E constant and vary R. The resultant 
curve (fig. 204), plotted by assuming # 
equal to 10 volts and calculating values 
of IJ for assigned values of R, is not a 
straight line. This shows that the equa- 
tion I = E/R is not linear in R. In 
algebra the denominator of a fraction 
may be written in the numerator, if the 
sign of its exponent is changed: 

| moe oes 


ewe 


On writing J = E/RasI = ER“, we see 
that the exponent of F is not 1 and, there- 
fore, J = H/R is not a linear equation in 
R. However, if the equation is written 
I = E X1/R, and the value of 1/R is 
varied, the equation is linear in 1/R and 
its graph is a straight line (fig. 205). For 
ease of plotting, assume fractional values 
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Figure 204. Graph of I =E /R as R ts varied. 
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of R, so that 1/R will be a whole num- 
ber. With HE equal to 10 volts, calculate 
and tabulate values of 1/R and corres- 
ponding values of J. Use values of 1/R 
as abscissas (X-axis values) and values of 
I as ordinates (Y-axis values). Com- 
pare figures 204 and 205. Note that 
in figure 204 values of R are assigned to 
the X axis. Obviously, R and 1/R are 
not the same thing; R is resistance and 1/R 
is conductance (symbol G). Thus, the 
graph in figure 204 shows that the rela- 
tion between current and resistance is 
not linear; the graph in figure 205 shows 
that the relation between current and 
conductance is linear. 


3. Summary 


a. A graph is a pictorial presentation of the 
relations between two or more quantities. 

b. Only one point on a graph can have the same 
pair of coordinates. 

c. The X value or abscissa is Sree written 
firsts sexe. Ys), 

d. Experimental data may be plotted on a 
graph. 

e. The relationship between quantities may be 
expressed as an equation or by a graph of the 
equation. 

f. A variable is a number symbol which may 
take different values. 

g. A constant is a number symbol whose value 
does not change. 

h. An equation of the first degree contains no 
terms with an exponent other than +1. 

7. The graph of a linear equation in x and y isa 
straight line. 


Section Il. ANGLES 


4. Basic Ideas 


In elementary geometry an angle is thought of as 
a figure consisting of two lines radiating from a 
common point O (A of fig. 206). The common 
point O is called the vertex and the lines OA and 
OB are the sides of the angle. The angle may be 
referred to as the angle O, using the vertex letter; 
or it may be referred to as the angle 6, using any 


AGO 1786A 


2 
; 
a > 


= 
_—_ 
2 


Le ae 


convenient symbol. The angle may also be called 
angle AOB, using the end letter of one side, the 
vertex, and the end letter of the other side. The 
symbol / is used to represent,the word angle; 
thus, / AOB. 
a. TYPES OF ANGLES. 
(1) Right angles. If a perpendicular is drawn 
to any line CD, two right angles ABD 
and ABC are formed (B of fig. 206). 
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Figure 206. Types of angles. 
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(2) Acute angle. An angle smaller than a 
right angle is called an acute angle. In 
C of figure 206, angle AOB is a right 
angle; angles AOC and COB are acute 
angles. 

(3) Obtuse angle. An angle which is greater 
than a right angle, but less than two 
right angles (a straight line) is called an 
obtuse angle. In D of figure 206 angle 
AOB is aright angle and angle COB is an 
obtuse angle. 

(4) Straight angle. A straight line forms an 
angle equal to the sum of two right 


- angles. Compare straight angle AOB 


of FE of figure 206 with angle CBD in B of 
figure 206. 

(5) Reflex angle. An angle greater than two 
right angles, but less than four right 
angles, is called a reflex angle. In F of 
figure 206, angle 6 is an acute angle, but 
angle BOA (indicated by arrow) is a re- 
flex angle. 

(6) Adjacent angles. Angles which have a 
common side and a common vertex, and 
which are on opposite sides of the com- 
mon side are called adjacent angles. The 
right angles in B of figure 206 are 
adjacent angles. (When one straight 
line meets another straight line to form 
two equal adjacent angles, each of the 
angles is a right angle, and the lines are 
mutually perpendicular.) 

(7) Complementary angles. When the sum of 
two angles is equal to a right angle, the 
angles are complementary angles. In C 
of figure 206, angles AOC and COB are 
complementary angles. 

(8) Supplementary angles. When the sum of 
two angles is equal to two right angles, 
the angles are called supplementary 
angles. Thus, in B of figure 206, angles 
ABC and ABD are supplementary 
angles. 


. MEASUREMENT OF ANGLES. 


(1) Degrees. The degree is the unit of angular 
measurement in the sexagesimal system; 
it is 1/360th part of a circle. The minute 
and the second are subdivisions of the 
degree; there are sixty minutes in 1 
degree, and 60 seconds in 1 minute. 

(2) Radian. The radian is the unit of the 
circular system for measuring angles. 
A radian is the angle formed by rotating 
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the radius of a circle until the are 
described or traced out by the end of the 
‘radius is equal in length to the radius. 
Thus, in figure 210, the are BC is equal 
in length to the radius AB and, there- 
fore, angle CAB is one radian (approxi- 
mately 57.3°). ; 


5. General Concept of an Angle 


The concept of an angle as a figure is satisfac- 
tory for a study of elementary geometry. The 
study of a-c theory requires a more general con- 
cept of an angle. 


(NITIAL SIDE A 


INITIAL SIDE 
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Figure 207. Positive and negative angles. 


a. GENERATION OF AN ANGLE. Suppose that a 
line OA, radiating from point O (A of fig. 207), is 
rotated counterclockwise from its original or 77- 
tial position OA to a final or terminal position, OB, 
This rotation generates an angle AOB with an ini- 
tial side OA and a terminal side OB. The value of 
angle AOB is the amount of rotation used in gen- 
erating the angle. 

b. SIGN oF ANGLE. By agreement, an angle 
generated by counterclockwise rotation of the initial 
side is considered as a positive angle; clockwise rota- 

tion produces a negative angle. An angle is not 
- completely described unless the direction and 

amount of rotation are given (fig. 207). 

c. MEASURE OF ROTATION. As a measure of 
rotation, 1° is 1/360th of a revolution. Thus, if 


4 


2AQB=45° 


ZAQOB= 408° 
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line OA is rotated through one revolution, the 
terminal side rests on the initial side and the angle 
is 360°. Consider figure 208. In A, side OA has 
been rotated 45° counterclockwise from its original 
position to form the positive 45° angle AOB. In 
B, side OA has been rotated 360° (one complete 
revolution) plus an additional 45° to form a posi- 
tive 405° angle. In C, side OA has been rotated 
clockwise 45° less than 360°; therefore, the amount 
of rotation is 360° — 45° = 315°. Since the rota- 
tion is clockwise, angle AOB is a negative angle of 
—315°. In D, side OB is rotated 45° clockwise 
from its initial position; therefore, angle BOA is a 
negative angle of —45°. Note that any number 
of complete revolutions may be made. An angle 
generated by rotating the initial side through three 
complete revolutions plus 60° is an angle of (3 x 
360°) + 60° = 1,140°. 


6. Standard Position 


An angle is said to be in standard position on a 
rectangular system (par. 1b), if the vertex is at the 
origin and the initial side lies along the positive 
part of the horizontal (X) axis. In D of figure 206, 
angles AOB and COB are in standard position: 
angle COA is not in standard position. 

a. QUADRANT. Anangleisina certain quadrant 
if its terminal side is inside the quadrant -when the 
angle is in standard position. Thus, in D of figure 
206, angle COB is in the second quadrant. 

b. COTERMINAL. Angles are coterminal if their 
terminal sides coincide when the angles are placed 
in standard positions. Figure 208 shows that an 
angle of 405° and one of 45° are coterminal. 


7. Circular Measure 


In figure 209, the radius line AB is rotated coun- 
terclockwise about point A. When this line 
reaches position AC it is perpendicular to AB and 
angle CAB is a 90° or right angle. As line AB 
continues to rotate counterclockwise, it succes- 
sively passes through AC and AE and returns to 


a 


¢A0B+-45° 


£A0B=-315° Te eei-1 


: Figure 208. Various angles represented by the same geometric figure. 
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Figure 209. Generating an angle by revolving a line. 


AB. Thus, in making one revolution, line AB 
generates an angle equal to four right angles or 
360°. In other words, there are 360° in a circle. 

a. THE RADIAN. In discussions of a-c theory, 
the radian is the commonly used unit of angular 
measure. In figure 210, point A is the center of 
the circle, AC and AB are radii, and the length of 
the arc CB equals the length of the radius. By defi- 
nition (par. 46(2)), angle CAB is one radian. 
Figure 211 shows that there are approximately 


LENGTH OF ARC 
CB EQUALS LENGTH 
OF RADIUS 


RADIUS 


| RADIAN 


RADIUS 
TM 681-13 


Figure 210. Relation of radius, radian, and arc of a circle. 


6.28 radians in a circle. The Greek letter z repre- 
sents a constant equal to 3.14 (approximately) ; 
therefore, 27 = 6.28. Thus, one revolution of side 
AB generates an angle of 27 radians. 

b. CONVERSION FORMULAS. As_ explained 
above, if AB makes a complete revolution it gen- 
erates an angle of 360°, or 27 radians; therefore, 

2x7 radians =360° 
and, 1 radian = 360° = 180° = 57.3° (approx). 


2r T 


| RADIAN 


| RADIAN 


| RADIAN 


| RADIAN 


0.28 RADIAN 


| RADIAN 


TM 681-14 


| RADIAN 
Figure 211. Number of radians in a circle. 
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The above formula is used to convert radians to 
degrees, and vice versa. To convert degrees to 
radians, multiply the number of degrees by 7/180; 
to convert radians to degrees, multiply the number 
of radians by 180. 


Tv 


c. SUMMARY. 


(1) Angles can be measured in degrees or in 
radians. 

(2) There are 90° in a right angle. 

(3) There are four right angles or 360° in a 
circle. 

(4) 360° equals 27 radians. 

(5) It is useful to memorize the following re- 


lations: 
90° = 7/2 radians 
180° = z radians 


270° = 87/2 radians 
360° = 27 radians. 


8. Summary 


a. An angle is generated by rotating a line from 
its original or znztial position to a final or terminal 
position. 

b. An angle generated by counterclockwise 
rotation of the initial side is a positive angle. 


c. An angle generated by clockwise rotation of 
its initial side is a negative angle. 


d. An angle is described when the direction and 
amount of rotation are given. 


e. One degree is 1/360th part of a revolution. 


f. An angle is in a certain quadrant if its 
terminal side is inside the quadrant. 


g. One radian equals 573° (approx). 


Section III]. SIMPLE TRIGONOMETRY 


9. Trigonometry and A-C Theory 


Trigonometry, as the term implies, is a method 
of measuring triangles by numerical computation. 
With the development of alternating-current gen- 
erators, it became impossible to analyze or under- 
stand the behavior of even the simplest circuit, 
without considering angles and their computation. 


OPPOSITE 


ADJACENT 


TM 681-154 
Figure 212. Property of right triangles. 


Thus, in other sections of this manual, students 
study such a-c concepts as phase angle, phase dif- 
ference, angles of lead and lag, and so on. A 
better understanding of this a-c theory is possible 
if the student is familiar with elements of plane 
trigonometry given in this appendix. 
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10. Property of Right Triangles 


In any right triangle (fig. 212) the side opposite 
the right angle is called the hypotenuse; the side 
opposite the acute angle being considered (« in 
figure 212) is called the opposite side; the side ad- 
jacent to the acute angle is called the adjacent 


. side. | 
B 

D 
is F G 
TM68I1-155 


Figure 213. Ratios of sides of right triangles. 


a. In figure 218, let angle CAB represent any 
acute angle «. If DF and BC are drawn perpen- 
dicular to side AC, right triangles ABC and ADF 
are similar. In geometry it is proved that the 
ratio of side AB to side AC equals the ratio of side 
AD to side AF; that is: 
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Hypotenuse = AB = AD. 

Adjacent AC AF 
b. This shows that the difference in size between 
the right triangles has no effect on the ratio of the 
hypotenuse to the adjacent side; this ratio has the 
same value for all right triangles with a given acute 
angle « as the adjacent angle. By extending the 
same reasoning to any two sides of a right tri- 
angle, we derive the following law: THE RATIO 
OF ANY TWO SIDES OF A RIGHT TRI- 
ANGLE, WITH « AS ONE ACUTE ANGLE, 
DEPENDS ONLY ON THE SIZE OF THE 
ANGLE « AND NOT ON THE SIZE OF THE 

TRIANGLE. 


B 


A : Cc 
TM 681-156 
Figure 214. Right triangle, functions. 


11. Trigonometric Functions 


The above law states that the ratio of any pair 
of sides of a right triangle is a function of the acute 
angle «. The six possible ratios are called the 
trigonometric functions of the acute angle «. 

a. NAMES OF FUNCTIONS. In figure 214, « 
represents any acute angle and BC is a line drawn 
from point B perpendicular to C to form a right 
triangle ABC. The small letters, a, b, and ¢, 
represent the lengths of the sides respectively 
opposite the vertices A, B, and C. Referring to 
this illustration, we can now list the names and 
abbreviations given to the six ratios or trigono- 
metric functions: 


Ratio Name Abbreviation 
a/b tangent of « tan « 
b/a cotangent of « cot « 
a/c sine of « sin « 
b/c cosine of « cos « 
c/b secant of « sec « 
c/a cosecant of « csc « 


b. FUNCTIONS USED IN THIS MANUAL. Only 
three of the six trigonometric functions are used for 
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solving a-c problems in this manual—namely, the 
since, cosine, and tangent. In the right triangle 
of figure 214, a is the leg opposite to «, 6b is the leg 
adjacent to «, and cis the hypotenuse, then, 


sina!” ='¢:= —.epposite 

¢ hypotenuse 
cos « = b = adjacent 

c hypotenuse - 
tan < = @ = opposite. 


b = adjacent 
Example: « and £ are the acute angles in the 
right triangle of figure 215; then: 
Sill = cie=sdoyD-=7 0.0 sin. 6 ="4/5.=3035 
COS Fee 4 750-8 cos 8 = 3/5-= 0.6 
tan 93 407015 tan! 6: =.4/3 eee 


B 
2, 
Ss 
CxaTae a A 


TM 681-157 
Figure 215. Acute angles. 
12. Solutions by Pythagorean Theorem 


The Pythagorean theorem states that in a right 
triangle, the square of the hypotenuse equals the — 


sum of the squares of the other two sides. Re- 
ferring to figure 216, 
c2 = a? + $2, 


Example 1: In figure 216, c = 6 and 6 = 5. 
Find a. : 
Solution: c? = a? + b? 
62 = a? + 5? 
a? = 36 — 25 = 11 
a=vV ll =3.317. 
Example 2: Find the trigonometric functions of 
the acute angle « in figure 216. 
Solution: From figure 216, read: 


sin « = 


opposite = 1 


——E 


hypotenuse 6 
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cos «= = adjacent = 5 
hypotenuse 6 

tan <= = opposite. .="~/- 11-. 
adjacent 5 


Example 3: If sin « = 8/4, find the cosine and 
tangent of «. 

Solution: Refer to the equations of para- 
graph 11. Since sin « = 3/4 = a/c, construct a 
right triangle with a = 8andc = 4. (See figure 
mld.) ; 


B 


b=5 . 
TM 681-158 
Figure 216. Trigonometric functions of acute angle. 
B 


4 . b=? G 
a TM 681-159 


Figure 217. Acute angle, trigonometric functions. 


From the Pythagorean theorem, 


and, BF =-c? — 
Se ee 
b =~ 7 = 2.64 (approx). 
From figure 217 read: 
cos « = adjacent =b= JV 7_ 
hypotenuse c 4 
tan < = opposite =a@= 38 =3V 7_ 
adjacent b wWi7, 7 
AGO 1786A ~~ 


Note. Example 3 shows that if the value of one function 
of an unknown acute angle is given, the angle can be con- 
structed and all of its functions obtained. 


13. Trigonometric Tables 


By use of advanced mathematics, the functions 
of an angle can be computed to any number of 
decimal places. In such computations, the error 
is no greater than 1/2 of a unit in the last place. 
This accuracy is considerably better than can be 
obtained by graphical methods (drawing angles 
and their sides to scale and measuring lengths). 
A table of natural trigonometric functions for 
decimal fractions of a degree is given in appendix 
II. This table includes angles from 0° to 90° in 
steps of 1/10 of 1° with not less than four-decimal- 
place accuracy for sines and cosines. The instruc- 
tions and examples are given in appendix II. 


14. Trigonometric Equations 


Partly because Greek letters are used as sym- 
bols and partly because new terms are introduced, 
students sometimes feel that trigonometry is a 
difficult subject. This is not true. Trigonometric 
functions are merely ratios, the quotient obtained 
by dividing the length of one side by the length of 
another side of aright triangle. A direct compari- 
son shows that the function equations are as simple 
as those expressing Ohm’s Law: 


Ohm’s Law Trigonometric Function 
| ON Dy as sin 9 = a/c 
E=IXR a=c Xsin@ 
) ieee ak c = a/sin 6 


The Ohm’s Law equation J = E/R indicates that, 
if H and R are known, J can be found; the sine 
function equation, sin @ = a/c, indicates that, if 
the length of the hypotenuse, c, and the length of 
the opposite side, a, are known, the sine can be 
found. Similarly, a = ¢ X sin @ shows that, if the 
hypotenuse, c, and the sine of 6 are known, the 
opposite side, a, can be determined; the equation 
c = a/sin 6@-shows that, if the opposite side, a, and 
the sine of 6 are known, the hypotenuse, c, can be 
determined. In other words, these equations for 
trigonometric functions are as simple and as 
readily solved as the familiar Ohm’s Law equa- 
tions. 

Example 1: In triangle ABC (fig. 214), findthe 
unknown side by use of the Phythagorean theorem 
and obtain all the functions of <« when b = 5 and 
=e. 
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Solution: e=a? +p? 
c? = 25 + 144 
c? = 169 
C113: 


Since the three sides are now known, the functions 
may be read directly: sn <« = a/c = 12/82; 
COS. c= b/62415/138: tan = 2 = 0/05 lao. 
Example 2: Cos <« = 15/17; construct the angle 
and find its other functions. 
Solution: Referring to figure 214, 
Cosgse. = 6/6 15707 
é?.= c? — 
a? = 172 — 15? =.64 
a=~V/ 64 =8. 
Phes. si’ ts=—.0/6.=.07.1 72008. <= 0/6 — AST: 
tan <« = a/b = 8/15. Theangle < can be found 
from any one of its functions in the table of 
Natural Trigonometric functions in appendix II. 
Sin < = 8/17 = 0.4705 (approx) 
Sin 0.4705 = 28°. 


Noite. Sin-! 0.4705 = 28° may also be written as arcsin 
0.4705 = 28°. Both are read: The angle whose sine is 
0.4705 is 28°. Consider the statement: The tangent of 37.2° 


is 0.7590. Stated inversely, this is written, 
37.2° = tan! 0.7590 
or, 37.2 = arctan 0.7590: 
Both are read: 37.2° is the angle whose tangent is 0.7590. 


Example 3: A painter wishes to reach a window 
40 feet above the ground. Find the length of the 
shortest ladder he can use, if it must not incline 
more than 78° from the ground. 


LADDER 
40 FT 


TM 681-160 
Figure 218. Ladder problem. 


Solution: Draw a rough sketch as shown in 
figure 218. From the sketch we see that we are 
given the length of the opposite side, a = 40 feet; 
and the angle @ = 78°. The length of the ladder 
must be the length of the hypotenuse c. Using 
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the trigonometric function containing both ¢ and 
a, we get, 

sin 6 = a/c 
and, c= a/sin 6; 
From the tables we find that sin 78° = 0.9781; 
therefore, c = 40/0.9781 = 40.88 feet. 


15. Trigonometry and A-C Voltages 


Figure 219 is a graph of the amplitude variations 
of a certain type of a-c voltage (or current) with 
time. Time is plotted along the x-axis and am- 
plitude variations are indicated by the varying 
height of the curve relative to the x-axis. 
Actually, as is explained in this section, figure 219 
is essentially a graph of the equation 

6=esinad 
when ¢ is held constant and @ is varied. Voltages 
(or currents) which vary, as shown in figure 219, 


are called sinusoidal voltages (or currents). The 


generation of sinusoidal voltages (or currents) is 
discussed in chapter 1. These voltages and cur- 
rents form a basis for all a-c theory; therefore, an 
understanding of the trigonometry involved is of 
considerable importance. 


+10 


5 
VOLTAGE 


CURRENT 
. —5 


10 
EE 
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Figure 219. Sine wave. 


16. Trigonometric Functions are Periodic 


Let @ be any varying angle (A of fig. 220). This 
angle @ varies from one value to another by rota- 
tion of its terminal side OP. Thus, if side OP 
makes three complete revolutions counterclock- 
wise from its initial position OX, it generates an 
angle of 1,080°, or 3 x 27 radians. The positions 
of the terminal side OP repeat themselves at intervals 
of 360°, or 2x radians; consequently, the trigono- 
metric functions also repeat themselves. 

Example: Consider figure 220. In A the side 
OP has rotated counterclockwise from its initial 
position OX to generate angle 6 of 45°. From 
paragraph 9 we get 

sin 45° =o, 
Now consider that OP is rotated an additional 
360° (fig. 220-B) to generate an angle of (@ + 
360°), or 
« = (6+ 360°) = 45° + 360° = 405°. 


, died AGO 17364 


I 


We see that OP’ coincides with OP; that is, the 45° 
angle @ and the 405° angle « are coterminal. 
Because of this, a and c have the same numerical 


values for both angles, thus: 
sin« = sin (405° — 360°) = sin 45° = a/c. 


This shows that the trigonometric functions re- 
peat and we say that any function of 0 is periodic, 


with 360°, or 2x radians, as the period. 


B 
TM 681-162 
Figure 220. Periodic trigonometric functions: A, 45°, B, 405°. 


17. Variation of Trigonometric Functions 


a. SIN 6. In triangle AOP (fig. 221), the 45° 
angle @ is in standard position; OP is the hypo- 
tenuse c and equal to the radius r; AP is the oppo- 
- site side a; and OA is the adjacent side b. If the 
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hypotenuse c is taken asa unit length,OP = r = 
c = 1, then, 
sin 6-= ‘opposite. = a= a =a. 

hypotenuse fageenat 
The dashed line from P to the Y-axis indicates that 
the opposite side a is equal to y (the ordinate of 
point P). Similarly, the adjacent side 6 of tri- 
angle AOP is equal to x (the abscissa of point P); 
then, in terms of the coordinates of a point P on 
side c of angle @, 

sin 0°= a/c = 4/1 = ¥ or ¥ = sm 0. 
In other words, when the hypotenuse c ts taken as a 
untt length, the length of ais numerically equal to the 
sine of 6. 

(1) Minimum value of sin 6. In figure 222 the 
angle XOP’ is a small angle with c’, a’, 
and b’, respectively, as the hypotenuse, 
opposite side, and adjacent side. If 
angle XOP’ is made smaller and smaller, 


TM 681-163 
Triangle, variation of trigonometric functions. 


x 


8 


Figure 221. 
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Figure 222. Minimum value of sine @. 
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the opposite side a’ must also become 
smaller and smaller. For an angle of 0°, 
OP’, and OX coincide and a’ (or y) van- 
ishes. In other words a’ and, therefore, 
sin 6 are reduced to 0 as angle XOP’ is 
reduced to 0. 

(2) Maximum value of sin 6. As angle XOP’ 
(fig. 222) is increased to angle XOP; 
(angle AQP,) the length of a increases. 
If angle XOP; is increased to 90°, P; 
moves to Ps», so that sides a and c coincide 
on the y-axis. This means that a = c 
and, therefore, 

Sin Or="6/6 = eb. 
We can now state that the sine of 6 varies 
from 0 to 1 as the angle 6 varies from 0° to 
90°. 

b. Cos 6. Again referring to figure 221 and 
again considering the hypotenuse ¢ as a unit 
length, we see that 

COs: 62—="0/e-==b/ loeb: 
Therefore, when c is considered as a unit length, 
the length of 6 is numerically equal to the cosine 
of @. Also, in terms of the coordinates of point P, 
b equals x, the abscissa. Then, 
C086 = tei = ty = 
"2% = cos 0. 

(1) Maximum value of cosine. As the angle 
AOP in figure 221 is reduced, the length 
of the adjacent side .b increases. When 
angle AOP is reduced to zero, c¢ and b 
coincide and 

€0s.6+=.0/e-=y 1 =a 

(2) Mimimum value of cosine. As angle AOP 
is increased, point A moves toward the 
origin O and the length of b decreases to 
0. Thus, as the angle @ increases from 0° 
to 90°, cos 6 varies from 1 to 0. 

c. TAN 6. In geometry, a line drawn through a 
point P on the circumference of a circle and per- 
pendicular to the radius at point P is said to be 
tangent to the circle. Thus, in A of figure 223, 
line AB is perpendicular to radius OA and, there- 
fore, it is the tangent line. The radius r is ex- 
tended to meet the tangent line at P. For angles 
less than 90°, point P is so chosen that the abscissa 
(x = OA) isa unit length. Then, in terms of the 
rectangular coordinates (x, y) of point P, 

Tan.0t 7 = le 

(1) Maximum value of tan 0. As angle AOP 
is increased to angle AOP; (B of fig. 223), 
point P moves up from P to Pi. If 6 
approaches 90° (C of fig. 228), point P 
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————-—AP (x,y) 


TO 
INFINITY B 


P MOVES 
TOWARD 
INFINITY 


TM 681-165 
Figure 228. Tangent of 6 as 6 varies. 
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moves up beyond all limits on the tangent 
line AB. This means that the length of 
AP increases without limit, becoming 
greater than any specified number how- 


moves downward. When @ is reduced to 
0, OP coincides with OA and the length 
AP is reduced to 0; then 

tan.0F == 0. 


ever large. It is said that tan @ becomes 


positively infinite as 6 approaches 90°. 


x 20- 


We can now state that tan 6 varies from 
0 to infinity as 6 1s increased from 0° to 90°. 


Y 
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Figure 224. Sine 0, cos 6, and tan 6 in the four quadrants. 


Hxzample: Tan 89° = 57; tan 89° 59’ = 
3,488; tan 89° 59’ 59” = 206,265. When 
6 is 90°, P is on the y-axis and x = 0. 

_ The tangent cannot be defined when x = 
0, because y/x is meaningless when x = 0, 

: tan é =y/z =y/0 = o~. 
That is, 
tan 90° is infinite. 


(2) Minimum value of tan 6. As 6 (angle AOP 


in A of figure 223) is decreased, point: P 
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18. Functions of Any Angle 


a. So far, only the trigonometric functions of 
acute angles have been considered in this text. 
Limiting ourselves to acute angles would make it 
impossible to solve or understand even the simpler 
a-c problems. For example, as is explained in 
chapter 1, a sinusoidal voltage is developed by 
continual rotation of an armature. At any instant 
the generated voltage is a function of the angle be- 
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tween the rotating armature and certain fixed 

components in the machine. 

b. In figure 224, the radius r is called the radius 
vector. (Vectors are explained in section IV of this 
appendix.) This radius vector r revolves about 
the origin O to generate an angle 6. Whenrisa 
unit length (r = 1) A, B, C, D of figure 224 shows 
that in each quadrant 

sin@- = AB/7 =AB/ly= AB 
cos. 6. = OA/r = OASIS 0A, 

(1) It is now apparent that the sine of an 
angle is numerically equal to the ordinate 
(y value) of any point where the radius 
vector coincides with the circumference; 
that is, when r equals 1, 

Ves, 

(2) The cosine of an angle is numerically 
equal to the abscissa (« value) of any 
point where the radius vector coincides 
with the circumference of the circle; that 
is, when r equals 1, 

x = COS 0. 

(8) The tangent of an angle is numerically 
equal to the ordinate (y value) of any 
point at which the extended radius vector 
intersects the tangent line; that is, when 
x equals 1, y (the length between the x- 
axis and point C on the tangent line) 
is numerically equal to the tangent of 6, 

Yo =< tan oO: 


and 


19. Signs of Functions 


In figure 224, the ordinate, y, of point B gives 
both the sign (+ or —) and the numerical value 
of the sine in each quadrant; the abscissa, x, of 
point A gives both the sign and numerical value 
of the cosine; and the ordinate, y, of point C gives 
both the sign and numerical value of the tangent. 

a. FIRST QUADRANT. In the first quadrant (A 
of fig. 224), as the angle @ increases from 0° to 90°, 
we note the following relations: 

(1) x is positive and decreases from x = r to 


= 10), 
(2) y is positive and zncreases from y = 0 to 
y =r. Then 


(a) Sin @ = +y/-+r and the sine is positive, 
increasing from 0 to 1. 

(b) Cos 6 = +a/+r and the cosine is 
positive, decreasing from 1 to 0. 

(c) Tan 6 = +y/+ and the tangent is 
positive, increasing from 0 to + «, 
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b. SECOND QUADRANT. In this quadrant, @ in- 


creases from 90° to 180°. . 
(1) x is negatwe, decreasing from x = 0 to 
x= —r. 
(2) y is positive, decreasing from y = r to 


y = 0; therefore, 

(a) sin 6 = +y/-+r and the sine is posztive, 
decreasing from 1 to 0. 

(b) cos 6 = —x/r and the cosine is negative, 
decreasing from 0 to —1, 

(c) tan 6 = y/—«x and the tangent is nega- 
tive, Increasing from — ~ to 0. 

c. THIRD QUADRANT. In this quadrant (C of 
fig. 224), @ increases from 180° to 270°. 


(1) x is negative and increases from « = —?r 
tox = 0: 

(2) y is negative and decreases from y = 0 to 
y= —T. 


(a) sin 6 = —y/-++r and the sine is nega- 
tive, decreasing from 0 to —1. 
(b) cos 6 = —2x/r and the cosine is nega- 
tive, increasing from —1 to 0. 
(c) tan 6 = —y/—«x and the tangent is 
positive, increasing from 0 to + . 
d. FOURTH QUADRANT. As @ increases from 
270° to 360° we observe the following relations. 
(1) x is positive, increasing from x = 0 to 


ears 
(2) y is negative, increasing from y = —1 to 
y=”. . 


(a) sin 6 = —y/-+r and the sine is nega- 
tive, increasing from —1 to 0. 

(b) cos 0 = +x/+7 and the cosine is posi- 
tive, increasing from 0 to 1. 

(c) tan 6 = —y/-+ and the tangent is 
negative, increasing from — « to 0. 

Note 1. The line representing x or y may be getting 
longer, when the above tabulation states that x or y is 
decreasing. This will cause no confusion when it is remem- 
bered that, if the increasing length represents a more nega- 
tive value of x or y, the actual value is decreasing. (A 
negative number is always less than 0.) 

Note 2. In the preceding discussion emphasis is placed 
on using the rectangular coordinates and the radius vector r._ 
In effect, y, x, and r have been substituted respectively for 
the original a, 6, and ¢ of figure 223. This substitution is an 
introduction to the use of trigonometry in solving a-e prob- 
ems. - 


20. Reduction of Angles Greater than 90° 


In general, trigonometric problems cannot be 
solved conveniently or accurately by constructing - 
the angles to scale. Algebraic methods and accur- 
ate tables of trigonometric functions generally are 
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used. Since the tables provide functions for angles 
between 0° and 90° only, angles greater than 90° 
must be reduced to equivalent angles between 0° 
and 90°. Figure 224 shows that as the radius 
vector rotates, 

sin 6 = AB/OB = y/r 

C0336 = OAFOB = air 


I 


tan @6 = AB/OA = y/z. 
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SECOND QUADRANT FIRST QUADRANT 


SIN + ALL FUNCTIONS + 

COS 

TAN - 

SIN - SIN = 

CcOS- cos+ 

TAN+t+ TAN - 
THIRD QUADRANT FOURTH QUADRANT 
* B 
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Figure 225. Sign of functions in the four quadrants. 


From this we can derive the following rule: 

TO DETERMINE ANY FUNCTION OF ANY 
ANGLE 6, DETERMINE THE SAME FUNC- 
TION OF THE ACUTE ANGLE FORMED BY 
THE TERMINAL SIDE (radius vector r) AND 
THE HORIZONTAL AXIS AND PREFIX THE 
CORRECT ALGEBRAIC SIGN FOR THAT 
QUADRANT. 
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The correct algebraic signs are given in B of figure 
225. 

a. REFERENCE ANGLE. In A of figure 225, 
angle X’OX is a straight or 180° angle (it is the 
sum of two right angles). From this, angle POA 
(« )must be equal to 180° minus the value of angle 
XOP (6); then 

« = 180° — @. 
Since it is used to determine the functions of 6, « 
is called the reference angle for 6. 

b. REDUCTION ForMuLAS. If the reasoning 
used to develop the formula <« = 180° — @ is 
applied to the other quadrants, we obtain the 
following formulas: 

(1) For 6 between 0° and 180°, <« = 180° —¢@. 

(2) For @ between 180° and 270°, 
6 — 180°. 

(8) For 6 between 270° and 360°, « = 
360° — 6. 

If 6is unknown and «< is known, then, 

for (1) above, 6 = 180° — «, 
for (2) above, @ = 180° + «. 
for (3) above, 6 = 360° — «. 


Note. If the numerical value of @ is greater than 360°, 
change the angle by adding or subtracting an integral 
multiple of 360°. This does not change the functions, be- 
cause the new angle is co-terminal with the original angle. 


(oi st — 


21. Graph of Sine Curve, y = sin x 


From A of figure 224, we read sin 6 = y/r and, 
if r is a unit length, sin 6 = y/1 = y. Suppose 
that we now use the symbol x to represent any 
angle 6, so that the equation becomes y = sin ~. 
The graph of this equation is plotted just as the 
graphs of algebraic equations are plotted in para- 
graph 2; that is, values are assigned to x and the 
corresponding values of y are calculated, points 
are plotted from the coordinates obtained, and a 
smooth curve is drawn through the points. 


Example: In a-c problems, radians are usually 
used as the unit of angular measure. The sine 
eurve is plotted with the angle x and its function y 
having the same scale, one unit on the y-axis being 
equal to the length representing one radian on the 
x-axis. Thus, in setting up the tabulation (B of 
fig. 226), the first column lists angles in degrees; 
the second gives x in radians; the third gives the 
number of unit lengths representing x; the fourth 
gives the number of unit lengths representing y; 
and the fifth column lists the coordinates of a 
number of points on the curve. Thus, assuming 
that a unit length represents one radian along the 
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x-axis in A of figure 226, the calculation for chang- 
ing 80° to radians is as follows: 
360° = 27 radians 
380 X « = 8007 = 7 radians. 
1802 IS026 
This is entered in column 2. 'Fo obtain the num- 


figure 226. For negative angles assign negative 
values to x, and the curve extends to the left of 
the y-axis as indicated by the broken line curve. 
Values of sine x between 180° and 360° are nega- 
tive, but equal in magnitude to the sines of angles 
between 0° and 180°. 


Because the trigonometric 
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Figure 226. Graph of sine curve, 4 = sin x. 


ber of unit lengths for column 3, complete the divi- 
sion indicated by 7/6, getting 
3.14 = 0.52 unit length. 


—_—. 


6 
From the sine table (appendix II) we find that sin 
30° = 0.5. This means that y is equal to one-half 
the unit length chosen to represent one radian 
along the x-axis. The values in columns 3 and 4 
are entered in column 5 as coordinates for point P2. 
For positive angles assign only positive values to 
x, plot the computed coordinates, and draw a 
smooth curve to obtain the solid line curve in A of 
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functions are periodic, the curve extends indefi- 
nitely to the right and left of the y-axis. 


22. Graph of Cosine Curve, y = cos x 


The cosine curve of figure 227 is obtained by 
plotting the graph of the equation y = cosx. The 
graphs of y = sin x and y = cos x have the same 
shape, but differ in their positions with relation to 
the axes. The cosine of any angle x is equal to the 
sine of an angle which is 90° greater. Thus, if the 
graph of y = sin x is shifted 90° to the left, we ob- 
tain the graph of y = cos x. 
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23. Graph of Tangent Curve, y = tan x 


As discussed in paragraph 15, there is no finite 
tangent for 90°; that is, tan 90° = «. This causes 
breaks in the curve, and the graph of y = tan x 
(fig. 228) consists of an infinite number of 
separated branches. The broken lines, called 


asymptotes, do not touch the curve because there 
is no tangent (the tangent is infinite) and, hence 
no point on the graph corresponding to x = 7/2 
and x = 37/2. 
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Figure 227. Graph of y = cos x. 
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Figure 228. Graph of y = tan x. 


24. Velocity 


In a-c theory problems, we are concerned not 
only with the fact that rotation of the initial side 
generates an angle, but also with the rate at which 
the angle is generated. To develop the principles 
involved, let us consider linear and angular 
velocity and the relation between them. 

a. LINEAR VELOCITY. The linear velocity of a 
point or object traveling in a particular direction 
is defined as the rate at which distance is traveled 
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by the point or object. The unit of velocity v is 
the distance traveled in unit time: miles per hour, 
feet per second, and so on. Linear velocity is ex- 
pressed by the following simple equation in which 
sis distance and tis time. 
6-5. 87%. 
In A of figure 229, the car travels a distance of 30 
miles from A to B. If this distance is traveled in 
0.4 hour (24 minutes) the linear velocity is then, 
v = s/t = 30/.4 = 75 miles per hour. 
If the minute is used as the unit of time, 
v = s/t = 30/24 = 1.25 miles per minute. 


A B 
s=30 MILES 
3 t= 4 HOUR 2 
Baia Wie (ed 
v= =“ =75 MILES PER HOUR A 
B 
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Figure 229. A, linear and B, angular velocity. 


b, ANGULAR VELOCITY. When a wheel rotates 
on its axis, its velocity or rate of turning usually is 
expressed as so many revolutions per minute. How- 
ever, a revolution can be measured in angles. The 
radian is a unit of angular measure (par. 7), and 
angular velocity, symbol w, is measured in radians 
per second. 

(1) The radian. From geometry we know 
that the circumference of a circle is given 
by the following equation 

Cesar 
where C is the circumference, r is the 
radius, and 27 is 6.28. Dividing both 
sides of the equation C = 2ar by r, we get 

C = 2r. 

, 
This equation states that the ratio of the 
circumference to the radius is 27; that is, 
the circumference is 6.28 times longer 
than the radius. From paragraph 7 we 
know that a radian is an angle which, 
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when placed with its vertex at the center 
of a circle, intercepts an arc s equal in 
length to the radius r. Thus, in figure 
229, arc s is equal in length to the radius 
r, and angle AOP is one radian. Since 
the circumference C is equal to 27 times 
the radius, there are 27 s-arcs around the 
circumference and, therefore, there are 
2m s-ares around the circumference and, 
therefore, there are 27 radians in the 
circle. In other words, as the radius vec- 
tor r makes one revolution from OA back 
to OA, it generates an angle of 27 radians 
or 360°. 


(2) Angular velocity. In electrical problems 
the second is commonly used as the unit 
of time, and the number of revolutions 
per second is called the frequency, sym- 
bol f. If the radius vector makes ten 
revolutions per second, f is 10; then, 
radians per second = 2zf 
radians per second = 6.28 X 10 = 62.8. 
The number of radians per second is the 
rate at which the angle increases; that is, 
angular velocity is the number of radians 
per second. The Greek letter omega, w, 
is used to represent angular velocity or 
radians per second; therefore, 

w = 2nrf. 


c. RELATION BETWEEN LINEAR AND ANGULAR 
VELOCITY. Refer to figure 230 and let the symbol 
@ represent an angle in radians generated in t 
seconds. If @ (in radians) is divided by f, we get 
the angular velocity: ; 


However, circular measure is the ratio of the are s 
to the radius r; therefore: 
g6=S8. 
T 
In the equation w = 6/t, substitute for 6 its equal 
s/r to get 
wo =-§ 
' Ths 
This equation is still an equation for angular 
velocity, but it now contains s/t which is defined 
as linear velocity. Multiplying by r we get 
or = § 


tf 


and, on substituting for s/t its equal v, we get 
0 = of. 
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This 1s the linear velocity of a point P distant r from 
the axis. 
If we divide v = wr by 7, we get 
o= 0 
P 
and this is the angular velocity. 
Example: A flywheel is rotating at an angular 
velocity of 200 revolutions per second. 
(1) What is the angular velocity in radians 
per second? 
Solution: Oe = Lay 
w = 6.28 200 
w = 1,256 radians per second. 
(2) What is the angle generated in 0.75 


second? 
Solution: Since w = 4, 
t 
6. = ot 
6°=-1,256° x O45 
6 = 942 radians. 


p 


Figure 230. Linear and angular velocity. 
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(8) How much time is required for the wheel 
to generate 4,500 revolutions? 


Solution: Since w» = 6 
‘t 
iil |3'8) 
o 
¢ = 4,500 
x 29 
1,256 


t = 22.5 seconds 
(4) What is the linear velocity of a point P 
which is 2 feet from the axis? 
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Solution: v = wr 
v= 2xfr 

0, ="6.28°X° 200° K 2 

v = 2,512 feet per second. 
(5) The number of revolutions per second is 


changed so that the linear velocity of 


I 


point P (2 feet from the axis) increases to: 


3,500 feet per second. What is the 
angular velocity in radians per second? 
In revolutions per second? 
Solution: Since w = v 
r 
w = 8,500 
2 
w = 1,750 radians 
per second. 
Se Tie ae bit OU; 
1,750 
2r 
1,750 
6.28 revolutions 
per minute. 


Then, since 


Ss “Se 
I I 


Figure 231. 


, 25. Projection of Point Having Uniform 


Circular Motion 


The projection, or y value, at any instant, of the 
end point of a radius vector may be plotted as a 
curve. In figure 231, the horizontal diameter of 
the circle is extended to the right to form a time 
axis. The x-axis is divided into intervals corres- 
ponding to the angles to be plotted. To avoid 
confusion in the illustration (fig. 231), angles are 
plotted at 30° intervals; therefore, the x-axis is 
divided into 12 equal divisions (860/30 = 12). 
Also, for convenience, the radius vector is assumed 
to be rotating counterclockwise with a uniform 
angular velocity of one revolution per second. 
Consequently, each division on the x-axis repre- 
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sents 1/12 second, or 30° of rotation. If the radius 
vector starts at 0°, at the end of 1/12 second it will 
have rotated 30° or 0.528 radian to A; at the end 
of 1/6 second, it will have rotated to B and the 
angle will be 60° or 1.05 radians, and so on. To 
plot the curve, draw vertical lines through the 
division lines on the x-axis. Through points cor- 
responding to the end points of the radius vector 
at the time of each division on the x-axis, draw 
lines parallel to the x-axis. Complete the curve by 
drawing a smooth curve through the points of in- 
tersection. Compare the resultant curve with that 
obtained by plotting a graph of the equation y = 
sin x (fig. 226). 

a. EQUATION OF CURVE. The y value of the 
curve is proportional to the sine of the angle 6 
and the value of the radius vector 7, 

y =rsin 6. 
The radius vector generates an angle of 27 radians 
in 1 second (assumed for figure 231); therefore, the 
y value at any time t 
is y =r sin 2xt 
r sin 6.28¢. 


I 
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Projection of point having uniform circular motion. 


The equation y = r sin 6.28¢ is the equation of the 
curve in figure 231. 

b. FREQUENCY. In figure 231, f is 1 and, there- 
fore, it does not appear in the equation. In a-c 
circuits, f may represent less than one revolution 
per second or millions of revolutions per second. 
The angular velocity in radians per second is 

On Zafer 
Consequently, the point at the end of the radius 
vector will have a circular motion represented by 
the following equation, 

y =r sin 2xft 

or, Y= 51 wt. 
This equation describes the motion of any quantity 
or object that varies with simple harmonic motion. 
Any motion described by this equation its said to be 
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sinusoidal and can be represented by a sine curve. 
Example: A crank 12 inches long, starting from 
0°, is turned counterclockwise at the rate of one 
revolution in 5 seconds. What is the equation for 
the projection of the crank handle at any instant? 
What is the vertical distance of the handle from the 
shaft at the end of 4 seconds? 
Solution: The projection or y value is ex- 
pressed by the following equation: 
y =7 sin wt 
where, r = length of crank 
w = angular velocity in radians 
per second 
¢t = time in seconds. 
In figure 232,-AB is the vertical distance of the 
handle from the shaft. This distance is equal to 
the y value of the end point of the crank att = 4 
seconds. Then, since the crank makes one revolu- 
tion, or 27 radians, in 5 seconds, the angular 
velocity in radians per seconds is, 
w = 21/5 = 6.28 = 1.256 radians per second. 


5 
Substituting values for 7, w, and ¢, 
y =7sin wt 
y= 12 sinsb.256-x. 4) 
y = 12 sin 5.024 radians. 
Converting radians to degrees, 
. yv= Losin ( O:UZ4noe Disco) 
y = 12 sin 287.88° 
_ Reducing to acute angle, 
y = 12 sin (860° — 287.88°) 
G=AZsin (ete. 
Using correct sign for quadrant, 
y = 12 X —.9516 
y = —11.41 inches. 
The negative sign indicates that the handle is 
below the shaft. 


c. AMPLITUDE OF CURVE. The amplitude of the 
curve representing the equation y = 7 sin wt is a 
function of the value, or length, of the radius vec- 
tor r. In figure 233, curve A represents the equa- 
tion y = r sin wt when r = 1; curve B represents 
the equation when r = 2. 

d. CYCLES. In completing one revolution, the 
radius vector completes one sine wave, and the 
sine wave has passed through 1 cycle. The num- 
ber of cycles completed in unit time is called the 
frequency of the curve. Curves for different fre- 
quencies are drawn in figure 233. In the equation 
y =rsint, wt = ¢t. The angular velocity is then 
one radian per second and, therefore, the curve 
completes 1 cycle in 27 seconds. In the equation 
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y =7rsin2t, w = 2 radians per second; therefore, 
at the end of 27 seconds the sine wave has com- 
pleted 2 cycles, or 2 X 2x7 = 4x radians. 


Since -w = anf, 
teeta 
Qn. 


The time T required to complete 1 cycle is called 
the period. Sincef = w, 


2 
Pe Pe terre 
a Dafoe = % 


CIRCULAR PATH 
OF HANDLE 


STARTING 
POSITION 


“HANDLE 
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Figure 232. Rotating crank, projection of handle. 


Y TM 681-175 
Figure 233. Graph of y = r sin wt. 


26. Phase 


When a series of events repeats itself with regu- 
larity, we speak of a particular event as a phase of 
the series. Thus, we speak of the moon as being 
in its first, second, third, or fourth quarter. Each 
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quarter is a particular phase. Similarly, in a sine 
curve, each point on the curve is a phase in a cycle; 
the point at which y is maximum and positive is 
one phase, the point of which y is maximum and 
negative is another phase, and so on. It must be 
remembered that every point represents a different 
phase in a cycle. 

a. PHASE DIFFERENCE. Assume that radius 
vectors 7, and r are in the positions shown in figure 
235. Start counterclockwise rotation at the same 
angular velocity, w, and plot the respective sine 
curves A and B. Note that corresponding phases 
do not occur at the same time; that is, there is a 
phase difference. 

b. PHASE ANGLE. Points on A occur earlier 
than the corresponding points on B; consequently, 
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Figure 234. Graphofy =rsintandy =rsin2t. 
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Figure 235. Rotation of two radii, showing phase difference. - 


A is said to lead B. Whent = 0, r starts to gener- 
ate the curve B, y = 7rsinwt. At the same time, 
r, is ahead of r by an angle 6. Consequently, 7 
generates curve A, y1 = 71 sin (wt + 6). This 
moves the y; curve along the time axis by an angle 
6. The angle @ is the angular difference between 
the curves and it is called the phase angle. Since 
it is ahead of y, y, leads y; therefore, in the equation 
y: = 71Sin (wt + 0), the angle @is called the angle 
of lead. If the positions of 7, and r are inter- 
changed, 7 will be behind r. The phase angle 0 
will be the same, but y, will now lag y. Conse- 
quently, the curve generated by 71 is yy = 7 Sin 
(wt — 6) and 6 is the angle of lag. 
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27. Summary 


a. Trigonometry is a method of measuring tri- 
angles. 

b. Trigonometry is used to solve a-c circuit 
problems. 

c. In a right-angled triangle the square on the 
hypotenuse is equal to the sum of the squares on 
the other two sides. 

d. The ratio of any pair of sides in a right-angled 
triangle is a function of the acute angle being con- 
sidered. The six possible rations are called tri- 
gonometric functions. . 

e. Trigonometric functions repeat themselves 
and are said to be periodic. 

f. The sine of an angle @ varies from 0 to 1 as @ 
varies from 0° to 90°. 

g. The cosine of an angle @ varies from 1 to 0 as 
6 varies from 0° to 90°. The tangent of an angle @ 
varies from 0 to infinity as @ is increased from 0° 
to 90°. 

h. The functions of angles greater than 90° are 
found by reducing the larger angle to an equiva- 
lent angle of less than 90°. 

7. In a-e problems the radian is the commonly 
used unit of angular measure. 

4. The velocity of a point traveling in a particu- 
lar direction is the rate at which distance is 
traveled in unit time: v = s/t. 

k. Angular velocity is the rate of turning of a 
rotating body such as a wheel. 

l. Angular velocity may be measured in revolu- 
tions per unit time. In electrical problems, angu- 
lar velocity is measured in radians per second. 

m. In completing one revolution the radius vec- 
tor completes one sine wave and the sine wave has 
passed through 1 cycle. 

nm. The number of cycles per unit time is called 
the frequency, symbol f. The time T of 1 cycle is 
called the period: 


o. When corresponding phases of one or more 
waves do not occur at the same time, there is a 
phase difference between the waves. 

. Phase differences are measured in degrees or 
in radians; the phase difference is called the phase 
angle. 
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SectionIV. ELEMENTARY PLANE VECTORS 


28. Quantities 


a. SCALAR. Consider the statement: A ship 
sailed 4 miles. This statement does not describe 
the movement of the ship completely, because 
nothing is said about direction; whether the ship 
sailed to the north, south, east, or west is not men- 
tioned. A quantity that is described by a num- 
ber, but does not include the concept of direction, 
is called a scalar quantity. 

b. VEcToR. Consider the statement: A ship 
sailed 4 miles to the east. This statement involves 
magnitude and direction. Quantities that have both 


magnitude and direction are called vector quantities. 


N & 


E 
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Figure 236. Addition of vectors. 


A vector quantity is represented by a directed 
straight line (————-—>). The length of the 
directed line is proportional to the magnitude and 
the head points in the direction of the vector quan- 
tity. The directed straight line is called a vector. 


29. Addition and Subtraction 


a. SCALAR QUANTITIES. Scalar quantities are 
combined by algebraic addition or subtraction. 
Algebraic addition and subtraction take account 
of the signs + (positive) and — (negative): 

150 miles + 50 miles = 200 miles. 
150 miles — 50 miles = 100 miles. 
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150 miles + (—50) miles = 100 miles. 
150 miles — (—50) miles = 200 miles. 
b. VECTOR QUANTITIES. Vector quantities must 
be added or subtracted geometrically. 

(1) Vector addition. In figure 236, point A is 
15 miles northeast of the origin O and the 
angle 9 is 45°. From O we can reach A 
by traveling directly from O to A along 
OA, by traveling from O to N and then 
from N to A along AN, or by traveling 
from O to E and then from E to A. If 
we travel exactly north from O to N we 
get no farther east or west; if we travel 
exactly east from O to E we get no far- 
ther north or south. From this we con- 
clude that vector OA is the sum or 
resultant of two components, a northerly 
component ON and an easterly compo- 
nent OE. In terms of rectangular coor- 
dinates (fig. 199), the northerly compo- 
nent is a vertical component equal to y, 
the easterly component is a horizontal 
component equal to x, and the vector 
OA is a radius vector r (the bar over OA 
indicates that OA is a vector quantity). 
From trigonometry we know that y = 
ry sin 6; then 


ON = OA sin 6 

ON = 15 sin 45° 

ON = 15 X.707 = 10.6 miles. 
Similarly, since x = r cos @, “ 

OE = OA cos 0 


OE = 15 xX .707 = 10.6 miles. 
If we now add OF and ON algebraically, 

OA = OF + ON 

OA = 10.6 + 10.6 = 21.2 miles. 
Obviously, this answer is in error, be- 
cause the magnitude of OA is given as 15 
miles. Recalling the Pythagorean 
theorem (par. 12) C2 = a? + 62, then 
OA? = HO? + ON? - 


Od. ey Omer OM 
OA = "47 1016-2 10.6 
OAT aN 22 

OA: = 15 miles. 


This geometric or vectorial solution not 
only gives the correct length of OA, but 
also shows that OA is the sum, or resul- 
tant, of vertical and horizontal compo- 
nents. 

(2) Subtraction of vectors. A vector difference 
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is obtained by subtracting one vector 
from another vectorially. To subtract 
one vector from another, reverse the vec- 
tor to be subtracted and then solve for 
the resultant by geometric addition. 
(This is the same as thinking of a — b 
as the sum of a + (—})).) In figure 237 
we are given the vectors ON and OE. 
To subtract ON from OB, reverse ON, 
bringing it to ON’; then 

OA? = OF? + (—ON)? 

OA = OE? + (—ON)? 

OA = 10.62 + (— 10.6)? 

OA = 122.36 + (122.36) 

OA! =8225 

OA = 12 miles. 


es eee ee ees ee ee ee 


Sly Seiki tantra eee ria 
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Figure 237. Subtraction of vectors. 


30. Methods of Solution 


There are two basic methods of solving plane 
vector problems, the parallelogram and the tri- 
angle method. | 

a. PARALLELOGRAM METHOD. Refer to figure 


238. We are given the vectors OA and OB and. 


wish to determine graphically the resultant R. 
By drawing AC parallel to and equal in length to 
OB, and BC parallel to and equal in length to OA, 
we obtain the parallelogram OACB. By defini- 
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tion, the diagonal OC is the resultant, or sum, of 
vectors OA and OB and the direction is given by 
the angle <. When there are more than two vec- 
tors, we may first add two of them by the parallelo- 
gram method, then add this resultant to the third, 
then the sum of the three to the fourth, and so on. 
Notice that when the parallelogram method is used, 
the vectors must be placed origin to origin. 
Example: In A of figure 240, forces OA, OB, 
and OC are acting on point O (the origin). The 
resultant of these vectors can be found graphically 
by the parallelogram method as follows (B of fig. © 
239): 
(1) Draw the vectors to scale. 
(2) Find the resultant of any two, say OA and 
OCG, by constructing a parallelogram 
OADC. 
(3) Draw the diagonal of OADC. This diag- 
onal OD is the resultant of OA and OC. 
(4) Find the resultant of OD and OB by con- 
structing parallelogram OBED. The 
diagonal OF then represents the result- 
ant force on point O. 
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Figure 238. Parallelogram method of adding vectors. 


(5) Measure OF with a scale and protractor 
to determine its magnitude and direction. 
b. TRIANGLE METHOD. In A of figure 240, 
vectors OA and OB are acting on point O. BA’ 
is drawn equal in direction and magnitude to OA 
and, therefore, it represents the same vector quan- 
tity. Similarly, in B of figure 240, AB’ is drawn 
equal in direction and magnitude to OB: there- 
fore, AB’ and OB represent the same vector quan- 
tity. In figures 240—A and 240-B, the given vec- 
tors are placed head to tazl and the line which 
closes the figure is the sum or resultant r. Since the 
closing line forms a triangle, this method of adding 
vectors is called the triangular method. When 
there are more than two vectors (A of fig. 239), the 
triangular method may be used by placing the 
vectors head to tail in a continuous sequence (C of 
figure 239). The line OF closes the figure and 
represents the resultant r. 
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B B 
A TM 681-183 
Figure 240. Solving vectors by triangle method. 


B 
C TM 681-184 
TM 68!I-182 ; ‘ che 
; Figure 241. A. Projections of line section. B. Projetcion 
Figure 239. Graphical solution of vectors. of vectors. 
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31. Projections 


Consider line AB in A of figure 241. If AC and 
BD are drawn perpendicular to OX, CD is the 
projection of AB on OX. If BF and AE are drawn 
perpendicular to OY, EF is the projection of AB 
on OY. InB of figure 241, OB is the projection y 
of the radius vector r on OY and, from trig- 
onometry, 

Y= 1 Sing 
OC is the projection x of the radius vector r on 
OX, and 

x =r cos @. 


32. Resolution of Vectors 


A given vector can be broken down or resolved 
into two (or any number) of components in two 
(or more) selected directions. In this manual, 


--- <---70 
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Figure 242. Projection of vector. 


vector problems are solved only by resolution into 
two components along two rectangular axes. 
a. RECTANGULAR COORDINATES. 

(1) As discussed in section I, the horizontal 
coordinate, or the abscissa of a point P is 
the perpendicular distance x from OY to 
P. This distance is positive when P is 
to the right of OY, negative when P is to 
the left of OY. 

(2) The vertical coordinate, or the ordinate 

of a point P, is the perpendicular distance 
y from OX to P. This distance is posi- 
tive when P is above OX, negative when 
P is below OX. . 4 

(8) The distance of a point P from the origin 
is the radius vector of P. The radius 
vector (r) is always positive. 

b. COMPONENTS OF VECTOR. Consider vector 
OP in figure 242. The rectangular coordinates of 
point P are (x, y). By projecting OP to the verti- 
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cal or y axis, OY; and to the horizontal axis OX, 
we form parallelogram OCPB. If we now con- 
sider projections OC and OB as vectors, their sum 
or resultant must be OP. In other words OG and 
OB are vertical and horizontal components of OP. 
Since OC is equal to y and OB is equal to 2, it fol- 
lows that the coordinates of point P, (x, y), are the 
x and y components of OP. From this, 
OP =V oe +y 


or T= Nf A 2 + y? 
then, in figure 248, C-=-8:and yosed 
therefore, r=V g+y? 
r=~V/ 824 42 
P= a7 646 
=v ~ 80 
(a= eo9 
and, tan y= 4 .= 8 
Ge apse! 
and are tan .5 = 26.6° 
therefore, 6 = 26.6° 
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Figure 243. Resolution of vector into components. 


This means that the length and direction of the 
resultant can be computed easily by the familiar 
properties of a right angled triangle. We may 
now state the following rules: 

(1) The horizontal component of a vector 
is the projection of the vector upon a 
horizontal line. In terms of rectangular 
coordinates the magnitude of the hori- 
zontal component is determined from the 
equation 

L == Fi COS. 0: 

(2) The vertical component of a vector is the 
projection of the vector upon a vertical 
line. In terms of rectangular coordinates 
the magnitude of the vertical component 
is determined from the equation 

y =r siné. 
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(8) When the vertical and horizontal com- 
ponents are known the angle @ is deter- 
mined from the equation 

tan @ = y 
x 

(4) When the vertical component, y, and the 
angle, 6, are known, the resultant, 7, is 
determined from the equation 

es 
sin 6 

(5) When the horizontal component, x, and 
the angle, 6, are known, the resultant is 
determined from the equation 


cos 6 
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Figure 244. Solution of vectors not at right angles. 


c. SOLUTION OF VECTORS NOT AT RIGHT 
ANGLES. In figure 244, vectors OP and OE are 
not at right angles. We could, of course, deter- 
mine the resultant graphically (fig. 239). How- 
ever, by resolving each vector into its vertical and 
horizontal components, we can determine the re- 
sultant easily and accurately. The procedure is 
as follows: ; 

(1) Resolve each vector into its vertical, y, 
and horizontal, x, components. 

(2) Add the vertical components to obtain 
the vertical component of the resultant. 

(3) Add the horizontal components to obtain 
the horizontal component of the re- 
sultant. 

(4) Find the angle between the resultant and 
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the reference line (usually the positive 
portion of the x-axis) by substituting 
the vertical component (step 2 above) 
and the horizontal component (step 3 
above) for y and x respectively, in the 
equation 
tan@=y, 
rt ; 

(5) Obtain the angle @ from the function 
table. 

(6) Find the magnitude of the resultant r by 
substituting known values into either of 
the following equations 


Sy Ay 

sin 6 

or, Ti ee 
cos @ 


Example: In figure 244 we are given 
vectors OP and OE acting on point O. 
OP represents a magnitude of 8.93 and 
it is at an angle @ of 26.6° from the ref- 
erence line OX: OE represents a magni- 
tude of 5.81 and it is at an angle of 239° 
from the reference OX. What is the 
magnitude and direction of the resultant? 

Solution: 

Step 1. Components of OP and OF. 

a. Components of OP. Since the 
magnitude of OP is 8.93 and the angle 
% is 26.6°, the horizontal component is 
given by 

«= OX =reosG 

* = OX = 8.93 x .8942 

C= OXeaaS: : 
The vertical component is given by — 

y = OY =rsing 

y =OY = 8.93 xX .4478 

y = OY =4., 

6. Components of OE. Since the 
magnitude of OE is given as 5.81 and the 
angle « is 239°, the horizontal compo- 
nent is given by the equation 

x = 7rcos(« —180)°, then 
x = 7 cos 59° 
x = 5.81 X .5150 


x= —3. 
The vertical component is given by the 
- equation 

y =rsin (« — 180)°, then 

9 -= Tain 59° 

y = 5.81 X — .8581 

y= —d. 
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Step 2. Adding vertical compo- 
nents, to obtain the vertical component 
OG of the resultant, 

y= 0G = 0C + OF 

y = OG = 4+ (—5d) = —1. 

Step 8. Adding horizontal compo- 
nents, to obtain the horizontal compo- 
nent OH of the resultant, 

“= OH ='OX°+0D 
z = OH = 8 + (—3) =5. 

Step 4. By substitution in the equa- 

tion 
tan @ 


tan @6 = —1 = —.2. 


A ers SLE VEL aca ag One 
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Figure 245. Component velocities. 


Step 5. From the function tables 
arctan — .2 = -—11.3°. This is the 
angle between the resultant r and the 
reference OX. 


Step 6. Using the equation 


Tee, 
r= eal 
sin —11.38° 
tig, ot Oe aL 
—.1959 
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or using the equation 
jo wee eo ak dn 5 BP 9 
cos 6 9806 
Example: A ship sails 30° north of 
East at a speed of 20 miles per hour. 


What are the component velocities north 
and east? 


Solution: Draw a diagram to repre- 
dent the problem. In figure 245, OA 
represents the velocity of the ship. OC 
and OB are the northerly (vertical) and 
easterly (horizontal) components of OA, 
then 

OC = OA sin 30° 

OC S20s 

OC = 10 miles north 
and OB = OA cos 80° 

OB = 20 cos .866 

OB = 17.3 miles east. 


33. Summary 
a. A scalar quantity does not include the con- 
cept of direction. 


b. A vector quantity involves both magnitude 
and direction. 


c. Vector quantities must be added geometric- 
ally (vectorial addition). 


d. A vector quantity may be resolved into hori- 
zontal (x) and vertical (y) components. 


e. Vectors may be solved graphically by either 
the parallelogram or the triangle methods. 


f. When the parallelogram method is used, the 
vectors must be placed origin to origin. 


g. When the triangle method is used, the vectors 
must be placed head to tail. 


h. A vertical projection is the projection of a 
line segment to the vertical axis. 


4. A horizontal projection is the projection of a 
line segment to the horizontal axis. 


4. Vectors may be solved by resolution into two 
components along two rectangular axes. 


k. Use of rectangular coordinates enables solu- 
tion of vectors by familiar properties of right 
angle triangles. 
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1. The vertical component of a vector is the 
projection of the vector on the vertical or y-axis. 
It is given by the equation y = rsin 0. 

m. The horizontal component of a vector is the 
projection of the vector on the horizontal or x-axis. 
It is given by the equation x = r cos 0. 

n. The radius vector is always positive. 
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o. The angle 6 is determined from the equation 
tan 6 = y. 
i's 
p. The vertical and horizontal components of 
any number of vectors are added algebraically to 
determine the vertical and horizontal components 
of the resultant. 
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APPENDIX II 
TRIGONOMETRIC GRAPHS AND TABLES 


1. Graphical. Method for Determining 
Sine and Cosine Functions of Angles 


The graphs (figs. 246 and 247) can be used when 
the sine or cosine function of any angle between 0° 
and 360° must be known. As explained in appen- 
dix I, the terms sine and cosine indicate ratios of 
sides in a right triangle. For example, the term 
sine 30° represents the ratio of the side opposite the 
30° angle to the hypotenuse or side opposite the 
90° angle. It was explained that this ratio is al- 
ways the same for any given angle regardless of the 
size of the right angle. Thus, the ratio or function 
of sine 80° is always 1/2 or .5. Likewise, the func- 
tion of any other sine or cosine angle is a constant 
and can be determined from the graphs. 

a. SINE FUNCTIONS. The function of the sine of 
any angle between 0° and 360° may be found by 
the following procedure: 

(1) Select the angle whose function must be 
determined and locate this angle on the 
X-axis of figure 246. 

(2) Locate the point on the sine curve which 
is directly above (or below) the selected 
angle. 

(8) Read the sine function which is shown 
directly to the left of the point located 
on the sine curve. 

b. EXAMPLES. A . 

(1) To find the function for an angle of 30° 
(sin 80°), use the procedure given above. 
That is, first locate the angle of 30° on 


the X-axis of figure 246. Thenfollowthe 


vertical line which. passes through 30° 
to the point where the line intersects the 
sine curve. From this intersection, fol- 
low the horizontal line to the left and 
read the function, or .5. : 

(2) To find the function of 240° (sin 240°), 
locate the point where the vertical line 
from 240° intersects the sine curve. 
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- tions of angles. 


Then read the function shown directly 
to the left of this intersection, or —.86. 


c. COSINE FUNCTIONS. To find a cosine func- 
tion of any angle between 0° and 360°, a similar 
method to that described above is used. The pro- 
cedure is as follows: 

(1) Select the angle whose function must be 
determined and locate this angle on the 
X-axis of the graph shown in figure 247. 

(2) Locate the point on the cosine curve 
which is directly above (or below) the 
selected angle. 

(8) Read the cosine function which is shown 
directly to the left of the point located 
on the cosine curve. 

d. EXAMPLES. 

(1) To find the cosine function of an angle of 
45° (cos 45°), use the procedure given 
above. That is, locate the angle of 45° 
on the X-axis of the graph (fig. 247). 
From this angle, follow the vertical line 
up to the intersection on the cosine curve 
and then follow the horizontal line to the 
left from the intersection to find the func- 
tion, or .7. 

(2) To find the function of cosine 260°, locate 
the 260° angle on the graph. Then fol- 
low the vertical line down to the inter- 
section on the cosine curve. The 
function can then be read directly to the 
left of this intersection on the Y-axis, or 

» —.17. 
é. SINE AND COSINE ANGLES. The data given 
above explain how to use the graphs in figures 246 
and 247 when determining sine and cosine func- 
By reversing the processes used 
for determining these functions when the angle is 
known, it is possible to find the angle when the 
function is known. Thus, to find the angle whose 
sine or cosine function is known, proceed as fol- 
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(1) Select the proper graph (sine or cosine 
graph of fig. 246 or 247). 

(2) Locate the known function on the Y-axis 
of the graph. 

(3) Locate the point on the sine or cosine 
curve which is directly to the right of the 
known function. 

(4) Read the angle which is shown directly 
above (or below) the located point. 


f. EXAMPLES. 

(1) To find the angle whose sine function is 
.5, locate the function .5 on the Y-axis 
of figure 1. Then follow the horizontal 
line from .5 to the intersection on the 
sine curve. The angle can then be read 
on the X-axis directly below the inter- 
section, or 380°. Notice that the hori- 
zontal line from the function, \.5, also 
passes through the sine curve at the 
point which corresponds to 150°. Thus, 
the angles whose function is .5 are 30° 
and 150°. (The selection of the correct 
angle is usually possible by inspection of 
the trigonometric problem to be solved.) 

(2) Using the procedures explained above, 
it can be seen that a function of —.5 cor- 
responds to sine angles of 210° and 330°. 

(8) To find the angle whose cosine function 

is .866, first locate the value .866 on the 
Y-axis of the graph in figure 247. Then 
locate the point directly to the right of 
this function at the intersection of the 
cosine curve. Finally, read the angle 
shown directly below the intersection, or 
30°. Note that the angle of 330° also 
has the cosine function of .866. 


2. How to Use Trigonometric Tables 


When a high degree of accuracy is desired in 
finding functions of an angle, a trigonometric table 
can be used. Paragraph 3 in this appendix con- 


5 bi 


tains tables of natural trigonometric functions for 


decimal fractions of a degree. The table consists _ 


of sine, cosine, tangent, and cotangent functions. 
The accuracy obtainable by use of these tables is 
not less than four decimal places for sines and 
cosines. ; 

a. DESCRIPTION OF TABLES. Each page of the 
tables is arranged in columns with the names of 
the functions (sin, cos, tan, and cot) located at the 
top and bottom of the columns. The angles in 
degrees and fractions of a degree are located in the 

es 
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degrees columns to the left and right of the func- 
tion columns. 

(1) For angles between 0° and 45°, the angles 
located to the left of the function columns 
and the names of the functions located 
at the top of the columns are used. 

(2) For angles between 45° and 90°, the angles 
located to the right of the function 
columns and the names of the functions 
at the bottom of the columns are used. 

b. PROCEDURE FOR DETERMINING FUNCTIONS 
OF ANGLES. 

(1) To find the function of any angle between 
0° and 45°, use the following procedure: 

(a) Find the desired angle in the degrees 
column located at the left side of the 
function columns. 

(b) Read the sine, cosine, tangent, and 
cotangent functions in the columns to 
the right of the desired angle. Use the 
function names shown at the top of 
the columns. 

(2) To find the function of any angle between 
45° and 90°, use the following procedure: 

(a) Find the desired angle in the degrees 
column located at the right side of the 
function columns. 

(6) Read the sine, cosine, tangent, and. 
cotangent functions in the columns to ~ 
the left of the desired angle. Use the 
function names shown at the bottom 
of the columns. > 

c. EXAMPLES. 

(1) To find a function for an angle of 3.1°, 
locate 3.1 in the degrees column on the 
left of the function columns on the first 
page of the tables. To the right of the 
located angle (8.1), read the functions 
named at the top of the columns as 


- follows: 

(a) Sn = .05408 
(b) Cos =~ .9985 
(c) Tan = '.05416 
(d) Cot = 18.464 


_ (2) To find a function for an angle of 55.8°, 
locate 55.8 in the degrees column on the 
right of the function columns on the third 
page of the tables. To the left of this 
located angle (55.8°), read the functions 
named at the bottom of the columns as 


follows: 
(a) Cos = .5621 
©) Sin = .8271 
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(c) Cot = ..6796 
fo ywane= LATS 

d. PROCEDURE FOR DETERMINING ANGLES FROM 
FUNCTIONS. To find any desired angle when its 
function is known, the procedure described above 
is reversed. For example, to find the angle whose 
cosine is .5135, look through the cosine columns of 
the tables to locate .5185. Then read the angle of 
59.1° in the degrees column to the right of the 
located function (.5185). The degrees column to 
the right of the function is read because the func- 
tion appears in the column where the name cosine 
is located at the bottom of the page. If an angle 
between 0° and 45° were to be located, it would be 
found that the function would appear in a column 
named cosine at the top of the page. In this case, 
the angle would be read from the degrees column 
to the left of the function. 

e. INTERPOLATION. Angles and functions which 
are between angles and functions tabulated here 
can be found by interpolation. In order to get a 
quick approximate result, we will assume that for 
small changes in a given angle the changes in the 
corresponding function are proportional. Then 
any angle or function can be found by setting up a 
proportion between the nearest two quantities. 
(1) For example: 

From the table: 


y’ 
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sin 83.50° 
Sinioatoe = te 
sin 38.40° = .5505 
From this it can be seen that an increase 
of .1 of one degree from 33.4° to 33.5° 
results in an increase of .5519 — .5505 = 
.0014. Then by proportionality an in- 
crease of .05 of a degree results in an 
increase in the function of .05 xX (.5 — 
4) X .0014 = .0007 
Therefore: sin 33.45° = .5505 + .0007 
at ah WA 


.5019 
? 


(2) A similar process can be used to inter- 


polate between two angles when the func- 
tion is known. For example, find the 
angle whose tan is 1.5352. 
First locate the entries which 1.5352 lies 
between. From the table: 

bbo99 stan ot. 

1.5352 = tan ? 

1,5840°= tan: 56.9° 
Since 1.5352 is 12/59 or approximately 
1/5 or .2 of the way between 1.5340 and 
1.5399, we assume that the angle is .2 of 
the way from 56.9° to 57.0°. 
Therefore: 

1.5352 = tan (57 — 56.9) x .2 + 56.9 
= tan 56.92 
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3. Natural Trigonometric Functions For Decimal Frac- 
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Sin Cos 
.00000}1 .0000 
-00175}1 0000 
.00349!1 0000 
.00524!1 .0000 
.00698)}1 .0000 
.00873}|1 .0000 
.01047|0.9999 
.01222| .9999 
.01396] .9999 
.O1571} .9999 
.01745/0.9998 
.01920} .9998 
.02094| .9998 
.02269| .9997 
.02443| .9997 
.02618] .9997 
.02792| .9996 
.02967| .9996 
03141} .9995 
.03316] .9995 
.03490)0.9994 
.03664| .9993 
.03839| .9993 
.04013} 9992 
.04188 9991 
-04362| .9990 
.04536| .9990 
.04711] .9989 
.04885| .9988 
05059] .9987 
05234/0.9986 
05408] .9985 
.05582| .9984 
.05756| .9983 
05931] .9982 
.06105} .9981 
.06279| .9980 
.06453) .9979 
.06627| .9978 
.06802} .9977 
.06976)0.9976 
.07150} .9974 
.07324| .9973 
.07498| .9972 
.07672| .9971 
.07846] .9969 
.08020| .9968 
.08194} 9966 
.08368] .9965 
-08542 9963 
.08716/0.9962 
.08889| .9960 
.09063| .9959 
LO09 237199 Sz 
.O9411] .9956 
.09585) .9954 
.09758) .9952 
.09932| .9951 
.10106] .9949 
.10279| .9947 
.10453|0.9945 

Cos Sin 


05241 
.05416 
.05591 
05766 
05941 
.06116 
06291 


707168 
07344 


07695 
.07870 
.08046 
08221 
08397 
.08573 


08925 
09101 
09277 
09453; 
09629 
09805 
09981 
-10158| 9. 
-10334| 9. 
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Tan Cc 


.01746|57. 
.01920)52. 
0209547. 
.02269\44. 
.02444/40. 
.02619/38. 
.02793)35. 
.02968)33. 
.03143|31. 
.03317|30. 


.03492/28. 
.03667|27. 
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.04191)23. 
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.00175|573.0 
.00349|286.5 
.00524)191. 
.00698|143.24 
.00873|114.59 
.01047|95. 
.01222)\81. 
.01396)71. 
.01571|63. 
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.14090 
.14263 
- 14436 
. 14608 
- 14781 
14954 
15126 
wha299 
15471 


15643 
15816 
.15988 
. 16160 
. 16333 
. 16505 
. 16677 
16849 
.17021 
.17193 


PZ 
.1754 
1771 
.1788 
.1805 


Ny 
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(1822 
“1840 
1857 
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“1925 
1942 
1959 
1977 
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:2028 
2045 
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1891 | 
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Cos 


9945). 
9943). 
-9942). 
-9940}. 
.9938). 
9936). 
9934). 
-9932). 
- 9930]. 
-9928). 


9925). 
9923}. 
Ee eeNts 
9919). 
SEL DUEA Ie 
9914]. 
SALA 
9910}. 
.9907). 
-9905). 


9903). 
.9900). 
.9898). 
9825)= 
- 9893). 
-9890) . 
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.9885). 
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9877). 
9874). 
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- 9863). 
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6.0 |.10453)0. 


Tan Cot Deg 
10510] 9.514] 84.0 
10687] 9.357 a 
10863] 9.205 .8 
11040] 9.058 a7. 
11217] 8.915 6 
11394] 8.777 5 
11570| 8.643 4 
11747| 8.513 £3 
11924] 8.386 2 
12101] 8.264 oJ 
12278] 8.144] 83.0 
12456] 8.028 9 
12633] 7.916 8 
12810] 7.806 is 
12988! 7.700 6 
13165| 7.596 aS 
13343] 7.495 4 
13523'| 73396 as 
13698] 7.300 2 
13876] 7.207 | 
14054] 7.115] 82.0 
14232] 7.026 9 
14410} 6.940 .8 
14588] 6 855 a 
14767| 6.772 6 
14945! 6.691 .§ 
15124] 6.612 4 
15302] 6.535 ee 
15481] 6.460 a3 
15660] 6.386 wit 
15838] 6.314] 81.0 
16017} 6.243 9 
16196] 6.174 8 
16376} 6.107 SF; 
16555] 6.041 re 
16734] 5.976 BS) 
16914] 5.912] (4 
17093] 5.850 3 
17273] 5.789 Lae 
17453] 5.730 ml 
1763 | 5.671] 80.0 
1781 5.614 ais 
1799. 125 3558 .8 
1817 | 5.503 ave 
1835 5.449 .6 
1853 | 5.396 aa, 
1871 5.343 .4 
1890 | 5.292 58) 
1908 | 5.242 7) 
UGZER Sel OSL Sal 
1944 | 5.145] 79.0 
1962 | 5.097 am 
1980 | 5.050 .8 
1998 | 5.005 4 
2016 | 4.959 .6 
2035 | 4.915 Thy 
2053 | 4.872 .4 
2071 | 4.829 23 
2089 | 4.787 ae 
2107 | 4.745 uF 
2126 | 4.705| 78.0 
Cot Tan Deg 
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Sin 
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2144 


.2162 
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PRVL 
.2345 
.2364 
.2382 
.2401 
.2419 
. 2438 
2456 
. 2475 
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+2530 
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APPENDIX III 
CAPACITOR COLOR AND MARKING CODES 


1. Capacitor Codes 


In the following analysis of capacitor codes, the 
most common types of paper, mica, and ceramic 
capacitors are described and illustrated. The two 
color codes analyzed are the JAN (Joint Army- 
Navy) and the RMA (Radio Manufacturers Asso- 
ciation). These codes are used in the majority of 
capacitors manufactured. The JAN code super- 
sedes all other codes in the Armed Forces, but if a 
particular capacitor is defective and a JAN-coded 
replacement capacitor is not available, an RMA- 
coded capacitor can be used, provided the proper 
precaution is taken with relation to capacity, volt- 
age rating, and tolerance. 


2. JAN Identification 


a. The JAN code uses two methods of type 
identification: 

(1) Coded colors both in bands and in dots. 
(2) Letter markings (type-designation). 

b. Under the JAN color-coding system, the first 
color is important in identifying the difference 
between paper molded and mica molded capaci- 
tors. Figure 248 shows a typical capacitor. The 
order of the colors is from left to right on the top 
row and from right to left on the bottom row, as 
shown by the direction of the arrows. Silver as th 
first color indicates a paper molded type. Bla 


as the first color indicates a mica molded type he 
Ceramic capacitors are not indicated by a partici- 


c. Under the JAN letter and number identifica- 
tion system, the first two letters give the type of 
capacitor. Thus: eae or 

(1) CM = mica-molde sa 
(2) CN = paper-molded. , 
(3) CC = ceramic. j 
Examples of these 
paragraph 5 belo 
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3. JAN and RMA Codes 


a. In addition to the type-identification shown 
above, information concerning capacity, voltage 
rating, tolerance, and characteristic is carried on 
the face of the capacitor in color codes and in letter 
and number markings. Because of the difficulty 
generally encountered in reading these codes, the 
following condensed tables have been prepared to 
make this information more readily available. 
Such condensed tables are made possible by the 
fact that all domestic manufacturers have agreed 
to the present color coding (capacitance in micro- 
microfarads). 


FIRST 


SECOND 


alain FOURTH 


TM 681-224 
ee 248. JAN molded capacitor sequence. 


ae able J includes both the common color-code 
alysis and the JAN type-designations, as seen 
under the JAN tolerance and characteristic 
columns. In analyzing an RMA-codéd capacitor, 


_ the JAN tolerance and characteristic columns are 
_ disregarded. 


Table II refers only to ceramic 
capacitors, both JAN and RMA, but, as noted 
above, the JAN tolerance and characteristic 
columns are disregarded except for JAN capaci- 
tors. For example, a JAN mica capacitor showing 
G as a type-designation has a tolerance of +2 per- 
cent (table I); a JAN ceramic capacitor showing 
G as a type-designation has a tolerance of +2 
percent if the capacity is greater than 10 uuf, or a 
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eas 


tolerance of +2 uuf if the capacity is less than 10 
upf (table II). It should be noted, however, that 
detailed analysis of the characteristics of a capaci- 
tor is not necessary unless demanded by the circuit 
requirements. 


4. Examples of JAN Color Codes 


a. JAN PAPER CAPACITOR. 

(1) Figure 249 shows the face of a JAN 
molded paper dielectric capacitor with 
explanations of the color-dot positions. 

(2) Figure 250 is the color code as it appears 

: : = 
on a typical JAN paper capacitor 
(molded). 

(3) Since the arrows indicate the sequence of 
colors, the code is read as follows (table 
1 

(a) Silver identifies this capacitor as a 
paper dielectric capacitor. 
THIS DOT IS ALWAYS SILVER 


FIRST SIGNIFICANT FIGURE 


SECOND 
SIGNIFICANT FIGURE 


ULTIPLYING VALUE / NUMBER 
ae me ROS 
—CHAR 3 RATING 
; W | TM 681-225 


6 Red is the first sigmifieal 
number 2). 
(c) Brown is the second significan 
(the number 1). ‘i 

(d) Orange is the third significant 
the decimal multiplier or ny ; 
zeros added (8). 
(e) Silver is the tolerance (10%). be 
(f) Red is the characteristic (200 volts). 
(4) Therefore, this is a paper dielectric capaci- 
tor of 21,000-upf capacity, rated at 200 


working volts, and permitted a tolerance _ = As 


of +2,100 uuf 0%). 
b. JAN MIcA CAPACITOR. 

(1) Figure 251 shows the face of a JAN 
molded mica capacitor with explanations 
of the color-dot positions. 

(2) Figure 252 is the color code as it appears 
on a typical JAN mica capacitor 
(molded). 
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(3) This capacitor is read in the same manner 
as the one above (table I): 

(a) Black identifies this capacitor as a mica 
dielectric capacitor. 

(b) Red is the first significant figure (the 
number 2). 

(c) Green is the second significant figure 
(the number 5). 


a BROWN 
= she ORANGE 


TM 681-226 
Figure 250. JAN paper dielectric capacitor. 


THIS DOT 1S ALWAYS BLACK 
FIRST SIGNIFICANT FIGURE 
SECOND 
oe FIGURE 


LS PUNE VALUE viGuete 


OF ZE 
TOLERANCE 


CHARACTERISTIG AND VOLTAGE RATING 
T™ 681-227 


Figure 251. JAN identifications (paper capacitor). 


BLACK RED GREEN 


vere RED BROWN 


T™ 681-228 


Figure 252. — JAI y mica dielectric capacitor. 
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(2) Brown is the third significant figure, 
the decimal multiplier or number of 
zeros added (1). 
(e) Red is the tolerance (+2%). 
(f) Yellow is the characteristic (400 volts). 
(4) Consequently, this is a mica dielectric 
capacitor of 250-uuf capacity, rated at 
400 working volts, and permitted a toler- 
ance of +5 puf (2%). 


c. JAN CERAMIC CAPACITOR. 


(1) JAN ceramic capacitors generally are 
cylindrical in shape and resemble resis- 
tors of 14- %-, and 1-watt sizes. They 
may be easily distinguished, however, 
since resistors carry four colors or less; 
whereas JAN ceramic capacitors carry 


TEMPERATURE COEFFICIENT 

FIRST SIGNIFICANT FIGURE 
SECOND SIGNIFICANT FIGURE 
MULTIPLYING VALUE 
TOLERANCE 


TOLERANCE 
MULTIPLYING VALUE 
SECOND SIGNIFICANT FIGURE 
FIRST SIGNIFICANT FIGURE 


TEMPERATURE COEFFICIENT 
TM681-229 


Figure 253. JAN identifications (ceramic capacitor). 
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five color bands or dots, as shown in figure 
253. These capacitors are all rated 2 


500 working volts unless otherwise ” 


specified. 
(2) The key to identification of this typ 


first, the five bands or dots and,. ee E : 


last in order and also i 
perature coefficient. f 

(3) Figure 254 is the dolor code as it appears 
on a typical JAN“teramic capacitor. 


ndicates the tem- 


(4) This capacitor is read as follows (table : 


a): 

(a) Violet is the temperature coefficient 
and characteristic. 

(b) Gray is the first significant figure (the 
number 8). 

(c) Red is the second significant figure 
(the number 2). 

(d) Black is the third significant figure, the 
decimal multiplier (1) or number of 
zeros added (none). 

(e) Green is the tolerance (+5%). 

(5) Consequently, this is a ceramic dielectric 
capacitor of 82 uyf, rated at 500 working 
volts, and permitted a tolerance of +4 


pul (5%). 


TM 681-230 


r on the face of a capacitor: 
— 20 — H — 
y { 
case characteristic 
2135] 2 = BK 
first decimal 
significant multiplier 
figure | or zeros 
second added 
significant d 
figure tolerance 
As previously noted, CN identifies this component 
as paper dielectric capacitor; 20 is the style of 
ease; H is 200 working volts; 21,000 uuf is the 
capacity; and K is the tolerance (410%). With 
the exception of case style, which may be ignored, 
this information is found in table I. Since this 
capacitor is identical with the color-coded one of 
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figure 250, the two methods of coding may be 
compared. 

b. JAN Mica Capacitor. The JAN mica 
capacitor is marked as follows: 


SOUP LS ine Sie es anata 
4 . 1 
component case characteristic 
eae Glaze eG 
a3 decimal 
first multiplier 
significant or zeros 
figure { added 
second tolerance 
significant 
figure 


Then, CM identifies this component as a mica di- 
electric capacitor. From table I, E is 400 working 
volts, 250 uuf is the capacity, and G is the toler- 
ance (+2%). This capacitor is identical with the 
color-coded unit of figure 252. . 


c. JAN CERAMIC CAPACITOR. The JAN 
ceramic capacitor is marked as follows: 
CC — 8 — U — 
{ | L 
component case characteristic 
and coefficient 
J 


significant | 
figure Ll 

second ad 

significant 

figure 
Then, CC identifies this component as a 
dielectric capacitor. From table II, U is th 
acteristic, which may be disregarded (as pre 
noted, ceramic capacitors are rated at 500 
volts, unless otherwise indicated), 82 u 
capacity, and J is the tolerance (15%). Or) bi 
capacitor is identical with the color-coded unit « ) 
figure 253. 


6. Examples of RMA Color Codes ae 
The RMA system of capacitor color coding is | 


basically like the JAN system of color coding; 
therefore, the color listings of tables I and II may 
be used and the JAN characteristics columns dis- 
regarded. The RMA color coding makes no pro- 
vision for indicating whether a molded capacitor 
uses paper or mica as a dielectric; however, the 
color of the molded plastic case gives this informa- 
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tion. Thus, a black case is a paper dielectric 
capacitor; dark brown or tan indicates a mica di- 
electric; and red is a silver-mica dielectric (a 
better-grade mica). These molded case distinc- 
tions are equally true of JAN molded types, but 
the information is carried also in the color system, 
as detailed above. RMA color-coded capacitors 
differ from JAN capacitors in that three-dot, four- 
dot, five-dot, and six-dot (or band) combinations 
are used, whereas all JAN color-coded capacitors 
show six dots or bands. 

a. THREE-DoT Capacitor. In A of figure 255, 
the outline of a three-dot capacitor is shown. 
Reading toward the arrowhead, the first dot is the 
first significant figure, the second dot is the second 
significant figure, and the third dot is the decimal 
multiplier or number of zeros added. Since there 
are no other markings, the tolerance is understood 
to be +20 percent and the working voltage 500 
volts. Hence, a capacitor showing blue, gray, and 
brown is a 680-uyf capacitor of +136-yyf tolerance 
and rated at 500 volts. 

b. FouR-DoT CAPACITOR. In figure B of 255, 
the outline of a four-dot capacitor is shown. The 
order of the significant figures is the same as that — 
of the three-dot capacitor (toward the arrowhead), 
and the extra dot indicates the tolerance. Since 
there is no marking for working voltage, the 
capacitor is rated at 500 working volts. For ex- 
ample, a capacitor showing red, violet, red, and 
yellow is a 2,700-upf capacitor of +4-percent 
tolerance and rated at 500 working volts. 

c. FIVE-DOT CAPACITOR. In figure C of 255, 
three outlines of five-dot capacitors are shown. 
The two dots on the back of the first capacitor out- 
lined indicate tolerance and working voltage. The 
tolerance dot is the one near the arrowhead end 
of the capacitor. The two other capacitors out- 
ined show the usual order of reading of the dots. 


Mor example, a capacitor showing green, blue, red, 
‘green, and yellow is a 5,600-uuf capacitor of --5- 


rcent tolerance and rated at 400 working volts. 
muld be noted that when six dot positions are 
legsometimes the fifth dot position is blank 
or the first dot position is left blank and 
3 ositions 2 are shifted. 


outline of a red it ce 
capacitor differs fir 
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Thus, a 1,550-uuf capacitor is coded as brown, 
green, green, brown, plus tolerance and working 
voltage. Under three-, four-, or five-dot systems 
this capacitance could not be indicated. 


: 3 P 7 ‘ie . AZ 
f go’! 
f ye 
7 


generally more than twice the size of a 2-watt 
resistor and always carry five color bands. Most of 
these capacitors are incased in a black plastic, but 
some manufacturers use a neutral colored clay 


: RMA 3-4-5-,&6-DOT COLOR CODES FOR 
MICA-DIELECTRIC CAPACITORS 


MULTIPLYING 
VALUE 
—20 Pear eaNt 
IST FIGURES 


3-DOT COLOR CODING 
(500 vocw t 20%) 


MULTIPLYING 
VALUE 


2D | SIGNIFICANT 
istf FIGURES 


FRONT 


TOLERANCE 
WORKING VOLTAGE 


TOLERANCE 20 
‘\ MULTIPLYING VALUE 


e. RMA TuBULAR CAPACITOR. The RMA 
paper capacitors described above are also manu- 
factured in tubular form. Miéa capacitor are not 
made in tubular form. Li th JAN and RMA 
ceramic capacitors, these ilar paper capacitors 
may be mistaken for resi§tors 
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REAR 5-DOT COLO 


MULTIPLYING 
VALUE 


Sr A 


4-D0OT COLOR CODING 
(S00 vocw) 


WORKING VOLTAGE 
TOLERANCE 


MULTIPLYING 
eeeie iguiricant 


saat 


MULTIPLYING 
VA 


MA. GOLOR CODE FOR TUBULAR 
AMIC-DIELECTRIC CAPACITORS 


y 
AY 


T 
SIGNIFICANT 
FIGURES 


ease. The color bands are read in the same order 
as those described in the discussion of the conven- 
tional RMA five-dot molded capacitor (C of fig. 
25D) 

f. RMA Ceramic Capacitor. In E of figure 
255 the outline of the RMA ceramic capacitor may 
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appear with either four, five, or six dots or bands. 
If four dots are shown, they are the two significant 
figures, the decimal multiplier and the tolerance. 
A five-dot ceramic capacitor includes the tempera- 
ture coefficient; and a six-dot ceramic includes the 
third significant figure, as explained above. The 
working voltage in all cases is taken to be 500 
volts. Since ceramic capacitors are often quite 
small, some difficulty may be experienced in dis- 
covering the proper order of the colors. One 


method of solving this predicament is analyses 
based on reading first in one direction and then in 
the other. One value will then appear to be highly 
appropriate and the other quite improbable. ° 
Should all attempts at analysis fail for a given 
capacitor, it is suggested that the component in 
question be tested on a calibrated capacitor analy- 
ser, or thrown away and replaced with one which 
lends itself more readily to the systems explained 
above. 


Table I. Color-code Chart for JAN and RMA Paper- and Mica-molded Capacitors 


Capacitance in Micromicrofarads JAN Mica-CM JAN Paper-CN 
Color Voltage 
scheme Second Decimal Multiplier Tolerance rating JAN 
First and third or JAN Charac- JAN charac- 
Sig. Fig. Sig. Fig. No. of zeros tolerance teristic tolerance teristic 
Black 0 0 1 +20% 500 M A M A 
Brown Ht it 10 +1% LOO eps eae eaters oe 2 Bet aal ovate gee eae E 
Red . 2 2 100 | +2% 200 G Citgep tae a Ger H 
Orange 3 3 1,000 +3% SOO perk ease alee D N* Ji 
Yellow 4 4 10,000 +t4% ZNO Ook era lee ss bal Beye th | rcs Sine see Te Pi 
Green 5 5 100,000 +5% DOS Ge E oer wince He, 2: es Seen ee R 
Blue 6 6 1,000,000 +6% CO0n Sea oa Gat Sh eee ae Ss 
Violet 7 7 10,000,000 +7% TO OM te Seen ae gee Nace iy ee SL ee A, Ay 
Gray 8 8 100,000,000 | +8% SOGne ee ee! oe Roan Ome ies ae 
White 9 9 1,000,000 ,000 +9% SO Ocpeies Bark w= re Shea ee el, ee ee ee 
“CONG 2. IE ea aad eres tee ba 9% 0.1 +5% 1,000 pee eA ye. Sis hs dad ae | Hite ee Re 
ee. * 0.01 +10% 2,000 K LG eaters K #2133 Oe 
BE ah Oe ects es +20% 500 aR 1 aA Ae eae ON Oy | ie aes eee wien lk BRE 2 
= i I | : ea 
* The tolerance of this capacitor is 430%, not 
cee | 
Table II. Color Codi eramic Capacitors (CC), Capacitance in Micromicrofarads 
JAN Standards 
if 4 Tolerances for nominal Tolerance for nominal 
RMA Standards : capacitances greater capacitances of 10 puyf 
than 10 pyf or smaller 
12, or'8 Charac- 
Color Sig. Fig. Multiplier Toleran Mu tiplier Percent Designation perk Designation teristic 
Black 0 Lie eee +2.0 G C 
Brown 1 10 LLG ee tI RB ole ee ee H 
Red 2 100 ed any eee et EA Gee te eee L 
Orange 3 1,000 Seo eent pane eM et |e fama luke P 
Yellow A 10,000 SEA OR ite Seale Nel |e Lh ee R 
Green Sy ist) Rs ite at SO oi. ta eae +0.5 D Ss 
Blue Gige fe San ae OG lit. oon eM of T 
Violet TOUR) shpat ee ane SET oh hee eae dP ne Le} See U 
Gray 8 ae. toe Oe See BST. O.OL ear +0.25 C B 
White 9 al SRS ANE Wa SSS +1.0 F SL 
Gold, ae: Bo) es. ae ae 0.1 CGR ae ee ee ae, Wee SL A 
Silvers@e ov fac. ae. le. C 0.01 aa Cn eae eee Ne ee ee |e al oe ogee SO ee 
NiO; GOLGRe Mier lee ee See 1 ae ie RE Oa ee ae ee ale Ce ee OR ool is See 
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APPENDIX IV 
ABBREVIATIONS AND SYMBOLS 


1. Abbreviations 


a-c 
a-f 
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alternating-current 

audio-frequency 

flux density 

capacitance 

instantaneous counter electromo- 
tive force 

centimeters 

cycles per second 

total capacitance 

distance between points 

direct-current 

change in voltage 

change in current 

change in charge 

change in time 

voltage 

instantaneous voltage 

capacitive voltage 

instantaneous capacitive voltage 

inductive voltage 

instantaneous inductive voltage 

maximum voltage 

maximum voltage 

electromotive force 

primary voltage 

secondary voltage 

frequency 

frequency at resonance 

magnetizing flux 

henry 

current 

instantaneous current 

capacitive current 

instantaneousf€apac 

effective cu rer a 


Prd Ws 


fo A, 


bo} 


plate current 

current through resistance 

instantaneous current through re- 
sistance 

secondary current 

total current 

phase current 

coefficient of coupling 

kilocyele 

inductance 

inductance-capacitance 

inductance-capacitance-resistance 

total inductance 

millihenry 

revolutions per minute 


rimary power 
secondary power 
charge or quality 


instantaneous charge 


radio-frequency 

grid resistance 

load resistance 
revolutions per minute 
square centimeters 
time constant 

time (seconds) 
microfarad 
micromicrofarad 

volt 

capacitive reactance 
inductive reactance 
impedance 

load impedance 
primary impedance 
secondary impedance 
total impedance 
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On mutual flux 2. Symbols ° 


i fl 
Op oe ee Rls A complete set of symbols as used in this manual 


Bs fee as is shown in figure 256. 
cau Mi be sa les 
AIR INDUGTANGE TI )N—— FIXED CAPACITOR aa 
TSEOTIONALS OOP STON HT VARIABLE RESISTOR aS hore 
VARIABLE CAPACITOR . # FIXED RESISTOR So VV 
MULTIPLE SECTION a ie ~ 


FIXED CAPACITOR VARIO-COUPLER 


t —_—_ 
VARIABLE SPLiT-STATOR phe IRON CORE INDUCTANCE —“HO)“— 


HORSESHOE MAGNET 


AIR CORE TRANSFORMER 3 B 
IRON GORE TRANSFORMER Elle 


OF A RNATING SINGLE POLE oo 
7 SINGLE THROW SWITCH 


BAR MAGNET 


*% MILLIAMETER=M 
VOLTMETER-V 
' AMMETER-A 


DOUBLE POLE oo 
Lee 


SINGLE THROW SWITCH 


MOTORS OR GENERATOR 
% D-G GENERATOR-D-C GEN. 
D-C MOTOR -D-C MOT 
A-G MOTOR~A-G MOT 

A-C ALTERNATOR-A-G ALT 


SINGLE POLE ae 
DOUBLE THROW SWITCH ° 2 


GROUND nai 


ANTENNA 


DIPOLE 


MULTIPLE-WINDING 
TRANSFORMER 


TM 681-15 
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